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Abstract

Many modern problems in causal inference have non-trivial complications beyond the
classical settings of randomized trials, parametric models, and average treatment effects.
Despite their inherent complexities, many recent questions in causal inference are still tackled
via overly simplified methods and data structures. My thesis is dedicated to overcoming some
of these methodological limitations of classical causal inference, aiming to bridge the gap
between methodological development and practice, by effectively harness advanced machine
learning tools. My work can be categorized into the following three sub-topics.

a.) Stochastic interventions for general longitudinal data. We generalize novel "incre-
mental" intervention effects to accommodate subject dropout in longitudinal studies. Our
methods do not require positivity or parametric assumptions, and are less sensitive to the
curse of dimensionality. We present efficient nonparametric estimators, showing that they
converge at /n rates and yield uniform inferential guarantees. Importantly, we argue that
incremental effects are much more efficient than conventional deterministic effects in a novel
infinite time horizon setting, where the number of timepoints can grow to infinity.

b.) Causal effects based on distributional distances. We have proposed a novel non-
standard causal effect based on the discrepancy between unobserved counterfactual distribu-
tions (i.e., L distance), in order to provide more nuanced and valuable information about
treatment effects than simple mean shifts. We consider single- and multi-source randomized
studies, as well as observational studies, and analyze error bounds and asymptotic properties
of the proposed estimators. Special difficulties arise due to the non-smoothness of the L,
distance functional.

c.) Causal clustering. We give a novel adaptation of unsupervised learning methods
for analyzing treatment effect heterogeneity. Specifically, we pursue an efficient way to
uncover subgroup structure in conditional treatment effects by leveraging tools in clustering
analysis. We find conditions under which k-means, density-based, and hierarchical clustering
algorithms can be successfully adopted into our framework. For k-means causal clustering,
we develop a novel estimator that attains fast convergence rates and asymptotic normality
of the cluster centers, even under weak nonparametric conditions on nuisance function
estimation. Unlike previous studies, our framework can be easily extended to outcome-wide

studies.
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Chapter 1
Introduction

“There are two types of statisticians: those who do causal inference and those
who lie about it.”

— Larry Wasserman

1.1 Background

Statistical causal inference is about estimating what would happen to some response
(outcome) when a “cause” of interest is changed or intervened upon, possibly contrary to an
observed fact. This is fundamentally distinct from associational questions that are commonly
found in standard statistical and machine learning analysis. Associational questions only care
about how things are - they do not require us to imagine intervening upon or changing the
system we are observing [63]. Consequently, they aim to learn parameters of a distribution
from samples drawn of that distribution.

On the other hand, causal analysis goes one step further. They ask how things would have
been if something fundamental had changed (or intervened). Therefore, causal questions are
inherently counterfactual. Thus, its aim is to infer not only beliefs or probabilities under
static conditions, but also the dynamics of beliefs under changing conditions where the
changes are induced by treatments or external interventions [100].

Causal inference is essential for answering many important questions in health, public
policy, economics, and has been increasingly being recognized as a crucial part of science.
Some typical examples of important causal questions which cannot be answered with the
associational framework alone include: how would survival change under medical treatment
A vs. B, or what would be the economic effects of policy X vs. Y? However, it is a common
fallacy to conflate association and causation. To mathematically frame such causal problems
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and distinguish causal inference from associational statistics , we need a counterfactual causal
language. In this thesis, we use potential outcomes which are the dominant causal language
in statistics [118]. For example, suppose that we have data on binary treatment A € {0, 1}
and outcome Y on units i = 1,...,n where we observe i.i.d samples from Z = (A,Y) ~ P. We
concern what might have happened on Y if the treatment A changed, possibly contrary to an
observed fact. The potential or counterfactual outcome we would have observed had they
received treatment A = a is denoted Y for a € {0,1}.

It should be stressed that Y represents what we actually observed, while Y represents
what we would have observed under treatment a. Standard associational studies (i.e., esti-
mating correlation between Y and A) do not cope with dynamics on Y“ unless we are able to
travel to a parallel universe. In our example, we never get to observe all potential outcomes in
reality; we only can observe either Y° or Y'! at best. This is called the fundamental problem
of causal inference since we want to contrast potential outcomes, but only see outcomes from
actual world, not counterfactual worlds [54].

Despite of this fundamental obstacle, under certain conditions still it is possible to obtain
accurate estimates of some important causal parameters. For example, as in our example, to
compare population-average outcomes between two treatment levels (i.e., control vs. treated),

we formulate the population-level average treatment effect (ATE) as
E(y!—v9). (1.1)

This (the ATE, or the population average effect) represents how the mean outcome in the
population would have differed if all versus none were treated, and is arguably one of the most
popular causal parameters [63]. Nonetheless, here we remark that other causal parameters
(which contrast effects of the treated versus the control in different ways) may instead be of
interest in the analysis. For example, researchers may use the risk ratio E(Y'!) /E(Y?) or the
odd ratio {P(Y' = 1)/P(Y' =0)} /{P(Y? =1)/P(Y? = 0)} as their target causal parameters,
depending on a goal of the scientific investigation (see [63, 64, 71] or the lecture note of [68]

for more examples).

1.2 Efficient influence function and nonparametric efficiency
bound

Once a causal parameter of interest has been precisely defined and identified, we are
ready to develop an estimator and the corresponding inference procedure for that parameter.

In this section, we will give a brief introduction about efficient functional estimation based
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on influence function and nonparametric efficiency bound, which will serve as the core
theoretical ingredient in developing estimators across different functionals in this thesis.
Before we go on, I declare that the primary sources of this subsection are [64, 65, 63, 71] and
the lecture notes used in CMU 36-731, 36-732 [68, 69], and that all the terms, definitions
and results are directly borrowed from the resources specified here.

We begin with introducing a doubly robust estimator for the ATE in observational studies.
Under the standard identification assumptions ! the ATE w = E[Y! — Y] in (4.1) is identified
by

v =El — po] =E{E[Y | X,A=1]—E[Y | X,A=0]},

where we define the outcome regression function u, = E[Y | X,A = a].
In what follows, we define a doubly robust estimator by

=P { | 2~ T | - B0+ OO -0l (12)

The doubly robust estimator (1.2) is known to be an efficient, model-free estimator for the
identified target parameter (the ATE) compared to other estimators (e.g., regression plug-in
and inverse probability weighting estimators) in using nonparametric models when we do
not have any substantive information on both of the exposure and outcome processes, as it
can be /n-consistent and asymptotically normal even when the nuisance functions L, 7 are
estimated flexibly at slower than \/n rates [e.g., 63, Theorem 4.5]. Given the superiority of
this doubly robust estimator, the following questions naturally arise: 1) would it be possible
to assess optimality of the doubly robust estimator in any way, as we did for parametric
models using the Cramér-Rao bound argument? 2) what is the general way to construct
such efficient, model-free estimators for a given parameter (beyond the ATE)? To address
these questions, we shall introduce the influence function, which is a foundational object
of statistical theory that allows us to characterize a wide range of estimators with favorable
theoretical properties and their efficiency. There are two notions of the influence function:
one for estimators and the other for parameters. To distinguish these two cases we will call
the latter, which corresponds to parameters, influence curves as in for example, [14, 65] 2,

First, we give a definition of influence curves. It was first introduced by [45] and studied to
provide a general solution to find approximation-by-averages representation for a functional
statistic. We only consider nonparametric models here.

1By standard identification assumptions, here I refer to consistency, no unmeasured confounding, and
positivity assumptions. See, for example, [63, 52] for more details and full definitions. We acknowledge that
there exist other identification strategies one might consider for causal inference in non-experimental settings
as well.

ZHowever, the terms ‘influence curve’ and ‘influence function’ are used interchangeably in many cases.
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Suppose that we are given a target functional y. For a nonparametric model P, let { P,
€ € R} denote a smooth parametric submodel for P with P._y = P. A typical example
of a parametric submodel is given by {P¢ : pe(z) = p(z)(1 + €s(z))} for some mean-zero,
uniformly bounded function s. Then the influence curve for parameter y(P) is defined by any

mean-zero, finite-variance function ¢ (IP) that satisfies the following pathwise differentiability,

- [ o) ( st0ga:)

The above pathwise differentiability implies that our target parameter y is smooth enough

)

55 V(Pe) dP. (1.3)

e=0

to admit a von Mises expansion: for two distribution P, Q

V(@ - w(P) = [ 9(Qd(Q-P)+RA(QP) (14)

where R; is a second-order remainder. Therefore, the influence curve also corresponds to the
functional derivative in a Von Mises expansion of y.

One can obtain the classical Cramér-Rao lower bound for each parametric submodel P¢;
the Cramér-Rao lower bound for P, is y'(P¢)?/E(s2) where y'(Pe) = %l’/(]?g) |,_, and
se = 5g(2) = a% logdPe¢|,_,- The asymptotic variance of any nonparametric estimator is no
smaller than the supremum of the Cramér-Rao lower bounds for all parametric submodel,
and it is known that under the above pathwise differentiability condition the greatest such

lower bound is given by
(P 2
supW( 28)
p. [E(sz)

Therefore, E(¢?) = var(¢) is the nonparametric analog of the Cramér-Rao lower bound, and

<E(¢?).

we call the influence curve that attains the above bound the efficient influence curve. The
efficient influence curve gives the efficiency bound for estimating y. In parametric models,
more than one influence curves may exist. On the other hand in nonparametric model, the
influence curve is unique. However, the efficient influence curve is always unique in any
cases.

Once the efficient influence curve is known, no estimator can be more efficient than J(IP)
such that

V(¥ —y) ~> N(0,var(¢)) (1.5)

as var(¢) serves to be our nonparametric efficiency bound. In (1.5), we call ¢ the (efficient)
influence function for the estimator ¥ 3. For each nonparametric estimator, the efficient

3In fact, influence curves themselves are the putative influence functions.



1.2 Efficient influence function and nonparametric efficiency bound 5

influence function, if exists, is almost surely unique, so in this sense the influence function
contains all information about an estimator’s asymptotic behavior. In other words, if we
know the influence function for an estimator, we know its asymptotic distribution and can
easily construct confidence intervals and hypothesis tests.

Characterizing the influence curves is crucial not only to give the efficiency bound for
estimating Y, thus providing a benchmark against which estimators can be compared, but
probably more importantly, to construct estimators with very favorable properties, such as
double robustness or general second-order bias which amounts to be a consequence of the
pathwise differentiability (1.4). In fact, we can find an (asymptotically linear) estimator
that satisfies (1.5) by solving appropriate estimating equations using the influence curves.
Particularly Chapter 2 and Chapter 4 of the thesis contains examples developing a novel
efficient, model-free estimator based on the efficient influence curve of the target parameter.

Back to the doubly robust estimator (1.2), let us consider . =P, {@'4.(Z;7]) } where

o' w(Z:m) = % ¥ — a(X)] +  (X)

and 11 = (7, it). Then it can be shown that

Vig— v =Pu(o' ¢ —v")+op(1/vn)

where ¥ - E[u1] (Section 3, [65]). Hence, the efficient influence function of the estimator
vl is @'y — w! by definition.

On the other hand, one may also show that the efficient influence curve for the parameter
v! is given by

%[Y—HA(X)HM(X)—WI

which is exactly the same quantity with ¢! ar— v!. Hence, for the ordinary doubly robust
estimator, the efficient influence curve for the target parameter y! coincides with the efficient
influence function for the estimator. In this case we can see that indeed there is a deep
connection between the estimator for a given target functional, and the corresponding
influence function.

Finally we remark that for complicated functionals pretending discrete space on Z can
facilitate our procedure to characterize influence curves. For example, assuming that our unit

space is discrete, the influence curve ¢ (P) for the functional y(IP) can be defined by

¢(P):%w((1—s)P+eaz) _ i YU ZOPFE3) —y(®) o

e=0"* e—0t E
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where we let 6, be the Dirac measure at Z = z. This definition is equivalent to the Gateaux
derivative of y at P in direction of point mass (6, — P) (see, for example, Chapter 5 in [14]).

For more details for nonparametric efficiency theory and influence functions, we refer to
[64, 65,71, 137, 130] and references therein.

1.3 Challenges for Modern Causal Inference

Despite the great importance of causal inference in modern science, still a lot of work in
causal inference rely on randomized trials, parametric models, average effects, and overly
simplified data structures. Many modern problems have non-trivial complications outside of
these classical settings. For example, in observational studies developing fully nonparametric
estimators beyond simple data structure Z = (X,A,Y) is very challenging (e.g., with time-
varying exposure) and typically positivity conditions which require everyone to have some
nonzero probability of receiving each treatment are unlikely to hold. Moreover, in some
cases the standard ATE is not enough to convey valuable information to policy-makers (e.g.,
in the presence of substantial effect heterogeneity).

There has been a growing interest in novel methods of causal inference for complex data
structure and non-standard effects, hoping to cope with these and other challenges that arise
in modern problems. We enumerate some of important challenges in modern causal inference

and delineate our approach to each them in subsequent subsections.

1.3.1 Causal inference for complex longitudinal data

Modern longitudinal data, where individuals are exposed to varying treatment levels over
time, is more complex than point exposure studies with a single timepoint. The simplest data

structure in longitudinal studies can be described by
Z=(X1,A1,Y1,X2,A2, Y2, ... X1, A7, Y1) (1.7)

, where T is the number of timepoints in the study. By virtue of the recent advancement in
technology a capability of collecting data has been enormously enhanced, and consequently
many longitudinal studies have been proposed, typically with very large 7' (sometimes of the
same order of sample size) (see, for example, [81, 34, 77]).

However, such studies introduce numerous statistical challenges that remain largely
unaddressed. First, conventional deterministic interventions (fixed or dynamic) that are often
invoked for longitudinal causal studies reply on untenable positivity assumptions, which

require every subject to have a nonzero chance of receiving each available treatment at every
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time point. Even if positivity is only nearly violated, the finite-sample behavior of many
common estimators can be severely damaged. Second, even under positivity, longitudinal
studies are especially prone to the curse of dimensionality, since exponentially many samples
are needed to learn about all treatment trajectories. These issues only worsen when the
number of timepoints or covariates increases. Third, it is very common to have multiple
right-censored outcomes in longitudinal data. The right censoring (i.e. dropout) may happen
during data collection or during the experiment, especially when human subjects are involved.
In the presence of dropout, the tuple (X,A,Y) is no longer observable after a certain timepoint.
Incorporating dropout events can add much complexity to the data structure. These and other
issues have brought new attention to the development of novel methodological framework

with which we can effectively perform causal analysis for complex modern data structure.

1.3.2 Non-standard causal effects

Non-trivial mean-zero effects. Consider the case where the ATE may be less useful. For
a binary treatment A € 0,1 and outcome ¥ € R, suppose that (A,Y) ~ P and that Y =0
but P(Y! =1) =P(Y! = —1) = 1/2. Then the ATE is exactly zero. Should policy makers
conclude that treatment really has no impact? This may be misleading, since the treatment
yields extreme harms and extreme benefits to half the population. As seen in this illustration,
there are often times when mere average effects reveal potentially less valuable information
about how treatment works on outcomes. Therefore, more nuanced measure of treatment
effects can be needed.

Heterogeneity in treatment effects. The ATE is a measure used to compare population-
average outcomes. However, subgroups of units often show considerable heterogeneity of
response toward the same treatment, which can be masked by the ATE. Identifying treatment
effect heterogeneity and corresponding subgroups is of great importance in policy evaluation,
drug development, and health care service, and has generated growing recent interest.

The most popular approach for studying effect heterogeneity targets the conditional
average treatment effects. Various methods have been proposed for this task. However,
most existing methods are afflicted with some common limitations. First, many methods are
limited to specific supervised learning techniques to derive a partition (subgroup structure)
of unit space. Second, many methods rely on unrealistic parametric assumptions. Finally
and perhaps most importantly, existing methods are not easily extendable to outcome-wide
studies where treatment effects are assessed over numerous outcomes. This conflicts with
the fact that a growing number of recent studies seek to adopt outcome-wide approaches,

possibly with very many treatment options.
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1.3.3 Contribution of the thesis

In this thesis, we develop novel methodological approaches to address each of the above

challenges. Specifically,

1. For causal inference with longitudinal data, we generalize incremental interventions to
accommodate subject dropout. We provide an identifying expression for incremental
effects when dropout is conditionally ignorable (i.e., under a time-varying missing-
at-random assumption), still without requiring (treatment) positivity, and derive the
nonparametric efficiency bound for estimating such effects. Then we present efficient
nonparametric estimators, showing that they converge at fast parametric rates and yield
uniform inferential guarantees, even when nuisance functions are estimated flexibly
at slower rates. Importantly, in this work we also study the relative efficiency of
incremental effects to more conventional deterministic effects in a novel infinite time
horizon setting, where the number of timepoints can grow to infinity with sample size.
Specifically, we show that our incremental effects can yield near-exponential efficiency
gains in this setup. Finally, we apply our methods to study the effect of low-dose

aspirin on pregnancy outcomes. Chapter 2 is devoted to this work.

2. In order to provide more nuanced and valuable information about treatment effects
than the ATE, we consider estimating causal effects based on the discrepancy between
unobserved counterfactual distributions. Continuing the illustrating example with
binary treatments, we let 0°, 0! be the two counterfactual outcome distributions for
the binary treatments. Then in our setting, a causal effect can be defined in terms of the
L, distance D between Q°, 0, i.e. D, (QO, Ql). We provide a novel way to estimate
each of the counterfactual outcome distributions for efficient estimation of our target
functional D;(Q°, Q'). We consider single- and multi-source randomized studies, as
well as observational studies, and analyze error bounds and asymptotic properties of
the proposed estimators. We further propose methods to construct confidence intervals
for the unknown mean distribution distance. Our proposed method can be always used
jointly with the ATE, as a first step in assessing whether there is effect modification
beyond a mean shift; for instance, when the ATE is nearly zero but D (QO, Ql) is large,
we should be cautious before making a decision based on the former. Chapter 3 is

devoted to this work.

3. As to analysis of the treatment effect heterogeneity, we give a novel adaptation of
unsupervised learning methods. Specifically, we pursue an efficient way to uncover

subgroup structure in conditional treatment effects by leveraging tools in clustering
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analysis. We find conditions under which k-means, density-based, and hierarchical
clustering algorithms can be successfully adopted into our framework. Particularly for
k-means causal clustering, we develop an estimator based on nonparametric efficiency
theory that attains fast convergence rates to the true cluster centers, under weak non-
parametric conditions on nuisance function estimation. This requires novel techniques
due to the non-smoothness of the minimizer of the k-means risk. Surprisingly, we give
conditions for asymptotic normality of the cluster centers. Chapter 4 is devoted to this
work.

1.4 Thesis Organization

The thesis is organized as follows. In Chapter 2, we propose a more comprehensive
form of stochastic dynamic intervention effects to accommodate subject dropout, and study
the relative efficiency of incremental effects to more conventional deterministic effects in
a novel infinite time horizon setting. In Chapter 3 we study a novel non-standrad causal
effect based on the discrepancy between unobserved counterfactual distributions using the
non-smooth L; distance. In Chapter 4 we propose Causal Clustering, a novel framework for
the heterogeneous treatment effect analysis, where we pursue an efficient way to uncover
subgroup structure in conditional treatment effects by leveraging tools in clustering analysis.

Chapter 5 concludes with further remarks on future work.






Chapter 2

Incremental Intervention Effects in
Studies with Dropout and Many
Timepoints

2.1 Introduction

Causal inference has long been an important scientific pursuit, and understanding causal
relationships is essential across many disciplines. However, for practical and ethical reasons,
causal questions cannot always be evaluated via experimental methods (i.e., randomized
trials), making observational studies the only viable alternative. Further, when individuals
can be exposed to varying treatment levels over time, collecting appropriate longitudinal data
is important. To that end, recent technological advancements that facilitate data collection
are making longitudinal studies with a very large number of time points (sometimes of the
same order of sample size) increasingly common [e.g., 81, 34, 77].

The increase in observational studies with detailed longitudinal data has also introduced
numerous statistical challenges that remain unaddressed. For longitudinal causal studies,
two analytic frameworks are often invoked: deterministic fixed interventions [108, 112, 51],
in which all individuals are assigned to a fixed exposure level over all time-points; and
deterministic dynamic interventions [98, 110] in which, at each time, treatment is assigned
according to a fixed rule that depends on past history. In the real world, the fixed deterministic
interventions might not be of practical interest since the treatment is typically not applied
uniformly [67].

Generally, deterministic interventions (fixed or dynamic) rely on the positivity assumption
which requires every unit to have a nonzero chance of receiving each of the available
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treatments at every time point. If the positivity assumption is violated, the causal effect
defined under deterministic (fixed or dynamic) interventions will be no longer identifiable.
Even under positivity, longitudinal studies are especially prone to the curse of dimensionality,
since exponentially many samples are needed to learn about all treatment trajectories. These
issues only worsen when the number of timepoints or covariates increases. Thus, due to a
lack of analytic methods for such longitudinal data, researchers are often forced to either rely
on strong parametric assumptions, or forego the estimation of causal effects altogether [e.g.
81].

Recently, [67] has proposed a novel incremental intervention effects which quantify the
effect of shifting treatment propensities, rather than effects of setting treatment to fixed
values. An incremental intervention is a stochastic intervention in that it depends on unit
characteristics and is random at each timepoint [see 150, 27, 46, 96, as prior works on
stochastic interventions whose setup is relevant to our study]. Importantly, incremental effect
estimators do not require positivity, and can still achieve /n rates regardless of the number of
timepoints, even when flexible nonparametric methods are used. Despite these strengths, the
method has not been adapted to general longitudinal studies, where multiple right-censored
outcomes are common (particularly for human subjects).

In this paper we propose a more comprehensive form of incremental intervention effects
that accommodate not only time-varying treatments, but time-varying outcomes subject to
right censoring (i.e., dropout). We provide an identifying expression for incremental effects
when dropout is conditionally ignorable, still without requiring (treatment) positivity, and
derive the nonparametric efficiency bound for estimating such effects. We go on to present
efficient nonparametric estimators, showing that they converge at fast rates and give uniform
inferential guarantees, even when nuisance functions are estimated flexibly at much slower
rates with flexible machine learning tools under weak conditions. Importantly, we study
the relative efficiency of incremental effects to more conventional deterministic effects in a
novel infinite time horizon setting, where the number of timepoints can grow with sample
size to infinity. We specifically show that incremental effects can yield near-exponential
gains in this setup. Finally we conclude with a simulation study and apply our methods to a
longitudinal study of the effect of low-dose aspirin on pregnancy outcomes to demonstrate

the effectiveness of our method.

2.2 Setup

We consider a study where for each subject we observe covariates X; € R¢, treatment

A; € R, and outcome Y; € R, with all variables allowed to vary over time, but where subjects
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can drop out or be lost to follow-up. In particular, we observe a set of i.i.d samples (Zy, ..., Z,)
from a probability distribution P where, for those subjects who remain in the study up to the

final timepoint t = T, we observe
Z=(X,A1,11,X2,A2, Vs, ... X7,AT,YT).
But in general we only get to observe
Z = (X1,A1,Ry,Ry(Y1,X2,A2),....,Rr,Rr (Yr -1, X1, A7), R 11, R 11YT) (2.1)

with R, = 1{ still in the study at time t } an indicator for whether the subject contributes
data at time . We write R,(Y;_1,X;,A;) as a shorthand notation of (R,Y;_1,R:X;,R/A;), SO
in the missingness process that we consider subjects can drop out at each time after the
measurement of covariates/treatment. This is motivated by the fact that this is likely the
most common type of dropout, since outcomes Y; at time ¢ are often measured together
with or just prior to covariates X; 1 at time 7 4+ 1. As we consider a monotone dropout (i.e.,

right-censoring) process, R; is non-increasing in time ¢, i.e.,

R=1= (Rl,...,R,,I) =1
R[:O = (R[+],...,RT) :0,

where 0, 1 are vectors of zeros and ones respectively. Thus our data structure Z is a chain
with 7-th component
{RtaRt<Y1717Xl7Al)}

fort =1,...,T +1 where Ry = 1 and we do not use Yy or X7 1,A71. Although we suppose
each subject’s dropout will occur before the z-th stage, our data structure also covers the case

when the dropout will occur after the 7-th stage because in that case we can write

{Rl‘(thlaXhAl‘)aRH»l}

as the 7-th component of our chain, and the general structure remains the same.

For simplicity, we consider binary treatment in this paper, so that the support of each A,
is &7 = {0,1}. We use overbars and underbars to denote all the past history and future event
of a variable respectively, so that X; = (Xi,...,X;) and A, = (A;,...,Ar) for example. We
also write H; = ()_( ,,Z,,l,Yt,l) to denote all the observed past history just prior to treatment
at time ¢, with support .77;. Finally, we use lower-case letters a;, i, x; to represent realized
values for A;, H;, X;, unless stated otherwise.
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Now that we have defined our data structure we turn to our estimation goal, i.e., which
treatment effect we aim to estimate. We use ¥ to denote the potential (counterfactual)
outcome at time # that would have been observed under a treatment sequence @, = (ay, ..., a;)
(note we have Y,ET = Y,af as long as the future cannot cause the past). In longitudinal causal
problems it is common to pursue quantities such as E(Y,ﬁ’), 1.e., the mean outcome at a given
time under particular treatment sequences a;; for example one might compare the mean
outcome under @; = 1 versus @, = 0, which represents how outcomes would change if all
versus none were treated at all times. However identifying these effects requires strong
positivity assumptions (i.e., that all have some chance at receiving every treatment at every
time), and estimating these effects often requires untenable parametric assumptions when
there are more than a few timepoints.

Following [67] we instead consider incremental intervention effects, which represent how
mean outcomes would change if the odds of treatment at each time were multiplied by a factor
0 (e.g., 6 =2 means odds of treatment are doubled). Incremental interventions shift propen-
sity scores rather than impose treatments themselves; they represent what would happen if
treatment were slightly more or less likely to be assigned, relative to the natural/observational
treatment. There are a number of benefits of studying incremental intervention effects: for
example, positivity assumptions can be entirely and naturally avoided; complex effects under
a wide range of intensities can be summarized with a single curve in 8, no matter how many
timepoints 7 there are; and they more closely align with actual intervention effects than their
fixed treatment regime counterparts. We refer to [67] for more discussion and details.

Formally, incremental interventions are dynamic stochastic interventions where treatment
is not assigned based on the observational propensity scores 7, (h,) = P(A; = 1 | H, = hy);

instead these propensity scores are replaced by new interventional propensity scores given by

om(hy)

qi(h;8,m) = 57 () + 1 — 7 ()

(2.2)

to ensure the odds of treatment are multiplied by 6. We denote potential outcomes under the
above intervention as Y,Q’(B) where Q,(8) = {01(§),...,0:(5)} represents draws from the
conditional distributions Qy(0) | Hy = hs ~ Bernoulli{g(hs;8,ms)}, s = 1,...,£. We often
drop 0 and write Q; = Q;(8) when the dependence is clear from the context. Note here
we use capital letters for the intervention indices since they are random, as opposed to ¥
where the intervention is deterministic. Therefore in this paper we aim to estimate the mean

counterfactual outcome

vi(8) =E (v2¥)
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for any + < T'. This goal is different from [67] in that we allow varying outcomes over time
and dropout/right-censoring. Thus in the next section we describe the necessary conditions

for identifying y;(0) in the presence of dropout.

2.3 Identification

In this section, we will give assumptions under which the entire marginal distribution

(9)

of the resulting counterfactual outcome Y,Q’ is identified. Specifically, we require the

following assumptions for all t < T.

Assumption Al. Y =Y ifAr =ar

Assumption A2-E. A, | Y% | H,

Assumption A2-M. R, | (X,,A,.Y) |H,—1,A—1,R—1 =1

Assumption A3. P(R, =1 | H,_1,A;—1,R,—1 = 1) is bounded away from 0 a.e. [P

Assumptions (A1) and (A2-E) correspond to consistency and exchangeability conditions
respectively, which are commonly adopted in causal inference problems. Consistency means
that the observed outcomes are equal to the corresponding potential outcomes under the
observed treatment sequence, and would be violated in settings with interference, for example.
Exchangeability means that the treatment and counterfactual outcome are independent,
conditional on the observed past (if there were no dropout), i.e., that treatment is as good as
randomized at each time conditional on the past. Experiments ensure exchangeability hold
by construction, but in observational studies it cannot be justified so in general we require
sufficiently many relevant adjustment covariates (H; in our case) to be collected.

In this paper, we additionally require assumptions (A2-M) and (A3) because of the
missingness/dropout. (A2-M) is a time-varying missing-at-random assumption, ensuring that
dropout is independent of the future (and underlying missing data values), conditioned on
the observed history up to the current time point. This would be a reasonable assumption
if we can collect enough data to explain the dropout process, so we can ensure that those
who dropout look like those who do not, given all past observed data. (A3) is a positivity
assumption for missingness, meaning that each subject in the study has some non-zero chance
at staying in the study at the next timepoint. This would be expected to hold in many studies,
but may not if some subjects are ‘doomed’ to drop out based on their specific measured
characteristics. Note that assumptions (A2-M) and (A3) also appear in more classical works
on dealing with missing data [e.g. 115, 114].
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Importantly, we do not need any positivity conditions on the propensity scores, since we
are targeting incremental effects as defined in (2.2) rather than more common deterministic
effects. The next result gives an identifying expression for the incremental effect under the

above assumptions.

Theorem 2.3.1. Suppose identification assumptions (Al) - (A3) hold. Then the incremental
effect on outcome Y at time t with given value of 6 € [}, 0, for 0 < & < §, < oo equals

t
Y (6) = / w(h,ai, Ry = I)Hqs(as | hs, Ry = 1)dv(ay) dP(xs | hy—1,a5-1,Rs = 1)
X ixo s=1
(2.3)
fort <T,where Z' = 21X x 2, Ay =) X X 5,
w(he,an, Ry = 1) =EY; | H = hy,A; = a;,R,+1 = 1), and
_ag6ms(hg,Ry = 1)+ (1 —ag){1 — my(hs,Ry = 1)}

B R 1) = : 2.4
QS(Cls| CERARY ) 67Ts(hS7Rs — 1)+1—7rs(hs,Rs — 1) (2.4)

with mtg(hg,Ry = 1) = P(A; = 1 | Hy = hg, Ry = 1) and a dominating measure v for the
distribution of As.

Theorem 2.3.1 follows by Theorem 1 in [67] and Lemma A.4.1 given in the appendix.
Note that g(as | hs) is the propensity score under the incremental intervention. The identify-
ing expression (2.3) shows that the mean counterfactual outcome y; () is identified and can
be expressed in terms of the observed data distribution P.

As mentioned earlier, without the additional assumptions (A2-M) and (A3) together with
the result of Lemma A.4.1, the intervention effect y;(6) would in general not be identifiable
under the setting considered by Kennedy [67], due to the dropout. It is also worth noting
that here we do not make any parametric assumptions and the censorship process is also
allowed to be model-free. Theorem 2.3.1 therefore extends previous results on incremental
interventions to studies with arbitrary time-varying outcomes and missing-at-random style
dropout.

To illustrate, the next corollary shows what the identification result gives in the simple

setting where there is only one timepoint, so dropout amounts to mere missing outcomes.

Corollary 2.3.1. When T = 1, the data structure reduces to

Z = (X,A,R,RY)
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where R = 1 means the outcome was not missing. Then the identifying expression for y(8)

simplifies to

S [em(X)u(X,1,1) +{l —x(X)}u(X,0,1)
v(o)=E S7(X)+ {1 —n(X)}

where t(X) =P(A=1|X) and u(x,a,1)=E(Y | X =x,A=a,R=1).

Therefore when T' = 1 the effect y(6) is simply a weighted average of the regression
functions (X, 1,1) and p(X,0,1) among those with observed outcomes, with weights

depending on the observational propensity scores and J.

2.4 Efficiency Theory

In the previous section, we showed the incremental intervention effect adjusted for right-
censoring and repeated outcomes can be identified under weak nonparametric assumptions,
without requiring any positivity conditions on the treatment process. Our main goal in this
section is to develop a nonparametric efficiency theory for the incremental effect, via the
efficient influence function for y;(§).

The efficient influence function is a crucial object in non/semiparametric efficiency theory
because 1) its variance gives an asymptotic efficiency bound that cannot be improved upon
without adding assumptions, and 2) its form indicates how to do appropriate bias correction
in order to construct estimators that attain the efficiency bound under weak conditions.
Mathematically, given a target parameter Y an influence function ¢ acts as the derivative

term in a distributional Taylor expansion of the functional of interest, which can be seen to

mPLy / oz (a logdP¢(z) )

for all smooth parametric submodels P¢ containing the true distribution so that P, = P. Of

a"’ Pg P 2.5)

all the influence functions, the efficient influence function is defined as the one which gives
the greatest lower bound of all parametric submodel P¢, so giving the efficiency bound for
estimating Y. For more details we refer to Bickel et al. [11], Vaart [132], van der Laan &
James M Robins [133], Tsiatis [128], Kennedy [65], as well as Section 1.2.

The next theorem gives an expression for the efficient influence function for the incre-
mental effect y;(0) at arbitrary time ¢ < T under a nonparametric model, which is the main

result in this section.
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Theorem 2.4.1. The efficient influence function for the intervention effect W;(0) under a

nonparametric model is given by

i{ H)}(l—é)} [ms(HS,l,RsH = 1)8m,(Hy) +my(Hy,0,Ry4 1 = 1){1 — my(H,)}
] SA,+1—A 57,(Hy) + | — 7, (H,)

5 OA+1—A; IL(RS—HZI)
x @ (Hs,As) (H Sm(Hi) +1—m(Hy)  o(Hs,Ay)

! O0A;+1—A; 1(Rsr1=1)
+H{5m( AESE Y AR N }Yf_"’f(‘”

where mtg(hy) =P(A; =1 | Hy = hy,Ry = 1), @5(Hy,As) = dP(Ry1 = 1 | Hy,Ag, Ry = 1), and

mg (hmasz—H = 1)

—/ p(he,ar,Riyy = 1) H qr(ax | i, R = 1)dv (ax)dP (x| hx—1, ax—1, R = 1)
k=s+1

for VS S t, where z%s == (yl XE{) \ (?S Xys), [,L(/’ll,a,,RH_l = 1) (Yl ‘ H[ hl‘aAl‘

a;,Ri+1 = 1), and v is a dominating measure for the distribution of Ay.

A proof can be found in the appendix A.4.2. This result will be used to construct efficient,
model-free estimators for our new incremental effects in the next section. Note that in
Theorem 2.4.1, all terms can be estimated via regression tools or simply obtained from the
observed data. As one may expect, if there is no censoring (i.e., P[R;, = 0] = 1 a.e [P] for all
t < T) then both the identifying expression and the efficient influence function reduce to the
expressions presented in Kennedy [67].

The efficient influence function in Theorem 2.4.1 consists of an augmentation term and
an product term, both of which are quite different from those that appear in estimators for
more standard causal effects. The structure of quotient terms is rooted in the form of our
incremental interventional score defined in (2.4). It is worth noting that every quotient term
% to adjust dropout effects at each stage s.

The above efficient influence function involves three types of nuisance functions: the

is multiplied by

treatment propensity scores 7;(Hy), the missingness propensity scores @s(Hy,Ay) and the
psuedo outcome regression functions mg(Hy, A, Rsy1 = 1) for s < t. The propensity scores
7ty (Hy) and @s(Hs,As) can be directly estimated. The psuedo outcome regression functions i
can be estimated through sequential regressions without resorting to complicated conditional
density estimation, since they are marginalized versions of the full regression function
W(hg,a5,Rs1 = 1) that condition on all of the past. In the appendix A.4.3 we give a

sequential regression formulation for these regression functions .
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The efficient influence function in the T = 1 case follows a relatively simple and intuitive
form, equaling a weighted average of the efficient influence functions for E(Y!) and E(Y?)
plus some contribution from the propensity scores m;, ;. We give this result in the appendix
A4.4.

2.5 Estimation and Inference

2.5.1 Proposed Estimator

In this section we develop an estimator that can attain fasty/n convergence rates, even

when other nuisance functions are modeled nonparametrically and estimated at rates slower

than,/n.

To begin, let ¢(Z; N, ,t) denote the uncentered efficient influence function from Theo-
rem 2.4.1, which is a function of the observations Z, indexed by a set of nuisance functions

n = (E,m, (D) = (TE],...,n[,ml,...,mt7w1,...7(1)[),

0, and t < T, where m;,m;, @, are the same nuisance functions defined in Theorem 2.4.1.
Thus E[@(Z;n,68.1)] = v ().
A natural estimator for ¢(Z;n, d) would be given by the solution to the efficient influence

function estimating equation, i.e., the naive plug-in Z-estimator

l/A/inc.pi(l‘;s) = Pn{‘/’(Z;ﬁ?S,t)}

where 1] represents a set of nuisance functions estimates, and P, denotes the empirical
measure so that sample averages can be written as 1 ¥, £(Z;) = P,{f(Z)} = [ f(2)dPu(2).
If we assume 7; and @, were correctly parametrically modeled, then one could use the

following simple inverse-probability-weighted (IPW) estimator

L SA, +1—A, 1(Rp1=1)
Ainc.i w t;0 =P, ~ = ~ Y >.
Winipn(1:9) {zl:ll<57rl(Ht)+1_7[t(Ht) @ (H;,Ay) )

Note that this [IPW estimator is a special case of W, ,; where 7, is set to zero for all 7.

However, to develop general Z-estimators with desired convergence rates with non-
parametric models requires strong empirical process conditions (e.g., Donsker-type or low
entropy conditions) that restrict the flexibility of the nuisance estimators. This is due to
using the data twice (once for estimating the nuisance functions, again for estimating the
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average of the uncentered influence function), which can cause overfitting. Hence, to avoid
this downside and to make our estimator more practically useful, we use sample splitting,
following [155, 18, 67, 111]. As will be seen shortly, sample splitting allows us to achieve
fast parametric/n rates even when all the nuisance functions 1 are flexibly estimated at
much slower rates thany/n.

To this end we randomly split the observations (Zi,...,Z,) into K disjoint groups, using a
random variable S;, i = 1,...,n, drawn independently of the data, where each S; € {1,...,K}
denotes the group membership for unit i. Then our proposed estimator is given by

K
Vi (8) =Pu{@(ZiN_506,1)} =~ Z o(z:h 4. 8.1)} (2.6)

(k)

where we let P, ’ denote sample averages only over the set of units {i : S; = k} in group &,
and let f) _; denote the nuisance estimator constructed excluding group k. We detail exactly
how to compute the proposed estimator ¥;(8) in Algorithm 4 in section A.1 of the appendix.

Computing the estimator is easily amenable to parallelizable due to the sample splitting.
It is worth noting that our method effectively utilizes all the observed samples available at

each time ¢ without discarding any observations in advance.

2.5.2 Convergence Theory

Now we provide a theorem that details the main large-sample property of our proposed
estimator. In the theorem we verify that (&) isy/n-consistent and asymptotically normal
even when all the nuisance functions are estimated at much slower than n~!/2 rates.

In what follows we denote the Ly (P) norm of function f by || f|| = ([ f(z)*dP(z)) !/ ® to
distinguish it from the ordinary L, norm || - ||, for a fixed vector. Moreover note that although
we write m; for the pseudo-regression functions defined in Theorem 2.4.1 for the sake of
brevity, in principle they should be indexed by both time ¢ and the given increment parameter
0 as m, 5. The next theorem shows uniform convergence of ;(§), which lays the foundation

for inference.

Theorem 2.5.1. Define the variance function as 6>(8,t) = E [((p(Z; n,6,t)— %(5))2] and
let 62(8,1) =P, | (9(Z: 0 s, 8,1) — W (8))?| denote its estimator. Assume:

1) The set 9 = [0}, 6, is bounded with 0 < § < §, < oo.

2) P[| mi(H;,At,Rip1 = 1) |< C) = P[] ity (Hy, At ,Ri+1 = 1) |< C| = 1 for some constant
C < ooand Vt.
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22 ~
3) supseq | S5 — 1] = 0p(1), and ||supseq | 9(Z:,8,0) = 9(Z: M) _s,8.1)[| = 0z (1).

4 (supnma,t—%a,tn+|m—frt||) (17 =+ 18— @) = 0 (L ) for vs <.
[

69

Then we have () (5)
Yi(0) — W
s Y
inl=(2), where G is a mean-zero Gaussian process with covariance E[G(6;,1)G(02,12)] =
E[@(Z:,81,0)@(Z:1,62,12)] and $(Z: M, 8,1) = LETZLHE,

c(0,1)

A proof of the above theorem is given in the appendix A.4.7. We also analyze the second
order remainder terms of the efficient influence function given in Lemma A.4.2, and keep
the intervention distribution completely general (see section A.4.8, A.4.9 in the appendix).
Therefore, the results can be applied to study other stochastic interventions under the presence
of right-censoring (which is beyond the scope of this paper).

Assumptions 1), 2) and 3) in Theorem 2.5.1 are all very weak. Assumptions 1) and
2) are mild boundedness conditions, where assumption 2) could be further relaxed at the
expense of a less simple proof, for example with bounds on L, norms. Assumption 3) is
also a basic and mild consistency assumption, with no requirement on rates of convergence.
The main substantive assumption is Assumption 4), which requires that product of nuisance
function estimation errors must vanish at fast enough rates. Note that unlike the result from
[67], we have additional nuisance function @ in the condition. One sufficient condition for
Assumption 4 to hold is that all the nuisance functions are consistently estimated at a rate of
n~1/* or faster.

Lowering the bar from/n to n~1/* indeed allows us to employ a richer set of modern
machine learning methods by reducing the burden of nonparametric modeling. Such rates
are attainable under diverse structural constraints, e.g., [149, 106, 61, 44]. In this paper we
are agnostic about how such rates might be attained. In practice, we may want to consider
using different estimation techniques for each of 7, m, @ based on our prior knowledge or
use ensemble learners.

Based on the result in Theorem 2.5.1, given the value of 0 and ¢ we can construct
pointwise 1 — o confidence intervals for y;(9) as

N 62(8,1
V’t(5)i21—a/2%

where 62(8,¢) is the variance estimator defined in Theorem 2.5.1. As in [67] we can use the

multiplier bootstrap for uniform inference, by replacing the z;_ g, critical value with one ¢q
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satisfying
Vi (8) — wi(9)
P su — e
(m,ég 5(8,0)A/n

This is due to the fact that we only add a finite number 7 timepoints into the function

‘ gca> =1—a+o(l).

class of ¢ at maximum (see A.4.8 in the appendix for more detailed discussion). We refer to

[67] for details on how to construct ¢ via a bootstrap procedure.

2.6 Infinite Time Horizon Analysis

The great majority of causal inference literature considers a finite time horizon where
the number of timepoints is small and fixed, or even just equal to one, a priori ruling out
much significant (if any) longitudinal structure. However, in practice more and more studies
accumulate data across very many timepoints, due to ever increasing advances in data
collection technology. In fact, in many applications the number of timepoints 7 can even be
comparable to or larger than sample size n, rendering most of the classical methods based
on finite time horizons futile. For example, [81] describe how new mobile and wearable
sensing technologies have revolutionized randomized trial and other health-care studies
by providing data at very high sampling rates (e.g., 10-500 times per second). [77, 104]
use 7' = 210 timepoints in their study in which they present the micro-randomized trial for
just-in-time adaptive interventions via mobile applications. As we collect such more granular
and fine-grained data, some recent studies explore efficient off-policy estimation techniques
on infinite-time horizon (e.g. Liu et al. [90] in reinforcement learning). Interestingly, there
has been no formal analysis for general longitudinal studies.

Therefore here we analyze the behavior of the IPW version of our proposed incremental
effect estimator (relative to a standard IPW estimator of a classical deterministic effect),
in a more realistic regime where the number of timepoints can scale with sample size. To
the best of our knowledge, this is one of the first such infinite-horizon analyses in causal
inference, outside of some recent examples involving dynamic treatment regimes [83, 32].
Specifically, we study the relative efficiency bound in the number of timepoints 7" and show
how deterministic effects are afflicted by a large variance inflation relative to incremental
effects in the infinite time horizon. Even when two estimators target different effects, often
the efficiency helps guide us through the problem of selecting the estimand [e.g., 3, 22],
particularly when we do not have strong preference for one over the other.

We proceed with comparing the deterministic effect of receiving treatment at every
timepoint and the incremental effect for § > 1 (the result for effects of receiving control at

every timepoint is similar and presented in the Section A.4.5 of appendix). The incremental
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intervention effect is asymptotically equivalent to the deterministic effect for the always-
treated as 6 — oo (the larger 9 is, the more closer the two effects are).

For the sake of simplicity, we consider the case where propensity scores are known
and do not vary with covariates (i.e., m;(H;) = p for all #) and there is no dropout (i.e.
dP{R; 1 =1} =1ae. [P|forallt =1,...,T). In other words, we consider a simple setup
where the propensity scores are all equal to p and the pseudo-regression functions m;’s are
zero in the full nonparametric efficiency bounds.

In this setup we have unbiased estimators of the always-treated effect y,; = E(Y T) and
the incremental effect Wi, = E(Y2(9) given by

14

=1\ P

<6A,+1 A,)
_H Y
op+1—

respectively, where Y = Y7. We now explore the asymptotic relative efficiency of these

and

estimators in the case where T — o=. In the next theorem, we show that one can achieve the

near-exponential efficiency gain by targeting y;,. instead of ;.

Theorem 2.6.1. Consider the estimators and assumptions defined above. Suppose |Y| < b,

— 2
for some constant b,, > 0 and E {(Y1> } > 0. Then forany T > 1,

Cr

{52p2+p(1—p)}T_pT

ar(Wy 252 — T
SR S“// (Var) <CTC(T;p){5 p*+p(l p)}

ar(f/}inc) - (5p+1_p)2

G (e[])°
where Cr = ————+ and {(T;p) = | 1 + ——+>—+ | for any fixed value of c such
E{(Y‘ } (l/p)TE{(YI) }
that

—pT (E{Ylﬁz/]E{(Yz)l} =¢

A proof of the above theorem can be found in the Section A.4.5 of the appendix and
is based on similar logic used in deriving the g-formula [108]. In the proof, we give more
general results for any deterministic effects E(Y“7), Var € /7. Note that we only require
two very mild assumptions: the boundedness assumption on Y and E[(Y T)2] > 0 which is
equivalent to say that Y Tisa non-degenerate random variable.

Theorem 2.6.1 allows us to precisely quantify the asymptotic relative efficiency gain.

82p*+p(1-p)

Gprlp)? < 1 for 6 > 1 and {(T; p) — 1 monotonically at an expo-

Importantly, since
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nential rate in 7, the efficiency gain is also almost exponential in 7. The result for the

never-treated effects is similar as well, and given in Section A.4.5 of the appendix. It is clear

. 82 p*+p(1-p)
to see lim ——"——5*
between efficiency gain and bias in targeting the same effects.

= 17. Hence, the result of Theorem 2.6.1 can be framed as a trade-off

Theorem 2.6.1 implies that ¥, will be always more efficient than y,, if we intend to
incorporate substantial number of timepoints. In what follows we refine this statement so
that one can characterize the minimum threshold of the number of timepoints to make the

claim true, under the same condition used in Theorem 2.6.1.

Corollary 2.6.1. There exists a finite number T,,;, such that

for every T > Tyin, where Ty, is never greater than

_ o[y
min{T : {(glf_:_—ll_pl;z] — l% +2< O} where c1 = T
A proof can be found in Section A.4.6 in the appendix. The proof of the above corollary
relies upon the fact that var(,.) can be represented as the variance of the weighted sum
of all the distinct deterministic intervention effects ar € /7 (Lemma A.4.7). The constant
c1 1s simply the normalized second order moment and can be translated into the average
magnitude of Y 1 In other words, the larger |YT] is, the smaller 7,,;, is.

Remark 1. It may be possible to tighten the upper bound for T,,;,, but in practice the value
of Tin is typically already small. To illustrate, consider the setup where Y € [0,1] and
0 =2.5,p=0.5, and two extreme cases: c; = 0.95 (YT is dispersed mostly around {0,1})
and cy =0.05 (Y L5 concentrated around 0). Then the corresponding T,,i, values are 2 and

6 respectively. If we use 6 = 5, p = 0.5, the numbers will become 3 and 9 respectively.

Our proof of Theorem 2.6.1 and Corollary 2.6.1 can be generalized to the case where the
nuisance functions need to be estimated, but we feel the simple case captures the main ideas,
and the general case would only add complexity. Numerical simulations given in Section
A.2 of the appendix support our result. Our result in this section provides a crucial insight
into the longitudinal studies with many timepoints, indicating massive efficiency gains are

possible by studying incremental rather than classical deterministic effects.
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2.7 Experiments

2.7.1 Simulation Study

In this section we explore finite-sample performance of the proposed estimator {;(8) via
synthetic simulation for an observational study. We consider the following data generation
model

X = (X14,X24) ~N(0,I),

t—1

m(H) =epit(17X%,+2 Y, (A,—1/2)),

s=t—2

t
o/ (H;,A;) = expit <C0+ ZAS) . Co~U[u,5),

s=1
(Y|)_(tazt) NN(“()_(th‘)a 1)

forallt =1,...,r where we set u(X;,A;) = 10+A, +A,_1+|(1"X; +1"X,_;) | and t = 50.
% u;,3] is a uniform random variable with interval [«;,5]. Basically in this setup we assume
that the more likely to have been treated, the less likely to drop out from the study.

We use three baseline methods: the naive Z-estimator (. ;) and the IPW type estimator
(Winc.ipw), both of which are defined in Section 2.5.1, and the incremental-effect estimator
(Wine.ne) proposed by Kennedy [67], which does not take right-censoring into account. Since
finite-sample properties of ;... were already extensively explored in Kennedy [67], here
we focus more on dropout effect on performance.

To estimate nuisance parameters, we form an ensemble of some widely-used nonparamet-
ric models. Specifically, we use cross-validation-based superleaner ensemble algorithm [136]
via the SuperLearner package in R to combine support vector machine, random forest,
k-nearest neighbor regression. For the proposed method, we use sample splitting with K = 2
splits as described in Algorithm 4.

We repeat simulation S times in which we draw n samples each simulation. We use
D values of 0 equally spaced on the log-scale within [0.1,5]. Then performance of each

estimator is assessed via normalized root-mean-squared error (RMSE) defined by

é 3 { W(r:30) ~ (t:80) }2]

V(t;04)

where (t;64) and y(¢;0,) are an estimated value of estimator for s-th simulation with
value &, and a true value of the target parameter with J, respectively, and ¥(¢; §;) means a

sample average of y(r;0,) across different values of §;. We present the results in Table 2.1.
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Se tup A A RM ‘SLE A Average
Vinc.pi  Wincipw  Wincne  Wproposed Dropouts (%)
S=500,n=1000,D=25u,=1 085 082 091 0.55 36.0
S =500,n =5000,D=25,u; =1 0.69  0.60 0.73 0.36 35.1
S§=500,n=1000,D =25,u; =5 0.72  0.81 0.63 0.64 4.7
S$=500,n=5000,D=25,u; =5 0.58  0.65 040  0.38 4.9

Table 2.1 Normalized RMSE across different baselines and simulation settings.

As shown in Table 2.1, the proposed estimator performs in general better than the other
baseline methods especially when lots of data are dropped out, as anticipated from the
theory. Winc.pi and Wipe ipyw in general show fairly large RMSE, since they are not expected
to converge at y/n rates. Under the substantial dropout rates, Wj,c.,. shows even worse
performance than these estimators due to the smaller number of effective samples '. On the
other hand, {j,. .. shows comparable performance to the proposed estimator when there is

only a small portion of censored data.

2.7.2 Application

Here we illustrate the proposed methods in analyzing the Effects of Aspirin on Gestation
and Reproduction (EAGeR) data, which evaluates the effect of daily low-dose aspirin on
pregnancy outcomes and complications. The EAGeR trial was the first randomized trial to
evaluate the effect of pre-conception low-dose aspirin on pregnancy outcomes ([119, 97]).
However, to date this evidence has been limited to intention-to-treat analyses.

The design and protocol used for the EAGeR study have been previously documented
[120]. Overall, 1,228 women were recruited into the study (615 aspirin, 613 placebo) and
11% of participants chose to drop out of the study before completion. Roughly 43,000 person
weeks of information were available from daily diaries, as well as study questionnaires, and
clinical and telephone evaluations collected at regular intervals over follow-up. The dataset
is characterized by a substantial degree of non-compliance (more than 50% at the end of the
study), and thereby is susceptible to positivity violation.

We used our incremental propensity score approach to evaluate the effect of aspirin on
live birth and pregnancy loss in the EAGeR trial, accounting for time-varying exposure
and dropout. The EAGeR dataset has been compiled as described in (2.1). Here, the study

terminates at week 89 (T = 89). We use 24 baseline covariates (e.g., age, race, income,

YFor Wine.ne, we discard samples that have been dropped out.
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education, etc.) and 5 time-dependent covariates (compliance, conception, vaginal bleeding,
nausea and GI discomfort). A; is a binary treatment variable coded as 1 if a woman took
aspirin at time ¢ and O otherwise. R, = 1 indicates that the woman is observed in the study at
time ¢. Lastly, ¥; is an indicator of having a pregnancy outcome of interest at time . We are
particularly interested in two types of pregnancy outcomes: live birth and pregnancy loss
(fetal loss). We perform separate analysis for each of the two cases.

For comparative purposes, we estimate the simple complete-case effect
Vec =Pu(Y|Ar = 1,Rr = 1) —P,(Y|Ar =0,Rr = 1).

which relies on both non-compliance and drop-out being completely randomized. The value
of Yec is 0.052 (5.2%) for live birth and 0.012 (1.2%) for pregnancy loss, both of which are
close to the intention-to-treat estimates reported in [120, 119].

Here, we give a brief discussion why standard approaches might fail for our analysis
of the EAGER dataset. We found a strong evidence of positivity violation in the EAGER
dataset due to non-compliance; as shown in Figure A.3 in Section A.3 of the appendix, the
average propensity score quickly drops to zero as ¢ grows. So it would be hard to imagine
having all of the study participants take aspirin at each time. Standard approaches such as
widely-used marginal structural models (MSMs) [112] typically require treatment positivity,
and thus are likely to fail for our analysis. In fact, when we model the effect curve by
E[Y] = m(ar;B) = Bo+ L., Bisa; so that the coefficient for exposure can vary with time,
then an inverse-weighted MSM estimator indeed fails and no coefficient estimates can be
found even for moderate value of 7', e.g. T =~ 10. (see Figure A.3-(b) in the appendix for a
closer look on why). This positivity violation precludes most of the standard approaches for
time-varying treatments including MSMs. Not to mention that the MSM approach relies on
parametric models.

Therefore, in order to avoid positivity violation, we alter our target contrast from the
standard ATE to the mean outcome we would have observed in a population if “observed"”
versus none (not all versus none as in the ATE) were treated. Then we apply some of other
nonparametric approaches available in the literature; we use the g-computation (plug-in)
estimator [108] and the sequential doubly robust (SDR) estimator proposed by Luedtke
et al. [92]. In short, the result based on the g-computation estimator (Figure A.4 in the
appendix) shows that the counterfactual mean outcomes for never-takers are worse-off than
the observed, whereas the result based on the SDR estimator (Figure A.5 in the appendix)
suggests that such effects look no longer statistically significant so we cannot make any

firm conclusion. Above all else, the alternative effect we have estimated here entails the
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fundamental limitation on the target effect since in many cases the always-taker group is
typically of utmost interest for researchers. See Section A.3 of the appendix for more details.

Now, we estimate the incremental effect curve yr (), which represents the probability of
having live birth or pregnancy loss at the end of the study (7" = 89) if the odds of taking aspirin
were multiplied by factor 6. Specifically, this effect compares the outcome probabilities that
would be observed if the odds of taking aspirin for all women was increased by a factor of &
at all timepoints, across different values of 6. Again, we use the cross-validated superleaner
algorithm [136] to combine support vector machine, random forest, k-nearest neighbor
regression, and multivariate adaptive regression splines, to estimate a tuple of nuisance
functions (m;, @, ;) at every t. We use sample splitting as in Algorithm 4 with K = 2 splits,
and use 10,000 bootstrap replications to compute pointwise and uniform confidence intervals.
Results are shown in Figure 2.1.

w(s)

1
0.1

1
0.0

1L
03 04 05 06 07 08 09

0.0 0.5 1.0 15 20 25 3.0 0.0 0.5 1.0 1.5 20 25 3.0

odds ratio & odds ratio &

Fig. 2.1 Estimated incremental effect curves which represent the probability of having a live
birth (Left) and a pregnancy loss (Right). In each figure, lighter grey area with red dotted
line represents a 95% uniform band and darker grey area represents a 95% pointwise band.

We find the estimated curve is almost flat for live birth, and has a negative gradient with
respect to d (odds ratio) in general for pregnancy loss. Thus, unlike the previous findings,
our result seems indicative of a positive effect of low-dose aspirin on reducing the risk of
pregnancy loss; if odds of taking aspirin were increased proportionally for all individuals,
the mean risk of pregnancy loss would drop from P, (Y) = 19.3% observationally to 13.1%,
if the odds doubled. However, one needs to take the wider band at large 0 into consideration.
This analysis provides considerably more nuance than the alternative contrast used in the
g-computation and SDR estimators or a standard MSM approach, and requires none of the

parametric and positivity assumptions.
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In conclusion, our analysis suggests new evidence that the low-dose aspirin therapy can
be associated with decrease in the risk of pregnancy loss, but its accuracy is still afflicted

with some uncertainties.

2.8 Discussion

Incremental interventions are a novel class of stochastic dynamic intervention where
positivity assumptions can be completely avoided. However, they had not been extended
to repeated outcomes, and without further assumptions do not give identifiability under
dropout - both very common in practice. In this paper we solved this problem by showing
how incremental intervention effects are identified and can be estimated when drop-out
occurs (conditionally) at random. Even in the case of many dropouts, our proposed method
efficiently uses all the data without sacrificing robustness. We give an identifying expression
for incremental effects under monotone dropout, without requiring any positivity assumptions.
We establish general efficiency theory and construct the efficient influence function, and
present nonparametric estimators which converge at fast rates and yield uniform inferential
guarantees, even when all the nuisance functions are estimated with flexible machine learning
tools at slower rates. Furthermore, we studied the relative efficiency of incremental effects to
conventional deterministic dynamic intervention effects in a novel infinite time horizon setting
in which the number of timepoints can possibly grow with sample size, and showed that
incremental effects are more efficient than deterministic effects and yield near-exponential
efficiency gains in the infinite-time regime.

There are a number of avenues for future work. The first is application to other substantive
problems in medicine and the social sciences. For example, in a forthcoming paper we
analyze the effect of aspirin on pregnancy outcomes with more extensive data. It will also
be important to consider other types of non-monotone missingness where the standard time-
varying missing-at-random assumption A2-M may not be appropriate ([124, 126]). We
expect our approach can be extended to other important problems in causal inference; for
example, one could develop incremental effects for continuous treatments and instruments
[74, 73], or for mediation in the same spirit as [26], but generalized to the longitudinal
case with dropout. Developing incremental-based sensitivity analyses for the longitudinal

missing-at-random assumption would also be important.






Chapter 3

Causal effects based on distributional
distances

3.1 Introduction

We begin by considering a simple randomized experiment with a binary treatment
A €{0,1} and an outcome Y € R where (A,Y) ~ PP for an unknown distribution P, which is
arguably one of the most classical and widely used setups in causal inference problems (e.g.,
A/B testing). Here, one often pursues the average treatment effect (ATE) of A on Y, defined

as
E[y' -1 3.

where Y“ denotes the counterfactual or potential outcome that would have been observed
under A = a fora € {0,1} [118].

In this paper, we provide a novel insight on causal inference by considering causal effects
defined by means of a distributional distance between counterfactual outcome distributions.
For example, in the above randomized experiment, letting Q¢ denote the distribution of Y*,

we target the distributional distance between Q' and Q° defined by

D(0',0°% (3.2)

where D is a distance defined on distribution inputs. In practice, the simple randomized
experiment described above is often not enough for causal effects of our interest. Therefore
in our work, we also consider randomized studies where we have multiple data sources (e.g.,

A/B testing across different websites or countries) or general observational studies.
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Our problem differs from traditional causal inference by relying on a more nuanced
measure of treatment effect. Note that the traditional ATE defined in (3.1) can be zero
even when the treatment has a significant impact. For example, if we suppose that Y* =0
but P(Y' = 1) = P(Y' = —1) = 1/2, then the ATE is exactly zero. Should policy makers
conclude in this case that the treatment really has no impact? This might be misleading, since
the treatment indeed yields extreme harms and benefits to half the population. Therefore,
more nuanced measure of treatment effects than the ATE are needed. On the other hand,
unlike the ATE one may easily notice that the causal effect that we consider in (3.2) is
substantially positive. Directly comparing counterfactual outcome distributions, such as the
one in (3.2), can distinguish such subtle cases and in general provide more nuanced and
valuable information about treatment effects beyond the ATE. So we can always use it jointly
with the ATE in a complementary sense.

Relation to previous work. Here we give a brief review of some related literature, and
refer to cited references for more details. There have been several attempts to incorporate
distribution data into learning tasks in the modern machine learning. For example, distribution
regression has been discussed in a regression framework for functional data [e.g., 105, 36,
125]. [60] studied smooth distance functionals using the theory of influence functions and
sample splitting, and [59] gave minimax lower bounds for observational L distances. There
has also been substantial work in econometrics considering counterfactual quantile estimation,
for example by [37] and [116]. However, these topics were not studied in causal inference
framework.

We extend this previous work by proposing and studying non-smooth L; distributional
distances between counterfactuals, not only in simple randomized experiments but also in
more complex multi-source and observational studies. Studying the counterfactual versions
of distributional distance functionals itself brings a number of non-trivial theoretical subtleties
(see, for example, [60, 59, 125]). The same goes for the non-smooth L; distance compared
to the quantile and cumulative distribution function (cdf)-based effects previously studied
by [37, 116]. Nonetheless, the L; distance provides a number of advantages. First, it is a
simple one-number summary of distributional differences, unlike the quantile and cdf effects
which are potentially complex curves. Thus it can be a simple tool to use as a first step in
assessing whether there is effect modification beyond a mean shift (e.g., when the average
effect is zero). Second, even if one is interested in quantiles/cdfs, the L distance can be used
to test hypotheses that these quantities really differ. Finally, the L; distance is interpretable
as it means the average absolute difference in densities, and is invariant under monotone

transformations of Y (which is not true for many other distances including L, distance) [24].
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Importantly, in this paper we also detail how to effectively estimate each counterfactual
outcome distribution, which may provide an in-depth way of analyzing "what" drives the
treatment effects. This problem is basically equivalent to density estimation with outcomes
missing at random, which has received very little attention compared to the standard density
estimation literature in statistics (with a few exceptions of [117, 113]). We develop a novel
doubly-robust estimator for nonparametric counterfactual density estimation in observational
studies, which, to the best of our knowledge, has not yet appeared in the literature and address
the improvements as compared to the plug-in estimator. Finally, we provide a bootstrap
approach to obtaining confidence intervals by characterizing the asymptotic convergence of

our proposed estimators, which is useful for the inferential and testing procedures.

3.2 Preliminaries

3.2.1 Setup and Identification

Throughout, we consider binary treatments A € .o/ := {0, 1} and real-valued outcome
Y e % C R4 Although d = 1 is the most common case in practice, we allow d > 1. Unless
otherwise mentioned, we let P be an observed data distribution on a compact subset. In
particular, we let Y have a density p with respect to d-dimensional Lebesgue measure A,. For
a treatment assignment A = a we define a counterfactual distribution Q¢ as the distribution
of Y“. For the distributional distance, we take D to be the L; distance between densities,
as in D(Py,P») = ||p1 — p2ll1 = [ |p1(u) — p2(u)|du for two distributions P;, P, and their
corresponding densities p1, p with respect to A,4. Further, the counterfactual density ¢“ is
defined as a Radon-Nikodym derivatives of Q¢ with respect to A,.

In what follows, we describe three different settings for which we develop our estimators.

Single-source randomized study: Z = (A,Y). In the simple randomized study we
observe i.i.d samples (Z1,...,Z,) where Z = (A,Y) ~ P. For our causal parameter D(Q', Q°)

in (3.2) to be identified, we require the following consistency and randomization assumptions.
* (C1) Consistency: Y =Y*ifA=a
* (C2) Randomization: A 1. Y*“

These assumptions are typically hold by design in randomized experiments. Randomization
requires that treatment is independent of potential outcomes. Consistency implicitly conveys
a no-interference condition: one subject’s outcomes cannot be affected by others’ treat-
ments. Under assumptions (C1) and (C2), it is straightforward to see that 0 = P(Y|A = a).
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Consequently, we have the following identifying expression

D(Q', 0" =/Iql(y)—qo(y)!dyz/lp(ylAz 1) = p(y|A =0)|dy. (3.3)

Multi-source randomized study: Z = ((A,Y )p,P). Now suppose that we are inter-
ested in causal effects over multiple sources of P still with the same data structure (A,Y).
So the distributional properties of the data may vary across different P’s. To this end, we
let D denote the set of all distributions on (.7, %) which have a density with respect to the
Lebesgue measure. Then let &2 be a probability measure on a measurable space (D, o (D))
where o (D) is a o-field generated by a measurable function D : D — R which is defined
on L; distance. Now suppose we have N distinct IP;’s which are i.i.d. samples from the
superpopulation distribution &2 on D), that is,

Py, Py,....Py & 2
where (A,Y)p, ~P;,i=1,...,N. Namely, each (A,Y)p, is a single-source experiment under
P; with n; samples. Hence our target parameter in this case is given by

E»[D(Q",0%)]. (3.4)

This setting may be appropriate for when we conduct randomized experiments over
different environments which can be assumed to be independent. For identification, we need

slightly different assumptions from the simple, single-source randomized study.
* (C1) Consistency: Y =Y*ifA=a
* (C2’) Conditional randomization: A L Y* for each (A,Y) ~ P;.

By the law of iterated expectation we have E »[D(Q',0%)] = E&»[E{D(Q',0%) | P}].
Hence under assumptions (C1) and (C2’), conditioned on the sampled distribution P,
D(Q',0Y) is identified in the same way as in (3.3), and consequently the target effect
(3.4) is identified.

Observational study: Z = (X, A,Y). In observational studies, the treatment happened
naturally according to some unknown process, and was not under experimenter’s control.
Thus, randomization assumption no longer holds by design. Instead in general we try to
collect as many relevant covariates as possible, in an attempt to ensure that treatment is
at least conditionally randomized. We consider data structure Z = (X,A,Y), with X on
some compact support 2~ C R¥. Our target parameter is still D(Ql,QO) in (3.2) but in

observational study, we require a different set of assumptions for identification as follows.
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* (C1) Consistency: Y =Y*ifA=a
* (C3) No unmeasured confounding: A 1. Y* | X
» (C4) Positivity: P(A=a|X)>0asP

No unmeasured confounding (or exhangeability) will hold if the collected covariates can
explain treatment assignment, to the extent that after conditioning on them treatment is not
further related to potential outcomes. Positivity requires everyone to have some chance of
being treated at all treatment levels. Under these assumptions we have ¢%(y) = [ p(y|X =

x,A = a)dP(x), and thus our target parameter is identified as

/Iq (v)|dy

B / V% pOIX =x,A=1)—p(IX =x,4 = O)}dIP’(x) )

dy.

Kernel-smoothed counterfactual density. Finding an efficient estimator for the coun-
terfactual density ¢“ is challenging and still an open problem. In this paper, we instead target

the kernel-smoothed version of our counterfactual density defined as

1 Ye—
a0 = { x (2] 3.6

with a valid kernel K and its bandwidth 4. The smoothing bias vanishes as 4 goes to zero !.

With this kernel-smoothed counterfactual density g}, our target parameter for each scenario
is still identified under the exactly same set of assumptions. Specifically, for single- and
multi-source randomized experiments under assumptions (C1),(C2) or (C1),(C2’) we have

an identifying expression for gj as

i) =5 { k(528 ) 1=},

and for an observational study under assumptions (C1), (C3), (C4) we have

a5 {e [ (2212) ja—] )

'For example, sup |g7 —¢°| = O(hP) where X(B,L) is a Holder class of functions with constants
q“€Z(B.L)
B>0,L[eg., 131].
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and consequently we will obtain identifying expressions for D(Q}l1 , ng) as previously by
simply replacing the identifying expressions for ¢ in (3.3) - (3.5) with the ones above for g7,
where @y is the distribution having the density gj, .

Throughout, we base our analysis on a fixed bandwidth case, following for example
Chen et al. [17], Rinaldo and Wasserman [107], Chazal et al. [16]. Using a fixed bandwidth
provides several advantages. First, we do not need strong smoothness assumptions about the
form of the density. In fact, the kernel-smoothed density can exist even if Y itself does not
have a density in the usual sense Rinaldo and Wasserman [107]. Second, fixed bandwidths
may more closely mirror practical data analysis, since we typically face a single dataset
with a particular sample size, rather than a sequence of datasets of increasing size. Finally,
with a fixed bandwidth we avoid the need for any impractical undersmoothing to remove
bias Wasserman [146], and can achieve faster rates of convergence towards the smoothed
parameter. We aim to consider varying bandwidth analyses in future work.

3.2.2 Bootstrap and Stochastic Convergence of Empirical Process

For building valid confidence intervals for further quantifying randomness of our esti-
mates, we use theories on the bootstrap method and an empirical process. Introduced in [30],
Bootstrapping is a method for estimating the variance of an estimator and thus for finding
confidence intervals. When the target parameter is nonparametric, such as the causal effect
defined in (3.2), the stochastic convergence of an empirical process is required to guarantee
an asymptotic validity of the bootstrap procedure. The rest of this subsection is devoted to
provide a brief review for techniques in stochastic convergence of empirical process that are
essential to construct confidence intervals in Section 3.4, and readers who are not interested
in the details may skip the rest of the section. We refer to [139, 78] and reference therein for
further details.

Suppose an i.i.d sample (Zy,...,Z,) ~Pon %, and let P, = %Z?:l 0z, be the empirical
measure. Let (Z],...,Z;) be the bootstrapped samples, i.e. a set of samples with replacement
from the original sample (Z1,...,Z,), and let P} = %Zle 521,* be the bootstrap empirical
measure. Bootstrapping is used to infer information of unknown measure P, — P by known
and computable measure P, — P,,.

One theoretical guarantee for bootstrap is that \/n(P, — P) and /n(P}, — P,,) converges
to same Brownian Bridge. Let .# C RZ be a class of measurable functions. We let £o(.%)
be the collection of all bounded functions ¢ : .# — R equipped with the sup norm (or
uniform norm) || - ||<. A random measure u is understood in /(%) as u(f) = [ fdu.

For random measures {, },en and u, we say W, — 1 weakly in lo(.%#) if and only if
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E[¢(w,)] — E[¢(un)] for every bounded continuous map ¢ : £(-#) — R. Now we have the

following theorem for convergence of the bootstrap.

Theorem 3.2.1. (Gine and Zinn [40, Theorem 2.4], Kosorok [78, Theorem 2.6]) \/n(P, —
P) — G weakly in l(.F) if and only if \/n(P}; —P,) — G a.s. weakly in lo(F) for a limit
process G. If either convergence happens, the limit process G is a centered Gaussian process
with Cov|G(f),G(g)] = | fgdP — [ fdP [ gdP for f,g € F.

Therefore, once \/n(P, —P) — G weakly in £ (%) is shown, Theorem (3.2.1) implies
that \/n(P; —P,) — G weakly in lw (%) a.s. as well, and the unknown measure /n(P, —P)
can be asymptotically approximated by know and computable measure /n(P; —P,). One
way to show /n(P, —P) — G weakly in /(.7 ) (i.e. % is P-Donsker) is to use the bracketing
entropy argument as detailed in, for example, Van Der Vaart and Wellner [142, Chapter 2.5].

3.3 Proposed Estimator and Error Analysis

3.3.1 Single-source randomized study

To estimate the counterfactual density function ¢ - we propose a conditional kernel
density estimator defined as

1(n, > 0)

a0, (V) = —
a

1y =Yl
(= tllyy 3
where K is a valid kernel function with a fixed bandwidth 4, >0 and n, =Y ,;1(4; =a). In

practice, one may set h; = hg = h. Given this estimator, we have the following identity.

Proposition 3.3.1. Under the causal assumptions (Cl1), (C2), cfz defined in (3.7) satisfies
that
Elg} | A; = a, Vi] = g,

The proof of the above proposition is given in Section B.2.1 in the appendix. Now we

propose the following plug-in estimator for the single-source randomized study
D(Q;,.0)); (3.8)

where QfF denotes a distribution induced from gj, .
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To evaluate performance of the proposed estimator, we aim to upper bound the L risk

(mean absolute deviation) of our plug-in estimator defined by

E(|p(@},.05,) - D(@},.05)|| (39)

To proceed, first we need to bound E[D(Qf, @2)] =E[||qf - qul|| 1], the L; risk of our kernel
density estimator. In what follows, we make two basic assumptions on the counterfactual

distribution Q¢ and on the kernel function K to construct the kernel density estimator in (3.7).

* (Al) Bounded density and support of the counterfactual distribution: Probability distri-
bution Q¢ has a density ¢* = % with respect to the Lebesgue measure A; on R? where

g* < gmax < o0, and is supported on a compact set % C R¢.

* (A2) Finite Ly norm and bounded support of the kernel function: The kernel function
K : R? — R has finite L, norm ||K||» := /[ K(u)2du < o and has a bounded support, i.e.
there exists Rg < oo with supp(K) C Bg, (0), where Bg, (0) = {u € R? : ||ju|j < Rk}.

Both the assumptions (A1) and (A2) are all weak and commonly found in nonparametric
statistics. Now the following lemma gives upper bound of E[D(Qf, @Z)]

Lemma 3.3.1. Let Q\Z denote estimated distribution for true distribution Qj under treatment
A = a with kernel bandwidth h. Then for Z = (A,Y) ~ P, under the assumptions (Al) and
(A2), we have

—~ 1
E[D(Q?,09)] =0 | ——— 3.10

where m, = P(A = a).

The proof of Lemma 3.3.1 is given in Section B.2.2 of the appendix. Consequently, we

have the following theorem regarding the upper bound of the L; risk (3.9).

Theorem 3.3.1 (L, risk of the estimator D(Q}, , 00 )). Under assumptions (A1) and (A2),

]:0 L . 3.11)

\/nTL'] ]’l‘llZ \/nﬂ:()hg

The proof will be given in Section B.2.3 of the appendix. The above theorem shows that

E[|p(o},.0),) - Do), 0f)

having the kernel bandwidth fixed our error vanishes at /n rates.
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3.3.2 Multi-source randomized study

For the multi-source randomized experiment where we have Z = ((A, Y )Pi,]P’,-) , P~ A
fori=1,...,N, to estimate the target parameter [ » [D(Q}l1 , ng)] we propose the sample
mean of plug-in estimators

. il) ((él\)h(é()\)i) (3.12)
N = M ho

, where each (éj‘:), is an estimated counterfactual distribution for assignment A = a and
subpopulation PP; via the kernel density estimator in (3.7) with a prespecified bandwidth 4,,.
Thus now we are interested in upper bounding the L risk

N —
=Y. 0((@h), @),) ~EsD),. )] ] (3.13)
N3
The following theorem provides the error bound of (3.13).
Theorem 3.3.2 (L, risk of the estimator % YN.D ((Q}l1 )i’ (Q?lo)i> ). Under assumptions (Al)

and (A2),

N

2|y yo(@h).@),) - gz[D<Q},17Q20>Ju

i=1

1 Y 1 1 c
—o[=Y + =

+ (3.14)
N3 \/ nim i ; \/nin07ihg,i VN

where n;, h j is the total number samples and the bandwidth used for kernel density estimation

for a subpopulation P; respectively, and 65 = \/ Var o [D(Q}” , ng)]. In particular, when
nij=n, hy;j=hg, T ;= M, T,; = Mo for all i, then

/\/\

N
Z. < O,). o Qho) ) —IE@[D(Q}”,ng)]‘

1 1 Oy
=0 + +2Z

\/nhafm \/nhgﬂo VN

We give the proof of Theorem 3.3.2 in Section B.2.4 of the appendix. Notice that the

error bound in (3.14) consists of two parts. The first part is simply the average estimation
error over N different single-source randomized experiments. The second part is related
to the heterogeneity of treatment effects across subpopulations and will be negligible if
Dp, (Q}l1 , ng) does not vary too much across IP;’s.
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3.3.3 Observational study

An observational study requires more careful argument to develop the estimator. Since
the identifying expression (3.5) contains conditional densities not only depending on ¥ € R?
but also potentially high-dimensional X € R¥, a plug-in estimator might yield impractically
slow convergence rates. Recall that under the causal assumptions (C1), (C3), (C4), from
(3.6) we have

E {E [Th7y(Y) )X,A = a] } = 45(y)

for a given h, where we define 7, ,(Y) = h—ldK (@) In what follows we propose a novel
doubly robust style estimator for g§(y) by
. 1(A=a) ~ ~
W) = Puq e (Thg (V) = Ba(X) ) + BalX) ¢ (3.15)
Tta(X)

where 7,(X) = P(A = a|X), pa(X) = E[T,,(Y)|A,X], ua(X) = E[T},,(Y)|A = a,X] and
7.(X), Ha(X), Uy (X) denote their estimates respectively. The estimator in (3.15) resembles
the doubly robust (or semiparametric) estimator for the ATE, where we have replaced Y in the
original estimator with 7}, ,(Y). The doubly robust estimator is known to be efficient, model-
free estimators, in the sense that they achieve /n-consistency and asymptotic normality even
when 7 and u are estimated flexibly with nonparametric models, without committing a priori
to particular estimators or function classes. For more details on doubly robust estimators and
related topics, we refer the interested readers to [12, 130, 137, 65].
Next we propose our estimator for observational studies by

D(Q!, 0% (3.16)

where ég a distribution induced by l/AJg in (3.15). As will be verified shortly in Lemma 3.3.2,
construction based on Y endows the same kind of double robustness property which can
be found in the ordinary doubly robust estimator for the ATE to our estimator. For the sake
of simplicity here we use a single bandwidth &, acknowledging that we can also proceed
with the different bandwidths as previously. Hereafter, for a given function f, we use the
notation || f|l, = (/| f (z)|‘1dIP>(z))% to denote the L,(P)-norm of f. Before formally stating
the theorem, we enumerate additional assumptions we need as below.

* (B1) Convergence rate of nuisance parameters: Let T, and [t, denote fixed functions
to which 7, and 1, converge in the sense that ||, — T,||2 = op(r(n)) and ||i, — I,||> =
op(s(n)). We require r(n)s(n) = O(n_%) but we only require either T, = T, or L, = Uiy

where 7, and U, are true parameters.
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e (B2) Uniform boundedness: |1/ 7|

w» and ||ty ||, are uniformly bounded.

e (B3) Sample splitting: The estimators for nuisance functions (7, li,) are computed in a

separate independent sample.

Note that all the extra assumptions (B1) - (B3) are quite weak as well. Assumption (B1),
the main substantive assumption in this subsection, says that at least one of the estimators
T, or [, must be consistent for the true 7, or U, in terms of the L, norm at the rate of
op(s(n)),op(r(n)) respectively. Since only one of the nuisance estimators is required to
be consistent (not necessarily both), our estimator shows double robustness (see Lemma
B.2.3 in the appendix). Compared to naive plug-in estimators where /n rates are never
attainable in nonparametric models, the requirement on double rates of s(n)r(n) = n"z
brings significant improvement since under reasonable structural assumptions on regression
functions (e.g., sparsity) \/n rates are attainable through many nonparametric methods.
One sufficient condition for (B1) would be s(n) = n~% and r(n) = n. Assumption (B2)
involves a minimal regularity condition on the reciprocal of estimator 7, and its limit 7.
Assumption (B3) enables us to accommodate the added complexity from estimating both
nuisance functions and ;' without relying on complicated empirical process conditions (e.g.,
Donsker condition) [18, 66].

Now we give our result on error analysis. The next lemma describes how accurately
we can approximate the true counterfactual distribution via the proposed density estimator
(3.15).

Lemma 3.3.2. Let T , 1L, be fixed functions to which T, and [, asymptotically converge.
Then under assumptions (Al), (A2), (B2), and (B3), together with the causal assumptions
(Cl), (C3), (C4), we have

—_~ l . _ .y _
 [0@]00] =0 (5 ) + I~ Al 1~ il a.17)

Lemma 3.3.2 is elaborated in Lemma B.2.6 in the appendix in more details. Importantly,
to the best of our knowledge this result has not yet appeared in nonparametric counterfactual
density estimation. One may notice that the product of two L, norms in (3.17) becomes

negligible under Assumption (B1). Now we provide our main theorem for this subsection.

Theorem 3.3.3 (L risk of the estimator D(Q}l7 Q2) for observational study). Under assump-
tions (Al), (A2), (B1), (B2), and (B3), together with the causal assumptions (ClI), (C3), (C4),

we have e
E[|p(0}.0) - D@}, 0))| || = 0 (%) (3.18)



42 Causal effects based on distributional distances

where we use random sample splitting so we estimate V; and (74, Uy) on separate sample

sets.

The proof of Theorem 3.3.3 requires more involved argument than previous randomized
experiments and is given in B.2.5 of the appendix. The result of Theorem 3.3.3 implies
that the proposed estimator can be estimated at the fast /7 rates as well, even when all the
nuisance parameters U, T are estimated flexibly at much slower rates than /n.

Remark 2. /. (Bandwidth selection) For each of the proposed estimators, the fixed kernel
smoothing bandwidth h must be specified in advance through a separate procedure. This
turns out to be a very challenging problem; since we do not have "ground truth"”, standard
approaches such as cross-validation cannot be applied. Here, we are basically being agnostic
about the optimal bandwidth choice rule as it is beyond what we focus on in this paper.

Instead, we proceed on an ad hoc basis as follows.

1. We generate an artificial dataset that resembles the observed data distribution but has
all the counterfactual outcomes. For example, for the given Dobs — {Ai,Xi,Yi}l’.’:l, we
generate an artificial one DY = {A; X;, Yl-O, Yi] Y\ This can be done via something

akin to matching [1], for instance.
2. Then we estimate D(Q}l, Qg), D(Q}l, Q2) using D%, DY respectively.
3. We find h that minimizes the mean squared error.

The procedure described above should be done on the separate dataset, whence we compute
the proposed estimators. Again, note that the method is pretty much ad hoc without formal
validity. The optimal bandwidth choice problem can be tackled via theoretical analysis, which
also would be closely related to another interesting future work. For example, we conjecture
our proposed estimators in Section 3.3 may be minimax optimal when the bandwidth is tuned

in a particular way.

3.4 Asymptotic Convergence and Confidence Interval

3.4.1 Asymptotic Convergence

In the previous section we described effective ways to estimate the counterfactual density
and our target causal effect in various scenarios and analyzed their error rates. In this section
we characterize an asymptotic behavior of our proposed counterfactual density estimators,
and delineate how to construct a confidence interval via bootstrapping. To this end we require

slightly stronger version of the previous assumptions (A2), (B2) as follows.
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* (A2’) Finite L. norm, Lipschitz, and bounded support of the kernel function: The
kernel function K : R — R has finite Lo, norm ||K || := sup, |K(u)| < « and has a
bounded support, i.e. there exists Rg < oo with supp(K) C Bg, (0), where Bg, (0) =
{u € R?: ||lulj» < Rg}. Also, K is Lipschitz, i.e. there exists L < oo with |K(u;) —
K(u2)| < Ly ||uy — ua-

* (B2’) Uniform boundedness: ||1/7,]|.., 1/T4 and ||i]|, are uniformly bounded.

Note that in (A2’) the bounded norm and bounded support in above assumptions are still
considered mild. Also, the smoothness condition on the kernel function is commonly found
in nonparametric literature [e.g., 131].

In the next theorem we characterize an asymptotic property of the proposed counterfactual
density estimator for the single-source randomized study (3.7). Hereafter, we use ~~ for

denoting convergence in distribution 2.

Theorem 3.4.1. Under assumptions (Al), (A2’), for a treatment assignment A = a we have
A 1
VaD(04.0) < — [ 160) - ()G (@) dy
a

where G is a centered Gaussian process > with Cov|G(y1),G(y2)] = TE[Ty, (Y) Ty, (Y)] —
72qn(v1)qn(2), Cov[G(y),G(a)] = ma(1 — 7,)qn(y), and Var[G(a)] = 7,1 — ma), where we
write Ty, (Y) = K (@) and g(y) = E[Ty,(Y)).

The proof of Theorem 3.4.1 is given in Section B.2.6 of the appendix. Characterization
of the asymptotic behavior for observational study appears a little bit different, as stated in

the next theorem.

Theorem 3.4.2. Under the assumptions (Al), (A2’), (B1), (B2’), (B3), it follows
VaD(05,.05) ~ [ 160y

where G is a centered Gaussian process with Cov|G(y1),G(y2)| = E [fo, f& | —E [f2 | E[f2],

h= 17(ra( )) (Thy(Y) — A (X)) + Ho(X). T, T are defined in Lemma 3.3.2.
The proof of Theorem 3.4.2 is given in Section B.2.7 of the appendix. Theorem 3.4.1
and 3.4.2 lay the foundation to construct confidence intervals for the proposed estimators as

detailed in the next section.

%In our context, weak convergence is equivalent to "convergence in distribution" or "convergence in law".
We sometimes interchangeably use those terms in our paper in order to conserve the original statement in the
theorems that we cite from other literature.

3Here, the index set is understood as a multiset (% U .7 ,m) where the multiplicity m = 2 only for elements
in % N .7 so that we can use the indices y € # and a € o7 together.
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3.4.2 Confidence Interval via Bootstrapping

In this section we present a bootstrap approach to constructing confidence interval for
each of the proposed estimators. For & € (0,1), a 1 — ¢ confidence interval Cy, for our target
parameter 6 is an interval satisfying

liminfP(6 € o) > 1—a,
n—oo
where 0 is the estimator for single- and multi-source randomized study, and observational
study respectively, as presented in (3.8), (3.12), and (3.16).

We construct the confidence interval Cy, centered at the causal estimator 6 and of width
2¢y, ie., Cq = [0 — cn, 6 +¢,], where 6 = D(Q}l1 ) ng) for the single-source randomized
study or observational study (ko = A1), and 6 = %Zﬁ\; i D((Q}ll )is (ng)i) for the multi-source
randomized study.

Then Cy is a valid 1 — a asymptotic confidence set if and only if

liminfP(]§ — 6] < c,) > 1 — a. (3.19)

n—soo

We use bootstrapping to compute the confidence interval. Algorithms detailing how to
compute Cy, for each of the proposed estimators are given in Algorithm 1, 2, and 3 in the
following page. Proposed bootstrapping algorithms provide a straightforward way to derive
estimates of the radius of the interval ¢, and are simple to implement in practice.

As briefly described in Section 3.2.2, the validity of the bootstrap confidence interval is
based on the stochastic convergence of the empirical process. Suppose we have an original
i.i.d sample set (Zi,...,Z,) ~ [P and a bootstrapped set (Z},...,Z;), and their empirical
measures [P, P; respectively. The main theory that underpins our bootstrapping algorithm
is that the empirical process and its bootstrapped version converge to the same limiting
distribution (Theorem 3.2.1). For example, one sufficient condition we find in Algorithm 1

for (3.19) to hold is lim infP (\/ﬁD(/Z\E, o)< /2> > 1— %. Thus for the case of single-

source randomized study, it suffices to prove that \/ﬁD(/\Z, Q) and \/ﬁD(é\Z*, @l) converge
to the same limiting distribution. Convergence of \/r_zD(/\Z,Qz) can be obtained from
Theorem 3.4.1, and applying Theorem 3.2.1 implies that indeed \/ﬁD(/\Z*, QE) converges
to the same limiting distribution. We can show validity of other bootstrapping algorithms

basically in the same manner as well. These results are summarized in the following theorem.

Theorem 3.4.3. Under assumptions (Al), (A2’) for single- and multi-source randomized
study, and under assumptions (Al), (A2’), (Bl), (B2’), (B3) for observational study, cor-

responding confidence intervals Cy constructed via Algorithm 1, 2, 3 are valid confidence
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intervals, i.e.
liminfP (6 € Cy) > 1—

n—oo

for given level of .

We give a proof of the above Theorem in section B.2.8, B.2.9, and B.2.10 of the appendix.

Algorithm 1 Bootstrapping algorithm for single-source randomized study.

1. We generate B bootstrap samples {Z},...,Z1} ... {ZB ... ZB}, by sampling with
replacement from the original sample. ‘ .

2. On each bootstrap sample, compute 7 = \/ﬁD(éz\al,éZ), where éil is the esti-
mated distribution of kernel density estimator an computed on ith bootstrap samples
(7. 701,

3. Compute §-quantile £, , = inf {z: Y2 (T8 >2) < %}

e ST P
4. Define Ca = | D(Q},,05,) = = V> D@3, ) + Vi + 5 |-




46 Causal effects based on distributional distances

Algorithm 2 Bootstrapping algorithm for multi-source randomized study.

1. Foreachi=1,...,N, we generate ith bootstrap samples {Zﬁ;i [reee ,Zﬁ;,_ni} by sampling
with replacement from the ith original sample {Zp, 1y Zp,p, }-

2. On each bootstrap sample {Z; |,..., Zy i}, compute D} = \/ﬁD((QZa);“,( i )i)s
where (Q, )7 is the estimated distribution of kernel density estimator Qh computed
on ith boot_strap samples {ZPHI, ,Z]}f, n,}

3. Compute D = ]l\,ZfV: 1 D

4. We generate B bootstrap distributions {]P’gl), . ,IP’Z(\})}, N {IP’EB), ... ,IP’](\?)}, by sam-
pling with replacement from the original distribution {Py,...,Py}.

5. On each bootstrap sample, compute

1= | Y D). (@) - = Y D@} ) (G5
J \/Nizl hy/i > ho/1i \/Nizl hy /b ho/i) |

, where (Qh ) 1s the estimated distribution of kernel density estimator Qh computed

on the sample {Z o), ( 7) } from the bootstrapped distribution ]P>( J)

6. Compute o- quantlle Zq = f{z: Eijl I(Tj>z) < oc}.

7. Define
s 1T . DYDYz,
Co = —l:ZiD((th)z,(Qh())z)—%—ﬁ—\/]Tf
1 D' DYz
N;D((th)za(Q ))+7+%+ﬁ

Algorithm 3 Bootstrapping algorithm for observational study.

1. We generate B bootstrap samples {Z},...,Z1} ... {ZB ... ZB}, by sampling with
replacement from the original sample. . .
2. On each bootstrap sample, compute 7 = \/ﬁD(éj’l\al,éj’l\a), where éj‘l\al is the esti-

mated distribution of kernel density estimator @Z\a computed on ith bootstrap samples
(7..... 2}

3. Compute -quantile 2% wp = =inf{z:

O sl

B
3l 0
4. Define Cy = (Qh ,Qh )_0‘_/2_06_\% (Qh ’Qh) a_\//+za/2 .

I’l n

DT >z2) <5}

>

S
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3.5 Numerical Illustration

Here we present a series of simulation studies using both synthetic and real-world data to
illustrate our method. We consider three different setups; we generate two synthetic datasets
for a single-source experiment and one for a multi-source experiment, and use the real-world
data for an observational study. For each setup, we illustrate how the proposed estimator
can uncover clues on the distributional shift induced by a given treatment, which otherwise

would not have been revealed by traditional methods.

3.5.1 Single-source experiment

For a single-source experiment, we generate two pairs of counterfactual distributions
having the exact same mean as illustrated in Figure 3.1. The first pair consists of two beta
distributions and the second consists of a univariate Gaussian and a mixture of two Gaussian
distributions. To generate data (A,Y) from each pair of distributions, we randomly sample

100 points from each of ¢°, ¢! respectively. In both cases, we set P(A = 1) = 1/2.

0.3 0.4

Density
0.2

.0 0.1

0.0 0.2 0.4 0.6 08 1.0 -6 -4 -2 0 2 4 6

— E(Y)=E(Y") — E(Y)=E(Y")

— Y°~Beta(2.4) —
— Y'~Beta(10,20) — 10 - a.(sox1r;1(2.5,1) +0.5xN(-2.5,0.5)

Fig. 3.1 Two pairs of counterfactual distributions that have the same mean. In each pair, the
distribution for the treated is largely different from the control, for example in terms of the
variance, skewness, and (the number of) mode.

Then we estimate causal effects defined in (3.2) using the proposed estimator. For
baseline methods, we use the difference-in-means (Wgifr) and Horvitz-Thompson estimators
(W), two of most widely used methods in randomized experiments, whose target parameter
is the ATE defined in (3.1). Given dataset (A,Y) and known © = IP(A = 1), the two baseline
estimators are defined as below.

PfAY] P,[(1-A)Y]

Wit = Pu[Y|A = 1] =P, [Y]A = 0] = P,[A]  P,[1—A]

AY 1-A
= Pou[— — (—=)Y
Vi =P — ()]
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Even though the mean of the two counterfactual distributions in each pair in Figure 3.1
is the same, the given treatment brings a substantial change to shape of the distribution. In
the second example of the unimodal and bimodal distributions, this becomes much more
obvious; we also have a considerable degree of the effect heterogeneity in this example. By
construction, the baseline estimators whose target parameter is (3.1) estimate zero effects for
both cases.

We present the value of the two baseline estimators and our proposed estimator defined
in (3.8) together with the 95% confidence interval in Table 3.1, using the synthetic data
distributions described in Figure 3.1. For bootstrapping we use B = 100. When computing
the proposed estimator the numerical integration is done via Monte Carlo with uniform
sampling, and we use bandwidth iy = h; = 0.005 for kernel density estimation. As expected,
all the baseline estimators report that treatment effects are insignificant, whereas the proposed

estimator gives a significant clue on a substantial shift in counterfactual distribution.

Two beta distributions Uni- vs. Bi-modal
Estimator Point Estimation 95% CI Point Estimation 95% CI
Difference-in-means 0.002 (—0.015,0.020) 0.013 (—0.189,0.215)
Horvitz-Thompson 0.014 (—0.030,0.059) 0.012 (—0.188,0.212)
Difference-in-distribution  0.735 (0.718,0.752) 0.311 (0.250,0.371)

Table 3.1 Estimated causal effects across different estimators for the two experimental setups
described in Figure 3.1.

3.5.2 Multi-source experiment
For the multi-source experiment, we setup the super-distribution & as below
P; ~ (1=A)A (0,u7) +A {wA (1 = w)uz,u3) + (L —w) AN (—wuz,u3) }, Vi
up ~%(0.5,1.5)) u, ~%(1,5) us ~%(0.5,1.5)
ug ~ % (0.5,1.5) w~ %(0.25,0.75) A ~ Bernoulli(0.5)
, where we set N = 50,n = 100. Under this setting, for each P; ~ &2 we have

unimodal, ifA=0

bimodal, ifA=1.

P,‘(YA) =

Note that for each i a pair P;(Y'),P;(Y?) looks like the second example in Figure 3.1 and

has the same mean by design. Having all the other conditions be the same with the previous
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single-source experiment setup, we estimate two baselines Wgigf, Wi, and our proposed
estimator (3.12) as before, and present the results with 95% confidence intervals in Table 3.2.
As shown in Table 3.2, the proposed estimator suggests there has been a significant shift in
counterfactual distribution caused by the given treatment.

Estimator Point Estimation  95% CI

Difference-in-means 0.039 (—0.361,0.435)
Horvitz-Thompson 0.037 (—0.368,0.432)
Difference-in-distributions  0.194 (0.105,0.284)

Table 3.2 Estimated causal effects across different estimators for the multi-source experiment

3.5.3 Real-world Example: Effect of Free Lunch on Achievement Gap

In this subsection, we illustrate the use of the proposed causal effects with an analysis of
the effect of free lunch on achievement gap. Disparity in academic achievement across races
is a severe social problem in the US. For example, the achievement gap between white and
black students has narrowed very little over the last 50 years, despite supposed progress in
race relations and increased emphasis on closing such discrepancies [47].

On the other hand, many public schools in the US provide free lunch for qualifying
students, with the aim of equalizing performance based on the clear relationship between
students’ learning and overall nutritional status [151]. Surprisingly, the debate over free
lunch programs involved little discussion about its impact on academic achievement, for
example as to whether providing the free meal plans at school could improve the educational
achievement gaps between different races. Here we attempt to investigate the causal effect of
offering more free lunches upon the improvement on the achievement gap between different
ethnicities.

We use datasets from the Stanford Education Data Archive (SEDA) # in which we
collect the test score gaps between ethnicities, percent free lunch in average and other
socioeconomic, and demographic characteristics of geographical school districts during
2009-2013 on a district basis. We consider a school district treated if it is providing above-
average school level free lunch to ethnic minorities. Our outcome is Math and ELA test score
gaps between White and two ethnic minorities, Black and Hispanic. Detailed information
about dataset can be found in Table B.1 and B.2 in section B.1 of the appendix.

4 https://cepa.stanford.edu/seda/data-archive
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We first estimate the causal effect of free lunch on test gaps each year by employing three
baseline methods that are widely used for observational studies in causal inference literature.
Given the data structure (X,A,Y) we provide a description of each baseline estimator as
below.

* The plug-in regression estimator
Opi = Pa[th1 (X) — flo(X)]
where p is regression function E[Y | A = a,X] to be estimated.

o The inverse probability weighting estimator WYipw

N AY 1-A
b =1 5~ )

where (X) =P(A = 1|X).

* The doubly-robust (semi-parametric) estimator WYpr

OpR = Ppi + Py { (7?&) - li;\&)) [Y—ﬁA(X)]}

Acknowledging that it would cause slow convergence rates for y,; and yipw, here we
employ a nonparametric model to estimate both 7, u; we use Random Forests via ranger
package in R. More details about these estimators (e.g. asymptotic properties) can be found,
for example, in [94].

For each year, we estimate Y,;, Wipw, Ypr, and our proposed estimator (3.16), and
present the results with 95% confidence intervals. For the sake of brevity, only the results
for year 2009 are presented in Table 3.3 °. Most of the baseline methods appear to be
not significant in that their 95% confidence interval contains zero. On the other hand, the
proposed estimator suggests a substantial shift in counterfactual distribution induced by the
free lunch program for both the White vs Black and White vs Hispanic. One may further look
into and decide whether such distributional change is meaningful from the the policy-making

perspective through extra tests if necessary.

5Since the results for other years are more or less similar, we move them to Table B.3, B.4, B.5 in section
B.1 of the appendix.
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White-Black White-Hispanic
Estimator Math ELA Math ELA
. ) —0.030 0.025 —0.029 —0.024
Plug-in regression
(—0.086,0.026) (—0.085,0.036) (—0.057,0.028) (—0.084,0.036)
PW —0.020 —0.012 —0.022 —0.002
(—0.059,0.019) (—0.056,0.032) (—0.059,0.015) (—0.029,0.028)
Doubly Robust —0.056 —0.035 —0.049 —0.013
(=0.070,—0.042)  (—0.048,—0.024)  (—0.062,—0.037)  (—0.026,0.001)
Difference-in-distributions 0.752 0.638 0.702 0.529
(0.724,0.780) (0.596,0.680) (0.650,0.754) (0.480,0.579)

Table 3.3 Estimated causal effect of free lunch on test gaps in 2009 (with 95% CI)

3.6 Discussion

As illustrated in the introduction, there are often times when mere comparison of average
effects reveals potentially less valuable information about how treatment works on outcomes.
In this study, we pursue a more nuanced way to explore causal effects beyond the ATE
by considering estimating causal effects based on the discrepancy between unobserved
counterfactual distributions.

We provide a novel way to estimate each of the counterfactual outcome distributions for
efficient estimation of our target functional D (QO, Q]) with the non-smooth L; distance by
considering single- and multi-source randomized studies, as well as observational studies.
We analyzed error bounds and asymptotic properties of the proposed estimators. To the
best of our knowledge, our doubly robust style estimator for an observational study is the
first result on efficient nonparametric counterfactual density estimation. We further propose
methods to construct confidence intervals for the unknown mean distribution distance by
analyzing the asymptotic convergence of our counterfactual density estimators.

Our proposed method can be always used jointly with the ATE, as a first step in assessing
whether there is effect modification beyond a mean shift; for instance, when the ATE is
nearly zero but our estimator is large, we should be cautious before making a decision
merely based on the former. On top of that, one may build upon our proposed framework
to meet their own analytical goals. For example, we conjecture that when used together
with the ATE our method may provide an alternative indirect approach to test the degree
of heterogeneity in treatment effects, in the sense that a large value of D (Q1,Qp) with the
nearly zero ATE implies considerable variation in subgroup effect in terms of magnitude

or direction and thereby can be used as an evidence of heterogeneous treatment effects
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under certain circumstances (see the second example used in Section 3.5.1) 6. Furthermore,
even when we are interested in other types of functional such as quantiles and cdfs between
different counterfactual distributions, we can use our results to construct and test hypotheses
with respect to these quantities. It is also worth noting that our method can be extended to the
weighted distributional distances D,, defined by D,, = [ w(u)|p(u) — g(u)|du. In the ordinary
L; distance we have w = 1 everywhere, but one can appropriately tailor the weight function
w if necessary; one example can be a sigmoid function, which would be useful when we care
more about positive effects.

Our work leads to many opportunities for important future work from theoretical per-
spective as well. We plan several extensions of our work from L; distance to more general
functionals. Considering varying bandwidth in our counterfactual density estimator would
be another important future extension. Moreover, as mentioned in Remark 1, we conjecture
that our proposed estimators may be minimax optimal when the bandwidth is tuned in a

particular way, but we leave that to future work.

This must be accompanied with other statistical metrics that would help us to properly define the degree of
heterogeneity in treatment effects.



Chapter 4

Causal Clustering

4.1 Introduction

Statistical causal inference is about estimating what would happen to some response when
a “cause” of interest is changed or intervened upon, possibly contrary to an observed fact.
This is essential for answering many important questions in health, public policy, economics,
and across science: e.g., how would survival change under medical treatment A vs. B, or what
are the economic effects of policy X vs. Y? To mathematically frame such causal problems,
we use counterfactual or potential outcomes [118]. We consider a setup where we observe n
iid samples of Z = (X,A,Y) ~ P, where X € R are covariates, A € {0,1,..., p — 1} denotes
treatment, and ¥ € R is an outcome of interest. The potential or counterfactual outcome we
would have observed for a unit had they received treatment A = a is denoted Y for a € <7
To compare population-average outcomes between two treatment levels (e.g., A = 1 versus

A = 0), we can formulate the population-level average treatment effect (ATE) as
E(y!—v9). (4.1)

The ATE is one of the most popular target effects in causal inference, and can be identified
and estimated under a proper set of assumptions in both randomized and observational studies
[e.g., 52, 56]. There have been much work concerning efficient estimation of the ATE, and its
analogs in more complex data structures such as censored longitudinal data [137]. Recently
there has been also a huge interest in incorporating the benefits of machine learning into

estimating such causal parameters [e.g., 138, 19, 109].
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4.1.1 Heterogeneity in Treatment Effects

A potential shortcoming of the ATE in (4.1) is that it can mask heterogeneity in causal ef-
fects, e.g., across subgroups of different units. Identifying such treatment effect heterogeneity
and corresponding subgroups is of great importance in policy evaluation, drug development,
and health care service, and has generated growing recent interest. For example, patients
with different subtypes of cancer often react differently to the same treatment; however, our
understanding of cancer subtypes at the molecular level is limited [50], and there is little
consensus about which treatments are most effective for which patients [79]. Typically, the
functional form of the relationship between treatment effects and the attributes of units is not
known a priori and thus such effect heterogeneity has to be explored via data driven methods.
There has been a lot of recent work in this area [5, 145, 153, 29, 55, 39, 42, 43, 147, 122],
but there are many open problems and it has not been studied as extensively as other branches
of causal inference [70].

Most approaches for studying effect heterogeneity target the conditional average treatment
effect (CATE), defined as follows.

Definition 4.1.1 (Conditional average treatment effect (CATE)).
1(X)=E[x'-v°|x]. (4.2)

The CATE captures how treatment effects vary with covariates. Various methods have
been proposed to obtain estimates of and inferences for the CATE, with a special emphasis in
recent years on incorporating flexible machine learning tools. For example, van der Laan and
Luedtke [134] provided a framework of efficient CATE estimation based on the loss-based
super-learning approach. Athey and Imbens [5] developed a popular tree-based method. Imai
et al. [55] and Wager and Athey [145] adapted random forest and support vector machine
classifiers. Shalit et al. [122] presented error bounds using domain adaptation. Kiinzel et al.
[82] proposed meta-algorithms for CATE estimation, with a particular focus on unbalanced
designs. Nie and Wager [99] gave a novel adaptation of RKHS regression methods and
studied conditions for oracle efficiency. Kennedy [70] gave generic model-free error bounds

and pursued fastest possible convergence rates.

4.1.2 Motivation

In contrast to previous work, which pursues methods with a definite supervised learning
flavor, we instead consider assessing effect heterogeneity via an unsupervised learning
perspective. Namely, rather than estimating the CATE specifically, we aim to infer the
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properties and structure of effect heterogeneity by finding underlying subgroups and clusters.
Our work is therefore more descriptive and discovery-based, which we feel fills a gap in the
literature. This is exactly analogous to the clustering versus regression distinction in standard
statistical learning [25, Theorem 2.2]; to the best of our knowledge, clustering methods have
yet to be exploited in causal inference, let alone in the heterogeneous effects problem.

Thus in this paper we propose adapting unsupervised learning methods for understanding
treatment effects: we develop Causal Clustering, a new approach for analyzing effect
heterogeneity that leveraging tools from clustering analysis. Specifically, we pursue an
efficient way to uncover subgroup structure in conditional treatment effects by harnessing
widely-used clustering methods. Relative to standard CATE estimators, our framework
provides complementary tools for ascertaining subgroups with similar treatment effects,
exploiting flexible unsupervised machine learning methods. Importantly, causal clustering
can be particularly useful in outcome-wide studies with multiple treatment levels [143, 144],
where rather than probing a high-dimensional CATE surface to assess structure one can

instead find lower-dimensional clusters with similar treatment effects.

4.1.3 Clustering with Unknown Outcomes

Our problem largely differs from the standard clustering setup since, as we indicate
in Section 4.2 in more detail, the variable to be clustered consists of unknown regression
functions that need to be estimated. Clustering with this kind of unknown “pseudo-outcome”
has not been studied as extensively as standard clustering that is performed on deterministic,
fully observed data. Some recent work has considered cluster analysis with partially observed
data, as in for example Serafini et al. [121] who explored missing data problems in clustering
and Haviland et al. [49] who studied group-based trajectory modeling with non-random
dropout. They use parametric approach to model partially unobserved outcomes which are in
a vector form in fixed dimensions, unlike fully unobserved regression functions in our paper.
Su et al. [123] has considered clustering with measurement errors, by modeling marginal
outcome distribution through deconvoluting density estimation, but still on outcomes in a
vector form. Kumar and Patel [80] considered clustering on unknown model parameters,
without theoretical arguments, relying on parametric assumption. Importantly, as far as
we are aware, none of the existing methods in clustering literature have explored general

nonparametric approaches to clustering on unknown pseudo-outcomes.
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4.1.4 Paper Organization

The remainder of the paper is structured as follows. In Section 2, we present the idea
of causal clustering and associated assumptions and notation. In Section 3, we show that
k-means, density-based, and hierarchical clustering algorithms can be successfully adopted
into our framework with simple plug-in estimators, albeit with a cost in error rates coming
through a first-order nuisance error. In Section 4, we develop a more efficient bias-correced
estimator for k-means causal clustering using nonparametric efficiency theory, which attains
fast convergence rates to the true cluster centers under weak nonparametric conditions on
nuisance estimators. There, we also give conditions for asymptotic normality of the cluster
centers. In Section 5, we argue why our framework can be easily generalized to outcome-
wide studies. Section 6 provides simulation studies as well as case studies with real data.

Section 7 concludes with a discussion.

4.2 Setup & Notation

As in the previous section, we consider an observational study consisting of # iid samples
of Z=(X,A,Y) ~P, where we let 2" € RY, o7 = {1,...,p}, and % € R denote the support
of our pre-treatment covariate (X), treatment (A), and outcome (Y) variables respectively.
Note that we allow multi-level treatments, i.e. p distinct levels of treatment with p > 2 where
the index starts from 1. For conditional effects like the CATE in (4.2) to be identified, we

require the following standard causal assumptions.

Assumption Al. (consistency) Y =YY% if A =a.

Assumption A2. (no unmeasured confounding) A 1. Y* | X.

Assumption A3. (positivity) P(A = a | X) is bounded away from 0 a.s. [P].

Assumptions (A1)-(A3) are the standard assumptions commonly adopted in the causal
inference literature [52]. Assumption (A1) means that observed outcomes must equal corre-
sponding potential outcomes under the observed treatment sequence; it could be violated for
example in the presence of interference. Assumption (A2) is sometimes called (conditional)
randomization or exchangeability and holds by design in a randomized experiment. However,
in an observational study it requires sufficiently many relevant confounders to be collected.
Assumption (A3) implies that everyone must have some positive probability of receiving
each treatment level. This is needed since otherwise some counterfactuals would never be

observed even in an infinite superpopulation.
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Under Assumptions (A1)-(A3), it is well-known that the counterfactual regression func-
tion under a € </ is identified as

Ha(X) =E[Y*[X] =E[Y [ X,A =d]
Therefore, for Va,a' € o/ a pairwise CATE of the treatment a relative to @’ is given by

T, (X)=E[Y | X,A=a] -E[Y | X,A=d]

4.3)
= .ua(X> - .ua’(X>

Next we define the conditional counterfactual mean vector that maps the covariates into

the p-dimensional mean-outcome space.

Definition 4.2.1 (Conditional counterfactual mean vector). We define W by
T
pX)=[E¥'|X],..E[¥”|Xx]] . (4.4)

In other words, f is a surjection of covariate space 2 onto R”. Under Assumptions
(A1)-(A3), u could be estimated by estimating each regression function i, with observed
data.

Each point projected through the conditional counterfactual mean vector carries implicit
information about the CATE. If all coordinates of a point (X ) were the same, this would
mean no treatments had any effects on the conditional mean scale. Furthermore for two units

i, j, we have
LX) =~ n(X)) = 10(Xi) = 17,0(X;) forall a,a € o .

Namely, adjacent units in the conditional counterfactual mean vector space would show
similar reactions toward a given set of treatments in terms of the CATE. This gives some mo-
tivation for uncovering subgroup structure via cluster analysis on the image of the conditional
counterfactual mean vector.

In Figure 4.1, we illustrate the idea of causal clustering through the case of binary
treatments (p = 2). We generate 900 samples in the conditional counterfactual mean vector
space using a mixture of six Gaussian distributions with different means and covariance
functions, where the overall ATE is set to be exactly zero. By construction, there are roughly
six clusters where units within each cluster are more homogeneous in terms of the CATE.
When it comes to analyzing the heterogeneity of treatment effect, often people rely on

histogram of the CATE as in Figure 4.1-(c). However in this illustration drawing histogram
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E[Y'-Y°|X] =0

zzzzzzzzzzzz

Fig. 4.1 Illustration for causal clustering for the case of binary treatments with a mixture
of six Gaussian distributions, where g € R? and E[Y! — YY) = 0. The symmetrical, bell-
shaped histogram of CATE in (c) is not informative on the underlying patterns of the mixture
distributions shown in (b), which could be exploited via clustering analysis.

still does not give the whole story. On the other hand, cluster analysis with it’s can effectively
discover a subgroup structure that would be obscure when just looking at the histogram of
CATE.

Although the aforementioned clustering idea is simple and intuitive, standard results from
the clustering literature cannot be applied off-the-shelf, since the variable to be clustered is
MU, which consists of unknown outcome regression functions that need to be estimated. In
contrast, standard clustering is performed on observed data, not unknown pseudo-outcomes
like p. Consequently, it is unclear which if any theoretical guarantees of the original
clustering algorithms hold for causal clustering, and under what conditions.

For our analysis, we simply write g = p(X) = [,ul(X),...,/.Lp(X)]T and g = pu(X) =
[1(X), ... Up(X )] " when the dependency on X is clear from the context, and consider sets
of points U" = {p,,,...., 1, } and O" = {,,,,..., 4, } induced from our data D" =
{Z,,7,,...,7Z,} where each Z; dp,

Hereafter, we let ||x||, denote L, norm for any fixed vector x. When we are given
a fixed operator f, we let P, and P denote the empirical measure over D" and the con-
ditional expectation over P, respectively, as in B,(f) = P,{(f(Z2)} = 1Y, f(Z) and
P(f) = | f(2)dP(z). We also use ||f]||p , to denote the L,(IP) norm defined by || f||p, =
[P(£7)]'/7 =[] £(z)PdP(z)]'/P. In particular, we use || - || as a shorthand notation for L, (IP)
norm as L(IP) is used most frequently in this paper. Moreover throughout the development,
for x € R and r > 0, we let B(x,) denote the open ball centered at x with radius r with
respect to L norm, i.e. B(x,r) = {y € R? : | x—y||» < r} and use the notation B(x, r) for the
closed ball.

Lastly, we impose the following mild boundedness assumption to ensure that our cluster

analysis is performed on the compact space.
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Assumption A4. ||Y|. < oo and ||p||2, ||R2]|2 < B for some finite constant B.

Remark 3. One may flexibly tailor the conditional counterfactual mean vector in (4.2.1) to
fit a specific purpose. We give two examples here. For the sake of simplicity, let us assume
o/ ={0,1}. 1) Suppose that we only care about the magnitude of the CATE. Then we can
simply redefine L = 11 — to | and perform clustering analysis with this new W. 2) Next
suppose, for example, that we are interested in how a treatment shifts the median of an
outcome variable as in the context of the quantile treatment effects [e.g. 21, 103, 154]. In this
case, we can redefine our conditional counterfactual mean vector by L = (Qo(q),Q1(q)) for
some prespecified q € (0, 1) (for median, g = 1/2), where Q,(q) is the quantile function of
our potential outcome Y%, i.e. Qq(q) =inf{y € R: q < Fya(y)} where Fy« =P(Y* <y | X).

Remark 4. A growing number of recent studies seek to adopt outcome-wide approaches
where our outcome variable is essentially multivariate [143, 88, 144]. Suppose that

we assess causal effects over m different outcomes. We let Y(C;) denote a potential out-

come for the l-th outcome under treatment a € </ and ,u‘gl) = E[Y(‘l’) | X]. Our frame-
work is easily extendable to outcome-wide studies by simply letting, for example, @ =

1 1 2 2 m m
(H(() )7"'7 1(7)7H(() )7"'7 1(7 )7"'7““(5 )7"'7 1(7 ))'

4.3 Analysis on Three Causal Clustering Algorithms

In this section, we analyze three causal clustering algorithms. Specifically, we provide
error analysis of plug-in estimators for k-means, density-based, and hierarchical clustering
algorithms, and show that they can be successfully adopted into our framework at the cost of
first-order nuisance error rates.

4.3.1 k-means Clustering

Originally from signal processing, k-means (a.k.a vector quantization) is the one of the
oldest, and the most popular approaches to clustering. It works by finding k representative
points which defines a Voronoi tessellation. There has been a substantial amount of research
on k-means clustering (see, for review, [57] or the monograph of [41]). It is one of the few
clustering algorithms whose theoretical properties are relatively well-understood, since the
analysis is relatable to principal components analysis [28, 152].

'One may instead use a proper dissimilarity measure to get the same result.
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We call a set of those k representative points a codebook C = {c,...,cx} where ¢; €
R?,j=1,...,k. Let Ilc[x] be the projection of x € R? onto C:

I¢[x] = argmin||c — x|)3.
ceC

Then define the population clustering risk R(C) and empirical clustering risk R, (C) by

RO)=Blu T3 Ri(€)= 1 Y i~ Tl

One may construct an ordinary k-means clustering scheme by computing the optimal
codebook C* that minimizes R,(C) as an estimate of the optimal population codebook C*.
That is,

C* = argminR,(C), C* = argminR(C)
Ce%”k Ce%”k

where %, denotes all codebooks of length k in the image of . The common way to find
such C* is known as Lloyd’s algorithm [91, 62] but there are other recent developments as
well [84]. A solution of such algorithms normally depends on the starting values. Some
popular methods for choosing good starting values are discussed in Arthur and Vassilvitskii
[4], Tseng and Wong [127].

The problem of evaluating how good C* is, compared to the truly optimal C*, has been
extensively studied particularly in perspective of the excess risk analysis. Pollard [101]
proved that k-means is risk consistent in the sense that R(C*) — R(C*) £ 0. Borrowing

techniques from statistical learning theory, the standard result by Linder et al. [89] states that
when an input vector is almost surely bounded we achieve E |R(C) — R(C *)] =0 (\ / 10%) .

The lower bound is found by Bartlett et al. [8] as O(1/+/n) which is later achieved by [10].
However, it has been shown that faster rates of O(logn/n), O(1/n) can be achieved under
certain conditions as well [e.g., see Section 1 of 87].

All the previous studies including the mentioned above assume fixed, deterministic
training samples. However in our setting we cannot compute C* as in ordinary k-means
since we do not observe U”. Instead for k-means causal clustering, we propose the following
plug-in estimator to compute the optimal codebook C from O" by

C = argminR,(C),
CECg/<

~ Lo o 4.5)
where R,(C) = . Z |1 — e [p )3
i=1
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We aim to verify that under which conditions C is still risk consistent and compute the
convergence rate. By borrowing similar techniques used in [89], in what follows we provide

an error bound of L;-risk for our k-means causal clustering.

Theorem 4.3.1. Suppose we are given O™ where W is estimated in the separate sample set
D6 = {Zu+1,.--,Zon}. Then under assumptions (Al)-(A4), there exists an integer ng such that
for every n > ny

E|R(C)— R(C")

k(p+1)logn ~
< 328 %H@?ZH%—M\M-
a

A proof of above theorem is given in Section C.2.1 of the appendix. Note that in Theorem
4.3.1 we use sample splitting to avoid imposing any extra conditions on the function class of
Ug. The first term of the error bound in Theorem 4.3.1 is the same order as the rates given in
[89]. Therefore, Theorem 4.3.1 implies that the extra price that we pay as regards the excess
risk is the estimation error of outcome regression functions.

The fact that C is risk consistent does not always imply that C is actually close to
the true codebook C*. The classical result of Pollard et al. [102] addressed this issue by
finding conditions to assure asymptotic normality of C* to C* by assuming a unique optimal
codebook. On the other hand, in our case even in the context where there is a unique optimal
codebook, quite different configurations of centers C may give rise to very similar values
of the excess risk R(C) — R(C*) due to discrepancy between U” and O". We will save our

discussion of this topic until Section 4.4.

4.3.2 Hierarchical Clustering

Hierarchical clustering methods build a set of nested clusters at different resolutions,
and the resulting hierarchy is usually depicted by a binary tree or dendrogram. Hence,
they require no prior specification of the number of clusters and they permit the data to be
understood simultaneously at many levels of granularity based on the predefined similarity
measure. We will be considering algorithms whose only access to their data is via a pairwise
similarity function d : R? x R? — [—1,1]. There are two types of hierarchical clustering:
agglomerative (bottom-up) and divisive (top-down). Here we only consider agglomerative
approach which is more common in practice [148].

Many agglomerative clustering algorithms extend d so that we can compute the distance,
or linkage, D(A,B) between sets of points A and B to form the cluster hierarchy [e.g.,

58, 23, 31]. The most common ways of extending the distance are to use single, average,
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or complete linkages. The following lemma provides an error bound of computing the set

distance in O".

Lemma 4.3.1. Let D denote the single linkage between sets of points. Then for any two sets

A,B in UN and the corresponding estimates A,§ in O", we have

D(4,B)~D(A,B)| < V2 Y |1~ Hall...
acsl

The same result holds for average and complete linkages.

The proof of the lemma is given in Section C.2.2 of the appendix. Unlike k-means
clustering it is not straightforward to analyze the performance of hierarchical clustering
with respect to the true target hierarchy which is an infinite set of clusters across different
resolutions. More importantly, in the presence of noise the standard linkage-based algorithms
might fail.

Balcan et al. [7] proposed a new robust agglomerative hierarchical clustering algorithm
that can handle above issues. Their algorithm produces clustering that contains a pruning
which is close to the target clustering at a prespecified error rate in the presence of noise, and
can be implemented even under the inductive setting where we use only small subset of entire
sample. Suppose we have N samples in total. We consider a subset S of size n, n < N, and
a clustering problem (S,/) in the conditional counterfactual mean vector space where each
point i € S has a true cluster label /(i) € {Cy,...,C;}. Further we let C(t) denote a cluster
corresponding to the label /(p), and n¢(y) denote the size of the cluster C(@). To proceed
we define the following good-neighborhood property to quantify the level of noisiness in our

population distribution.

Definition 4.3.1 ((a, v)-good neighborhood property for distribution). For p’ € UV, let
Cu')={mn:C(u)=C(n")}, ie. a set whose label is equal to C(['), and ry = irrlf{r ;
Plu € B(p',r)] = P[C(u')]}. The distribution Py satisfies (¢, V)-good neighborhood
property if Py y = (1 — V)Py + VIPypise where Py is a probability distribution which satisfies

P{p e B, ry)\C(u)} <o

forany ' € UV, and Pypise is any valid distribution.

The good-neighborhood property in Definition 4.3.1 is distributional extension of the
original good neighborhood property proposed by Balcan et al. [6, 7]. Next, we assume the

following mild boundedness condition on our population density.

Assumption AS. Py y in Definition 4.3.1 has a bounded Lebesgue density.
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In the next theorem, we specify the cost of performing causal clustering via the robust

agglomerative hierarchical clustering.

Theorem 4.3.2. Suppose that UV consists of N i.i.d samples from Po,v that satisfies the
(o, v)-good neighborhood property in Definition 4.3.1. Also assume that Jd is estimated in

the separate sample set D§ = {Zn1,...,ZN1n}. Consider a random subset U" C UM and
and

corresponding O" in which clustering to be performed. Now let Y =Y ,c o7 || Ha — tal| o
forany 8y, 6, € (0,1), define

' /1. 1 I AR _ D oe( L
Oc—a+0< N10g6N)’ v—v—l—O( NlOgSN , B=0 }/+nlog(8n) )

Then as long as the smallest target cluster has size greater than 12(V' + &’ + B)N, the robust

hierarchical clustering [7, Algorithm 2] in O™ with n = © (min(a,iﬁ’v,) In amin(<xl’+ﬁ,v’))
produces a hierarchy with a pruning that have error at most V' + 8 with respect to the true

target clustering with probability at least 1 — & — Sy — 0.

The proof is given in Section C.2.2 in the appendix. The above theorem assumes the
inductive setting where we use only subset of size n from the entire sample set of size N. The
main implication of Theorem 4.3.2 is that roughly speaking, the natural misclassification
error « has increased by O(Y 4c./ ||Ha — Uall..) +0(1) due to the cost of causal clustering 2.

4.3.3 Density-Based Clustering

The idea of density-based clustering was first introduced as an efficient clustering al-
gorithm for large-scale, noisy datasets [33, 53]. It works by detecting areas where points
are concentrated and where they are relatively sparse or empty. The density-based methods
provide advantages over other clustering methods through their noise handling capabilities
and ability to determine non-spherical shaped clusters. Here, we focus on the level-set
approach (Hartigan [48]; ? ] and the references therein.).

To avoid confusion with the notation on probabilistic arguments, we slightly abuse the
notation in this subsection; we set |.%7| = d so now g € R?. Further we let P be the probability
distribution of y to distinguish it from [P, and p be the corresponding Lebesgue density. We
also let K denote a valid kernel function, i.e. a nonnegative function with [ K(u)du = 1. We

construct the oracle kernel density estimator p;, with bandwidth 2 > 0 as

sy 1§ L (o
n = hd h

2This can be clear by comparing the result of Theorem 4.3.2 with Theorem 11 of [7]
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for V' € RY. Then we define an average oracle kernel density estimator by p;, = E(p},)
and the corresponding upper level set by L;, = {it : pp() > t}. Suppose that for each
t, Ly, can be decomposed into finitely many disjoint sets: L,; = C;U---UC;,. Then
% ={C\,...,C, } is the level set clusters of our interest at level 7.

With regard to the analysis of topological properties of the distribution P, the upper level
set of p;, serves a very similar role to the upper level set of the true density p, while offering
several advantages [35, 76]. For example, pj, is always well-defined even when p is not, p;,
provides simplified topological information, and the convergence rate of the kernel density
estimator to pj, is faster than to p. For such reasons, we typically target the level set Ly, ;
induced from pj, instead of the one induced from p.

When each U, is observed, the level sets can be estimated by computing ZhJ ={u:
pn(l) > t}. Specifically, for each ¢ we let #; = {p : p,(1t) > t}, and construct a graph
G; where each U; € %is a vertex and there is an edge between f; and y; if and only if
|1; — ;]| < h. Then the clusters at level 7 are estimated by taking the connected components
of the graph G; which is called a Rips graph. Persistent homology measures how the topology
of R; varies by the value of . See Kent et al. [75], Bobrowski et al. [13] for details in
algorithm and its theoretical properties.

However in our case, the oracle kernel density estimator pj, is not computable since we
do not observe each u;. Thus we construct a plug-in version of the kernel density estimator
for [ as

-~ I _l - 1 Hﬁi_“'/H
ph(#)_ni_Z{CKth( h

with a normalizing constant ¢, and target the corresponding level set Zhyt ={u:pp(n) >t}
In order to handle the additional complication in estimating ZhJ, we impose the same
bounded-density assumption (AS5) on the distribution P and introduce the following mild

regularity conditions on the kernel K.

Assumption A6. The kernel function K has a support on B(0,1). Moreover, it is Lipschitz
K(x) —KO)| < Mk [|x =yl

continuous with constant My, i.e. for all x,y € R,

In the next theorem, we claim that provided that the target level set Ly, is stable enough,
i.e. it does not change too much when ¢ perturbs, our level set estimator ZhJ is close to the
target level set Ly, ; in the Hausdorff distance H.

Theorem 4.3.3. Suppose that Ly, is stable and let H(-,-) be the Hausdorff distance be-

tween two sets. We further assume that Ji is estimated in the separate sample set D} =
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{Zus1s-,Zon}. Let the bandwidth vary with n such that {hy,},cn C (0,ho) and

log(1/h
n nhﬁ

Then, under the assumptions (Al )-(A6),

nhd

~ log(1/hy . ~
H(Lt,w:op( (1og(1/hn) + +thmm{;uua—uaul,hn})

See Appendix C.1.1 for the definition of the stability of the level set and the Hausdorff
distance. The proof of Theorem 4.3.3 is given in the appendix C.2.3. The above theorem
guarantees the estimated level sets are not drastically different from L, ;. Hence we again
verify that causal clustering also can be done via level-set density-based clustering at the
additional cost of estimating the nuisance regression functions for the outcome process.

The three clustering algorithms analyzed in this section are developed based on different
theories, and each has its own merits and risks. Therefore, which method to use should

depend on data.

4.4 Efficient k-means Causal Clustering

All the estimators proposed in Section 4.3 are essentially nonparametric plug-in type, and
we showed that their convergence rates is in general dominated by the estimation rate of the
outcome regression function u,. Although they are easy to implement, the dependence on the
estimation rate of (1, would be problematic to attain /7 rates in nonparametric models, unless
we assume unrealistic structural assumptions such as high-order smoothness. Furthermore,
although the risk function characterizes an important feature of the clustering scheme in k-
means clustering, characterization of convergence properties of the cluster centers themselves
could convey more valuable information. This section is devoted to developing a more
efficient estimator for k-means causal clustering based on the nonparametric efficiency theory

and influence functions.

4.4.1 Setup

Consider the population clustering risk R(C) given a codebook C € %} as in Section

4.3.1. In the sequel, the set of minimizers of the clustering risk will be denoted by .Z*, i.e.
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M*={C*€C:R(C*) = émch(C)} Then we consider the kernel-smoothed risk function
€0k

Ri(C) = E||p — (s h)|3 (4.6)

, where the non-smooth projection function Il- has been smoothed with kernel K and
bandwidth 2 > 0 by
Hc(psh) = Zwr(“;c7h)cr7

K (le5ele) (4.7)
LK (M)

For the brevity of proofs we use Gaussian (radial basis function) kernel: K(u,c,) =

where w,(u;C,h) =

exp(—@). However, we remark that other types of kernel also can be employed as long
as they are bounded and sufficiently smooth 3. Also to simplify the notation, we drop the
dependency on W and C, 4 in the weight @, when it is clear from contexct.

First, for a given codebook C we aim to develop a doubly robust, efficient influence
function based estimator for R, (C) so that it can eventually be an efficient estimator for the
original risk R(C) with proper choice of 4. Next, we propose a minimizer of the estimator for
R;,(C) as our estimator for the optimal cluster codebook C* and show that it is risk consistent
at fast rates. Finally, we will argue that under proper conditions our proposed estimator is
consistent and asymptotically normal to the true optimal codebook.

In our development, we will show that utilizing information on treatment process gives
better efficiency. Hereafter, we define 7,(X) = P[A = a | X], a conditional probability of
receiving the treatment a € 7. When p = 2, we let & = m; be the propensity score.

4.4.2 Proposed estimator

To find conditions that the smoothing approximation from Ry, to R is negligible is relatively
straightforward (see Lemma C.3.3 in Section C.3.1 of the appendix). Therefore we will put
more weight on finding an efficient estimator for the smoothed function Ry, throughout the
development. To show this emphasis, we use ¥(Z;C,h,1n) = Ry,(C) given a fixed codebook
C, where 1 denotes a set of all nuisance parameters (7, ..., T, U1, ..., Up).

In order to develop the efficient estimator for y(Z;C,h,n) we use the efficient influence
function approach. The efficient influence function is important to construct optimal estima-
tors since its variance equals the efficiency bound (in asymptotic minimax sense). Using

the efficient influence function also endows our estimators with favorable properties such as

3To be formal, all partial derivatives up to order kp must exist and be bounded.
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double robustness or general second-order bias, which leads to relaxation of nonparametric
conditions on the nuisance parameter estimation. There is at most one efficient influence
function in nonparametric models. We refer the interested reader to Section 1.2 and refer-
ences therein for more detailed information about the influence function and nonparametric
effiency theory.

We let ¢(Z;C,h,n) be the efficient influence function of y(Z;C,h,1n). We hide the
dependency on Z, h and 11 when it is clear in context, and use shorthand notations ¢¢c =
0(Z;C,h,n), yc = w(Z;C,h,n). Further, we let ¢c = (Z;C,h,n) denote the uncentered
efficient influence function of y¢: i.e., Oc = @c + Y. The next theorem gives the efficient

influence function for our target parameter Y under a nonparametric model.

Theorem 4.4.1 (Efficient influence function). Under a nonparametric model, the uncentered

efficient influence function Q¢ for Yc is as given by
A LA =d) o)
(PC( Z Zfr Z Z a (Y nu’a + Zfr (l‘l)
acd ded \r Ha' ot r

where for a,a’ € o
f,“([,t;C,h) = wr(,ua _Cra)7

d @y _ Ha —Cra Z Uy — c]a’
I It —crll2 =il

, cr = eyt .. crp]T. The weight term @, is the same as in (4.7).

The proof is given in Section C.3.1 of the appendix. We compute the remainder of the
first order von Mises expansion of the efficient influence function in Lemma C.3.2 of the
same section, which will be one of the key ingredients to develop our theory.

In order to flexibly incorporate modern machine learning tools without requiring complex
empirical process conditions, we use sample splitting [19, 18]. We randomly split the
observations (Zi,...,Z,) into S disjoint groups, and let P, denote the empirical measure
only over the set of units in group s, s € {1,...,S}, and let fj_; denote a set of the nuisance
estimators constructed excluding the group s. Then for a given C, the efficient influence
function based estimator for Y is given by

13 .
Ve =g Y P {o(Z:C.h, 1)} (4.8)
s=1
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Finally, our proposed estimator for the optimal codebook C* is given by

C = argminyc. (4.9)
C‘E(g/<

In next section, we will argue that the proposed estimator Cin (4.9) indeed has favorable

theoretical properties in regard to both excess risk and cluster codebook.

4.4.3 Theoretical Properties
In the following two subsections, we analyze theoretical properties of our estimator in

two aspects: convergence in the excess risk and asymptotic normality of C.

Excess Risk Analysis

-~

This subsection is devoted to finding conditions where the excess risk R(C) — R(C*)
vanishes fast at /7 rates.
Given a codebook C = {cy, ..., ¢}, we define the Voronoi cell associated with ¢; as the

closed set defined by
Vi) ={p|n—cill2 <l —cjll2,Vj #i},
and its boundary by
Vi(C)={m|lln—cilla=lm—cjll2.¥j #i}.
Thus the entire boundary induced from a given quantization with C can be written by

aC = Jovi(C).

Next, we define a neighborhood of dC in which the distance from y to nearest cluster
centers only differs up to r. Namely, for r > 0 we define the t-neighborhood N¢(t) by

e =U{ 1 €vi€) [ min {11 e~ I~ eilol} <1}

1

I —cjlla— Il —cill2] <
t forms a region surrounded by two hyperbolas which are symmetric around the line
{p | dVi(C) = dV;(C)}. Now we introduce the following (x, &)-margin condition.

For example, in 2-dimensional Euclidean space for each pair ¢;, ¢},
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Fig. 4.2 Tllustration for the margin condition in [85] (Left) and the margin condition in
Definition 4.4.1 (Right), where we restrict the probability mass in the shaded area, inside
red-dashed lines. Two areas are equal up to a constant.

Definition 4.4.1 ((k, &¢)-Margin condition). Let us define p(t) = sup P(u € N¢(t)). A
Cen*

distribution P satisfies a (k, a)-margin condition with radius x > 0 and rate o« > 0 if and
only if forall 0 <t <Kk,

p(t) S

The above margin condition requires a local control of the probability mass around dC
for C € ., hence implies that every classification associated with an optimal codebook
forms a natural classification in some sense. Here, smaller o implies weaker condition. Due
to the boundedness assumption (A4), our margin condition is essentially equivalent to the
margin condition used by Levrard [85, 86] who studied a nonasymptotic bounds for k-means
clustering in the sense that the volumes of the t-neighborhood are equal up to a constant (see
Figure 4.2) #. This type of margin condition is also adopted in causal inference problems
involving estimation of non-smooth target parameters [e.g., 72, 135, 93].

Next theorem gives the conditions under which Y reasonably well approximates R(C)
when C € . Z*.

Lemma 4.4.1. Along with the causal and boundedness assumptions (Al) ~ (A4) assume
the following:

(a) The (x,o)-margin condition

(b) The estimators Uy, T, are consistent in the sense that ||, — U, || = op(1), || T — 7,4|| =
op(1)

“In the study of Levrard [85, 86], o is set to 1
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(c) There exists y € (0, 1) such that nh®" = O(1)

(@ (k03 41) Y 11y — Rllpa e — Aellpa+ (H5241) ¥ ke~ Brllza ltar — B2

aded aad'ed
1 1
Kh® 4+ —— = op | —
BT OP(ﬁ)

Then for any optimal codebook C € ./*, we have

Vil(fc—R(C) ~ N (o ( Y ¢>>

ace/

where (ﬁg* is determined in the proof.

Hence given any optimal codebook C € .Z*, Y is a \/n-consistent, asymptotic normal
estimator for the original risk R(C). A proof of the above theorem is given in Section C.3.2
of the appendix.

In Assumption (a), the radius K is only required to be fixed and positive, but & > 4 must
be satisfied due to assumptions (c) and (d). The left-hand side of Assumption (d) is basically
the upper bound of the second-order remainder of the von Mises expansion of ¢¢ plus the
last term of 1/nh? which characterizes the lower bound of our bandwidth .

Theorem 4.4.1 provides guarantees to achieve /n rates in terms of the L4 estimation
rate for the nuisance parameters. Even though L4 error rates are somewhat less common
than L, rates (i.e., square loss), for many nonparametric classes of interest including smooth,
Holder, and Sobolev classes, minimax L, error rates have been characterized for general
p > 0 [e.g., 38, Corollary 1] and can be applied directly here. Moreover, if we assume the
moment comparison condition [e.g., 38, Section 6] on our function class, Ly error rates are
always upper bounded by L, error rates. In this case, we can appeal to the result on ordinary
L, error rates. See, for example, [38] and references therein for more detailed discussion.

The result in Lemma 4.4.1 is valid only for C € .#Z*. In order to analyze the excess risk,

we show consistency of C in the following lemma.

Lemma 4.4.2. Along with the assumptions (a) - (d) in Lemma 4.4.1, assume that
(e) C* is unique up to relabeling of its coordinates,

Then C converges in probability to C*.

A proof can be found in Section C.3.3 of the appendix. The uniqueness condition (e) is
also used in the previous work of [101, 102] in order to show consistency of the empirical
risk minimizer C*. Based on Lemma 4.4.2, 4.4.1, we compute an asymptotic bound for the

excess risk as stated in the next theorem.
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Theorem 4.4.2. Suppose (a) - (e). Then we have

. 1
R(C)—R(C*)=0p| — ).
©)~rC)=0s (1)
See Section C.3.4 of the appendix for the proof. It is worth noting that since R(-) is a
continuous, bounded function whose domain %, is compact, the uniqueness condition (e) guar-

antees that C* is a well-separated point of maximum of R; in other words o Bén(f//{ )R(C) >
s(A*
R(C*) for any C* € .#* and every 6 > 0 where Bs(.#Z™) = {C : dcogebook (C,C*) < 8,VC* €

A *} for any valid metric deodebook for codebooks.

Here we give a brief discussion of bandwidth selection for our estimator. For finite &, our
result holds as long as 1 = Q(n~ /%) and h = O(n~"/*7) for some y € (0,1) and & > 4. &
should be as small as possible as since larger ¢ implies that we require the stronger margin
condition. Consequently, one could take & ~ n~!/#logn. Unfortunately when we assume the
optimistic strong margin condition, it is not clear how to characterize the optimal /. This

issue will be discussed in some more detail later in Chapter 4.6.

Asymptotic Normality of Codebook

One may find our approach more beneficial if we can apply the central limit theorem
argument to C. In this subsection, we find conditions to assure \/n-consistency as well
as asymptotic normality of C. To this end we consider (Kk,e0)-margin condition where we
assume zero probability mass inside the kx-neighborhood N¢(k) for a given C and some
k > 0. Although k can be arbitrarily small, the above condition is much stronger than
the original margin condition as it implies that every classification associated with optimal
codebooks must form a non-overlapping, hard-margin natural classifier.

In what follows, we show an asymptotic normality of our estimated codebook C using

this stronger version of margin condition.

Theorem 4.4.3. Under the assumptions (a) - (e) in Lemma 4.4.1 and Lemma 4.4.2, where

we replace Assumption (a) by (K,eo)-margin condition, we have
~ * /
Vn(C—C*) ~ N (0,Z¢- )

where the kp X kp covariance matrix Zl*ﬂ is specified in (C.25) in Section C.3.5 of the
appendix.



72 Causal Clustering

The stronger version of margin condition is the price we pay to make the central limit
theorem applicable to our C. A proof of this theorem is given in Section C.3.5 of the

appendix.

4.5 Experiments

4.5.1 Simulation Study

Here we explore finite-sample properties for the k-means causal clustering approaches
that we developed in Section 4.3.1 and 4.4. Simulation is particularly designed to demonstrate
validity of our theoretical results in Section 4.4.3.

We consider the following data generating process with sample size n. First, we fix k, p,
each of which is randomly drawn from a set {2,...,10}. For each pair (k, p), we randomly
pick k points in a bounded hypercube [0, 1]7 in a way that every pairwise mutual Euclidean
distance is always greater than 0.2. A set of these k points is our true (optimal) codebook
C*={c},....c;} 3. Then we assign roughly equal number of units to each cluster center
cjf, Jj=1,2,.. k. Specifically for each unit i = 1,...,n, we draw a label I € {1,...,k} from
a multinomial distribution: multi(py,...,px) with p; = --- = pr = 1/k. Given this label
information, we set i = c¢; + €' where £ follows a truncated normal distribution of
N(0,1/2) with the threshold of mincd (¢i,cj)/2—0.01. This guarantees that the nearest

Ci,Cj
center for units with label j is always]c - Next, we model our observed data generating process
by A ~ multi(7y, ..., 7,) and ¥ = us +Z, where all the 7’s are roughly equal and Z ~ N (0, 1).
Finally, we assume that I, = p, + & and 7, = 1, + §, where & ~ N(0,n~("u+0-01)) and
& ~ N(0,n 00 regpectively.

Note that under the above simulation setup, we have ||t — |

p4a=o(n"")and || T, —
Tta|lp4 = o(n~"7). This is simple yet enough to verify our theoretical results. For example,
when [, converges to its true values at slower rates (e.g., when ru = 1/4), the nonparametric
plug-in estimator proposed in Section 4.3.1 should not perform better than the efficient
k-means causal clustering in Section 4.4.

We randomly pick 10 different pairs of (k, p) and vary the sample size n from 250 to 10k
for each (k, p) pair. For each (k, p,n) tuple, we generate data according to the above specified
process, and then compute épi, the plug-in estimator in (4.5), and 6eff, the efficient estimator

~ ~

in (4.9), and their risk R(Cp;) and R(Cefr), respectively. We repeat the simulation J = 100

SRigorously speaking, the true codebook in this setting are not exactly the optimal codebook C* defined
to be a minimizer of the risk function as in Section 4.3.1. However, for sufficiently large n ( >~ 1000) they
become almost identical.
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Fig. 4.3 Finite sample performance of the plug-in estimator (p1) and the efficient influence
function based estimator (eff) with respect to the excess risk (left) and codebook (right),
across different sample sizes (n=250 ~ 10k) and nuisance estimation rates (1/4, 1/2). Each
point is obtained with 100 simulations. Two reference curves in black dotted line are scaled
by an appropriate constant.

times for each (k,p,n). The entire simulation are done twice across different nuisance
estimation rates: i.e., (ry,rz) = (1/2,1/2),(1/4,1/4).

-~

First, we consider the excess risk Rexcess = R(C) — R(C*). Then the performance of

estimators in excess risk is assessed via

J —_
‘RCXCGSS ‘ —‘f_ (RCXCCSS,j - FGXCGSS) 2 = ‘RGXCGSS ‘ + SD (RCXCGSS)
=1

~I =

J

where Rexcess = %2521 Rexcess, j» an average over J simulations. Next, we also assess accuracy

of C for estimating the true codebook C* similarly via

1
kp =

*
Cra = Crq

1 IIPN .
+ y Z (ch—Em)z = mean (’Cbias —|—SD(C)>
j=1

where ¢,, = %25:1 Cra,j- Here fnean and SD represent sample mean and sample standard
deviation operators respectively. We use h = n1/4 logn for the kernel bandwidth and
random starting values for the minimization step in (4.9). Finally for each n, values for these
performance measures are averaged over different (k, p) pairs. Results are given in Figure
4.3.

For both fast (ry = rz = 1/2) and slow (ry, = rz = 1/4) rates at which the nuisance

functions are estimated, the performance of R(é\eff) and 6eff with respect to their true value
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n=2500, r=s=1/4 n=10000 , r=s=1/4

Estimated density
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Fig. 4.4 Estimated density of average bias across all coordinates in C — C* at different sample
sizes (n=2.5k, 10k), when simulation is repeated 100 times each. Nuisance functions are
1/4 rates.

estimated at n
is improved as n grows, nearly at n'/2 rates. This is expected by Theorem 4.4.2 and Theorem
4.4.3. On the other hand, when the nuisance functions are estimated at the slow rates the
plug-in based estimators R(épi) and épi show much worse performance, roughly at n'/* rates,
since they are no longer expected to converge at n'/2 rates as described in Theorem 4.3.1.
To further verify benefits of the efficient k-means causal clusters in Section 4.4, we also
estimate density of average bias # Y..a (Cra — c},) across 100 simulations for aeff and 6pi
respectively, at two different sample sizes n = 2.5k, 10k. Here all the nuisance functions
are estimated at the slow n!/* rates. As shown in Figure 4.4, (/j\eff is substantially more

concentrated around the true values.

4.5.2 Illustration

In this section, we illustrate our method through two case studies. We use the semi-
synthetic data on voting study [99] and the real-world data on substance abuse treatment
[95].

Voting study. Nie and Wager [99] considered a dataset on the voting study originally
used by Arceneaux et al. [2], where they generated synthetic treatment effect to make the
task of estimating heterogeneous treatment effects non-trivial. We use the same setup of
Nie and Wager [99, Chapter 2], where we have binary treatments, binary outcomes, and 11
pretreatment covariates (including state, age, gender, etc.), and the true CATE 7(-) in (4.1.1)
is known ®. While Nie and Wager [99] specifically focused on accurate estimation of 7(-),

here we aim to illustrate how our causal clustering can be useful to discover an interesting

®Roughly 36% of samples are set to have zero CATE values.
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Fig. 4.5 (a) Histogram of the true CATE in the test set. We define a true label L as an indicator
variable whose value is 1 for negative CATE. (b) The result of density-based causal clustering.
Units in the two clusters C1 and C2 are assigned to L=1andL=0, respectively. (c) Points
in the clusters C1 and C2 are concentrated around the right upper area (large Ly, tt1) and the
lower left area (small ug, i), respectively.

subgroup structure. We randomly chose a training set of size 130,000 and a test set of size
10,000 from the entire sample, and estimate the conditional counterfactual mean vector i in
the training set and perform the causal clustering in the test set.

We fit models for p via Random Forests (RF), Generalized Boosted Models (GBM), and
Lasso using ranger, gbm, glmnet R packages respectively, and chose the GBM based on
the cross-validated (CV) error. Points for i show non-spherical shapes so we proceed with
the level-set density clustering discussed in Section 4.3.3 7, via the TDA R package. We only
consider two clusters corresponding to the two largest branches at the bottom of the tree (see
Figure 4.5-(c)). Roughly 4% of the points are classified as noise.

In Figure 4.5-(b), we see two clusters that are clearly separable from each other, one
with nearly zero CATE (Cluster C2) and the other with substantially negative CATE (Cluster
C1), which seems consistent with the shape of the histogram of true CATE shown in Figure
4.5-(a). To verify that we did not get our findings just by chance, we define the true label
L:=1{7(X) < 0} and its estimate via the causal clustering L := 1{fi € C1}. We repeat
simulation 100 times, each with different synthetic effect assignment, and compute the error
P,{1(L # L)} in the test set across different simulations. All the errors are exactly zero, and

thus we confirm our finding is not a coincidence.

TTypically, this plug-in method suffers from inefficiency compared to the efficient k-means method proposed
in Section 4.4, but here it can be justified by a large number of samples.
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Fig. 4.6 (a) The three clusters in . The average CATEs of receiving the MET&CBT-5
(upper) and the SCY (lower) over traditional programs (community) are presented together
inside the box for each cluster. (b) The density plots for the pairwise CATEs ?271 (X) (upper)
and T3 1 (X) (lower) across three clusters.

Another interesting fact which can be discovered by causal clustering here is the difference
in distribution of (o, it;) between the two clusters. In general, units in the cluster C1 have
larger Lo, 11 than the cluster C2. This is more clearly illustrated in Figure 4.5-(c).

Substance abuse treatment. McCaffrey et al. [95] studied the relative effects of three
treatment programs (community/ MET&CBT-5/SCY) for adolescent substance abuse. Instead
of using the full data originally collected by the Substance Abuse Mental Health Services
Administration’s Center for Substance Abuse Treatment (SAMHSA CSAT), we use a random
subset of the data which is readily available via the twang R package. The subset of data
to be analyzed contains 600 samples, 200 youths in each treatment, and 5 covariates (age,
ethnicity, criminal history, etc.). Our outcome is the substance frequency score, where higher
scores indicate increased frequency of substance use. See McCaffrey et al. [95], Burgette
et al. [15] for a more detailed description of the dataset.

Cross-sectional scatter plots reveal several spherical chunks in the estimated conditional
counterfactual mean vector space (i). To implement the efficient k-means clustering algo-
rithm, we set k = 3 for the number of clusters, which is determined by the Elbow Method,
S = 2 for sample splitting, and use h ~ n1/4 logn as before. Here we fit the RF model for
all the nuisance components [i’s and 7’s as it delivers the lowest CV error. The results are
presented in Figure 4.6.

In Figure 4.6(a), we compute the average (pairwise) CATEs of receiving the MET&CBT-
5 (?271) and the SCY (?37 1) treatment programs over the traditional community program,
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respectively, within each of the three clusters. In Figure 4.6(b), we also present the density
plots for each pairwise CATE across different clusters. Our result suggests that there is a

moderate degree of treatment effect heterogeneity.

4.6 Discussion

Causal clustering is a novel methodological framework that provides an effective, and
potentially more intuitive way of analyzing treatment effect heterogeneity by leveraging
tools in clustering analysis. Based on what we propose, one may benefit from flexible
unsupervised machine learning tools to uncover subgroup structure and ascertain subgroups
with similar conditional treatment effects, even with multiple treatments and outcome-wide
studies. We showed that k-means, density-based, and hierarchical clustering algorithms can
be successfully adopted into our framework, and also developed an efficient k-means causal
clustering based on nonparametric efficiency theory that attains fast convergence rates and
asymptotic normality.

There are a couple of caveats to our developments that are worth mentioning. First, as
mentioned in Section 4.4.3, our kernel bandwidth choice problem is not completely solved.
Although it is always safe to assume small ¢, it would be better if we could also rely on a
data-driven method to pick the optimal bandwidth. Unfortunately, unlike standard tuning
parameter selection problems there is no clear way to estimate the risk, and thus we cannot
rely on cross-validation. Addressing the optimal bandwidth choice problem in a data-driven
way would be an interesting topic to pursue in future work. Second, albeit in a different
context, some of previous work that also studied estimation of non-smooth parameters in the
causal inference literature (for example, [135, 93] on optimal treatment regime and [72] on
classification of compilers) required only the margin condition to guarantee fast /n rates and
asymptotic normality, whereas we required both the margin condition and kernel smoothing
approach, which is typically not the case in the nonparametric literature. We conjecture that
the reason why we require the both conditions arises from the increased complexity in our
target parameter R(c); the special non-smooth function IT- might have brought the additional
complexity which either the margin condition or the smoothing approach alone is not enough
to deal with. We leave the formal discussion on this topic for future work.

Our study leads to many opportunities for important future work. For example, we plan
to apply causal clustering tools in an optimal treatment regime framework, considering the
optimal rule among those that map clusters to treatment decisions. It will be also useful to
evaluate optimality of our estimators by computing minimax bounds. Furthermore, it would

be interesting to consider clustering directly on counterfactual outcomes Y instead of u,. To
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this end, one may pursue to explore a link between previous work on clustering on partially
observed data and clustering on Y¢, since clustering on Y“ can be framed as missing data
problem in a vector form in fixed dimensions. However, this may require extra assumptions
both for identification and estimation, which would lead to another interesting future work.



Chapter 5
Conclusion

In this thesis, I have extended methods in causal inference to novel, non-standard effects
with complex data structures by adapting techniques in statistical machine learning and
semiparametric theory. Methodologies developed in this thesis pursue a more nuanced way
to explore causal effects beyond the ATE and simple data structure, making efficient use
of the information in data while avoiding unnecessary assumptions about the underlying
data generating mechanism. Many of my research questions can be framed as developing
optimal nonparametric estimators of complex statistical functionals; in them I explore how
to effectively harness advanced machine learning tools (e.g., techniques in unsupervised
learning) to address crucial issues in modern causal inference.

Although I have already enumerated many promising future directions which can be
potentially expanded from what is done in this thesis at the end of each chapter, I would
like to highlight a few topics that I particularly plan to pursue in the near future. First,
I expect many results in this thesis to play an important role to provide new insight into
learning how to best assign treatment when effects are non-standard, in the context of optimal
treatment regime estimation. For example, it will be important to consider how to effectively
construct specific treatment decision rules with observational data when positivity is likely
violated, effects of interest are non-standard, or we have considerable degree of heterogeneity
in treatment effects. I plan to apply tools developed in this thesis in an optimal treatment
regime framework. Second, it would be interesting to extend the given results to the other
identification setups, i.e., instrumental variables, mediation, etc. Third, throughout some parts
of the thesis a kernel smoothing approach has been used in an attempt to develop efficient
nonparametric estimators for non-smooth functionals. However, due to the highly nontrivial
nature of our original target functional, it is usually not obvious how to select the kernel
bandwidth; unlike standard tuning parameter selection problems since we do not have access

to all ground truth data there is no clear way to estimate the risk, and thus we cannot rely
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on cross-validation. It will be useful to develop a general data-driven approach for optimal
bandwidth selection in the context of semiparametric causal inference with nonparametric
functional estimation. Finally, since the methods and results developed in this thesis can
accommodate more complex data structures and subtle effects, they would lead to many
opportunities for interesting applied work with various real-world data. I plan to apply some
of the tools developed in this thesis in such applied work during my postdoctoral experience.

I expect my work on causal inference with non-standard effects and complex data
structures will produce substantial contributions to the literature and to statistical practice for
modern causal inference. The R code for all developed methods will be publicly available,
allowing researchers across many fields to go beyond simple effects and learn more valuable

information about causality.



References

[1] Abadie, A. and Imbens, G. W. (2006). Large sample properties of matching estimators
for average treatment effects. econometrica, 74(1):235-267.

[2] Arceneaux, K., Gerber, A. S., and Green, D. P. (2006). Comparing experimental and
matching methods using a large-scale voter mobilization experiment. Political Analysis,
14(1):37-62.

[3] Aronow, P. M. (2016). Local average causal effects and superefficiency. arXiv preprint
arXiv:1601.01413.

[4] Arthur, D. and Vassilvitskii, S. (2007). k-means++: The advantages of careful seeding.
In Proceedings of the eighteenth annual ACM-SIAM symposium on Discrete algorithms,
pages 1027-1035. Society for Industrial and Applied Mathematics.

[5] Athey, S. and Imbens, G. (2016). Recursive partitioning for heterogeneous causal effects.
Proceedings of the National Academy of Sciences, 113(27):7353-7360.

[6] Balcan, M.-F., Blum, A., and Srebro, N. (2008). A theory of learning with similarity
functions. Machine Learning, 72(1-2):89—-112.

[7] Balcan, M.-F,, Liang, Y., and Gupta, P. (2014). Robust hierarchical clustering. The
Journal of Machine Learning Research, 15(1):3831-3871.

[8] Bartlett, P. L., Linder, T., and Lugosi, G. (1998). The minimax distortion redundancy in
empirical quantizer design. IEEE Transactions on Information theory, 44(5):1802-1813.

[9] Belloni, A., Chernozhukov, V., Chetverikov, D., and Wei, Y. (2015). Uniformly valid
post-regularization confidence regions for many functional parameters in z-estimation
framework. arXiv preprint arXiv:1512.07619.

[10] Biau, G., Devroye, L., and Lugosi, G. (2008). On the performance of clustering in
hilbert spaces. IEEE Transactions on Information Theory, 54(2):781-790.

[11] Bickel, P., Klaassen, C., Ritov, Y., and Wellner, J. (1998). Efficient and adaptive
estimation for semiparametric models. Springer.

[12] Bickel, P.J., Klaassen, C. A., Ritov, Y., and Wellner, J. A. (1993). Efficient and Adaptive
Estimation for Semiparametric Models. Baltimore: Johns Hopkins University Press.

[13] Bobrowski, O., Mukherjee, S., Taylor, J. E., et al. (2017). Topological consistency via
kernel estimation. Bernoulli, 23(1):288-328.



82 References

[14] Boos, D. D. and Stefanski, L. A. (2013). Essential statistical inference: theory and
methods, volume 120. Springer Science & Business Media.

[15] Burgette, L., Griffin, B. A., and McCaffrey, D. (2017). Propensity scores for multiple
treatments: A tutorial for the mnps function in the twang package. R package. Rand
Corporation.

[16] Chazal, F., Fasy, B. T., Lecci, F., Rinaldo, A., Singh, A., and Wasserman, L. (2013).
On the Bootstrap for Persistence Diagrams and Landscapes. Model. Anal. Inform. Sist.,
20:111-120.

[17] Chen, Y.-C., Genovese, C. R., and Wasserman, L. (2017). Density level sets: Asymp-
totics, inference, and visualization. Journal of the American Statistical Association,

112(520):1684—1696.

[18] Chernozhukov, V., Chetverikov, D., Demirer, M., Duflo, E., Hansen, C., and Newey,
W. (2017). Double/debiased/neyman machine learning of treatment effects. American
Economic Review, 107(5):261-65.

[19] Chernozhukov, V., Chetverikov, D., Demirer, M., Duflo, E., Hansen, C., and Newey,
W. K. (2016). Double machine learning for treatment and causal parameters. Technical
report, cemmap working paper.

[20] Chernozhukov, V., Chetverikov, D., Kato, K., et al. (2014). Gaussian approximation of
suprema of empirical processes. The Annals of Statistics, 42(4):1564-1597.

[21] Chernozhukov, V. and Hansen, C. (2005). An iv model of quantile treatment effects.
Econometrica, 73(1):245-261.

[22] Crump, R. K., Hotz, V. J., Imbens, G. W., and Mitnik, O. A. (2009). Dealing with
limited overlap in estimation of average treatment effects. Biometrika, 96(1):187-199.

[23] Dasgupta, S. and Long, P. M. (2005). Performance guarantees for hierarchical clustering.
Journal of Computer and System Sciences, 70(4):555-569.

[24] Devroye, L. and Gyorfi, L. (1985). Nonparametric Density Estimation: The LI View.
New York: John Wiley & Sons.

[25] Devroye, L., Gyorfi, L., and Lugosi, G. (2013). A probabilistic theory of pattern
recognition, volume 31. Springer Science & Business Media.

[26] Diaz, I. and Hejazi, N. (2019). Causal mediation analysis for stochastic interventions.
arXiv preprint arXiv:1901.02776.

[27] Diaz, I. and van der Laan, M. (2012). Population intervention causal effects based on
stochastic interventions. Biometrics, 68(2):541-549.

[28] Ding, C. and He, X. (2004). K-means clustering via principal component analysis. In
Proceedings of the twenty-first international conference on Machine learning, page 29.
ACM.



References 83

[29] Doove, L. L., Dusseldorp, E., Van Deun, K., and Van Mechelen, 1. (2014). A comparison
of five recursive partitioning methods to find person subgroups involved in meaningful

treatment—subgroup interactions. Advances in Data Analysis and Classification, 8(4):403—
425.

[30] Efron, B. (1979). Bootstrap methods: Another look at the jackknife. Ann. Statist.,
7(1):1-26.

[31] Eriksson, B., Dasarathy, G., Singh, A., and Nowak, R. (2011). Active clustering: Robust
and efficient hierarchical clustering using adaptively selected similarities. In Proceedings
of the Fourteenth International Conference on Artificial Intelligence and Statistics, pages

260-268.

[32] Ertefaie, A. and Strawderman, R. L. (2018). Constructing dynamic treatment regimes
over indefinite time horizons. Biometrika, 105(4):963-977.

[33] Ester, M., Kriegel, H.-P., Sander, J., Xu, X., et al. (1996). A density-based algorithm
for discovering clusters in large spatial databases with noise. In Kdd, volume 96, pages
226-231.

[34] Eysenbach, G., Group, C.-E., et al. (2011). Consort-ehealth: improving and standardiz-
ing evaluation reports of web-based and mobile health interventions. Journal of medical
Internet research, 13(4).

[35] Fasy, B. T., Lecci, F.,, Rinaldo, A., Wasserman, L., Balakrishnan, S., Singh, A., et al.
(2014). Confidence sets for persistence diagrams. The Annals of Statistics, 42(6):2301—
2339.

[36] Ferraty, F. and Vieu, P., editors (2006). Nonparametric Functional Data Analysis:
Theory and Practice. Springer Verlag.

[37] Firpo, S. (2007). Efficient semiparametric estimation of quantile treatment effects.
Econometrica, 75(1):259-276.

[38] Foster, D. J. and Syrgkanis, V. (2019). Orthogonal statistical learning. arXiv preprint
arXiv:1901.09036.

[39] Foster, J. C., Taylor, J. M., and Ruberg, S. J. (2011). Subgroup identification from
randomized clinical trial data. Statistics in medicine, 30(24):2867-2880.

[40] Gine, E. and Zinn, J. (1990). Bootstrapping general empirical measures. Ann. Probab.,
18(2):851-869.

[41] Graf, S. and Luschgy, H. (2007). Foundations of quantization for probability distribu-
tions. Springer.

[42] Green, D. P. and Kern, H. L. (2012). Modeling heterogeneous treatment effects in

survey experiments with bayesian additive regression trees. Public opinion quarterly,
76(3):491-511.

[43] Grimmer, J., Messing, S., and Westwood, S. J. (2017). Estimating heterogeneous
treatment effects and the effects of heterogeneous treatments with ensemble methods.
Political Analysis, 25(4):413-434.



84 References

[44] Gyorfi, L., Kohler, M., Krzyzak, A., and Walk, H. (2006). A distribution-free theory of
nonparametric regression. Springer Science & Business Media.

[45] Hampel, F. R. (1974). The influence curve and its role in robust estimation. Journal of
the American Statistical Association, 69(346):383-393.

[46] Haneuse, S. and Rotnitzky, A. (2013). Estimation of the effect of interventions that
modify the received treatment. Statistics in medicine, 32(30):5260-5277.

[47] Hanushek, E. A. (2016). Equality of Educational Opportunity. Technical report.
[48] Hartigan, J. A. (1975). Clustering algorithms.

[49] Haviland, A. M., Jones, B. L., and Nagin, D. S. (2011). Group-based trajectory
modeling extended to account for nonrandom participant attrition. Sociological Methods
& Research, 40(2):367-390.

[50] Hayden, E. C. (2009). Personalized cancer therapy gets closer.

[51] Hernan, M. A., Brumback, B., and Robins, J. M. (2000). Marginal structural models to
estimate the causal effect of zidovudine on the survival of hiv-positive men. Epidemiology,
pages 561-570.

[52] Hernan, M. A. and Robins, J. M. (2019). Causal inference. CRC Boca Raton, FL:.

[53] Hinneburg, A., Keim, D. A., et al. (1998). An efficient approach to clustering in large
multimedia databases with noise. In KDD, volume 98, pages 58—-65.

[54] Holland, P. W. (1986). Statistics and causal inference. Journal of the American
statistical Association, 81(396):945-960.

[55] Imai, K., Ratkovic, M., et al. (2013). Estimating treatment effect heterogeneity in
randomized program evaluation. The Annals of Applied Statistics, 7(1):443—-470.

[56] Imbens, G. W. and Rubin, D. B. (2015). Causal inference in statistics, social, and
biomedical sciences. Cambridge University Press.

[57] Jain, A. K. (2010). Data clustering: 50 years beyond k-means. Pattern recognition
letters, 31(8):651-666.

[58] Jain, A. K., Murty, M. N., and Flynn, P. J. (1999). Data clustering: a review. ACM
computing surveys (CSUR), 31(3):264-323.

[59] Jiao, J., Han, Y., and Weissman, T. (2016). Minimax estimation of the 1 1 distance.
In Information Theory (ISIT), 2016 IEEE International Symposium on, pages 750-754.
1IEEE.

[60] Kandasamy, K., Krishnamurthy, A., Poczos, B., Wasserman, L., and Robins, J. M.
(2014). Influence Functions for Machine Learning: Nonparametric Estimators for En-
tropies, Divergences and Mutual Informations. ArXiv e-prints.



References 85

[61] Kandasamy, K. and Yu, Y. (2016). Additive approximations in high dimensional
nonparametric regression via the salsa. In International Conference on Machine Learning,

pages 69-78.

[62] Kanungo, T., Mount, D. M., Netanyahu, N. S., Piatko, C. D., Silverman, R., and Wu,
A. Y. (2002). An efficient k-means clustering algorithm: Analysis and implementation.
IEEE Transactions on Pattern Analysis & Machine Intelligence, (7):881-892.

[63] Kennedy, Edward H, B. S. and Wasserman, L. (2020). Modern Causal inference.
Preprint.

[64] Kennedy, E. H. (2014). Semiparametric theory. Wiley StatsRef: Statistics Reference
Online, pages 1-7.

[65] Kennedy, E. H. (2016). Semiparametric theory and empirical processes in causal
inference. In Statistical causal inferences and their applications in public health research,
pages 141-167. Springer.

[66] Kennedy, E. H. (2018). Nonparametric causal effects based on incremental propensity
score interventions. Journal of the American Statistical Association, 0(ja):0-0.

[67] Kennedy, E. H. (2019). Nonparametric causal effects based on incremental propensity
score interventions. Journal of the American Statistical Association, 114(526):645—-656.

[68] Kennedy, E. H. (2020a). Lecture notes for foundations of causal inference (36-731).
[69] Kennedy, E. H. (2020b). Lecture notes for modern causal inference (36-732).

[70] Kennedy, E. H. (2020c). Optimal doubly robust estimation of heterogeneous causal
effects. arXiv preprint arXiv:2004.14497.

[71] Kennedy, E. H. (2020d). Tutorials on nonparametric causal inference & functional
estimation.

[72] Kennedy, E. H., Balakrishnan, S., and G’Sell, M. (2018). Sharp instruments for
classifying compliers and generalizing causal effects. arXiv preprint arXiv:1801.03635.

[73] Kennedy, E. H., Lorch, S., and Small, D. S. (2019). Robust causal inference with
continuous instruments using the local instrumental variable curve. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 81(1):121-143.

[74] Kennedy, E. H., Ma, Z., McHugh, M. D., and Small, D. S. (2017). Non-parametric
methods for doubly robust estimation of continuous treatment effects. Journal of the
Royal Statistical Society: Series B (Statistical Methodology), 79(4):1229-1245.

[75] Kent, B. P, Rinaldo, A., and Verstynen, T. (2013). Debacl: A python package for
interactive density-based clustering. arXiv preprint arXiv:1307.8136.

[76] Kim, J., Shin, J., Rinaldo, A., and Wasserman, L. (2019). Uniform convergence rate of
the kernel density estimator adaptive to intrinsic volume dimension. In Chaudhuri, K. and
Salakhutdinov, R., editors, Proceedings of the 36th International Conference on Machine
Learning, volume 97 of Proceedings of Machine Learning Research, pages 3398-3407,
Long Beach, California, USA. PMLR.



86 References

[77] Klasnja, P., Hekler, E. B., Shiffman, S., Boruvka, A., Almirall, D., Tewari, A., and
Murphy, S. A. (2015). Microrandomized trials: An experimental design for developing
just-in-time adaptive interventions. Health Psychology, 34(S):1220.

[78] Kosorok, M. (2008). Introduction to empirical processes and semiparametric inference.
Springer series in statistics. Springer.

[79] Kravitz, R. L., Duan, N., and Braslow, J. (2004). Evidence-based medicine, hetero-
geneity of treatment effects, and the trouble with averages. The Milbank Quarterly,
82(4):661-687.

[80] Kumar, M. and Patel, N. R. (2007). Clustering data with measurement errors. Compu-
tational Statistics & Data Analysis, 51(12):6084-6101.

[81] Kumar, S., Nilsen, W. J., Abernethy, A., Atienza, A., Patrick, K., Pavel, M., Riley,
W. T., Shar, A., Spring, B., Spruijt-Metz, D., et al. (2013). Mobile health technology

evaluation: the mhealth evidence workshop. American journal of preventive medicine,
45(2):228-236.

[82] Kiinzel, S. R., Sekhon, J. S., Bickel, P. J., and Yu, B. (2017). Meta-learners for
estimating heterogeneous treatment effects using machine learning. arXiv preprint
arXiv:1706.03461.

[83] Laber, E. B., Meyer, N. J., Reich, B. J., Pacifici, K., Collazo, J. A., and Drake, J. M.
(2018). Optimal treatment allocations in space and time for on-line control of an emerging
infectious disease. Journal of the Royal Statistical Society: Series C (Applied Statistics),
67(4):743-789.

[84] Leskovec, J., Rajaraman, A., and Ullman, J. D. (2020). Mining of massive data sets.
Cambridge university press.

[85] Levrard, C. (2014). Non asymptotic bounds for vector quantization. ArXiv e-prints.

[86] Levrard, C. (2018). Quantization/clustering: when and why does k-means work? arXiv
preprint arXiv:1801.03742.

[87] Levrard, C. et al. (2013). Fast rates for empirical vector quantization. Electronic Journal
of Statistics, 7:1716—1746.

[88] Li, S., Stampfer, M. J., Williams, D. R., and VanderWeele, T. J. (2016). Association
of religious service attendance with mortality among women. JAMA internal medicine,
176(6):777-785.

[89] Linder, T., Lugosi, G., and Zeger, K. (1994). Rates of convergence in the source
coding theorem, in empirical quantizer design, and in universal lossy source coding. /IEEE
Transactions on Information Theory, 40(6):1728-1740.

[90] Liu, Q., Li, L., Tang, Z., and Zhou, D. (2018). Breaking the curse of horizon: Infinite-
horizon off-policy estimation. In Advances in Neural Information Processing Systems,
pages 5356-5366.



References 87

[91] Lloyd, S. (1982). Least squares quantization in pcm. /EEE transactions on information
theory, 28(2):129-137.

[92] Luedtke, A. R., Sofrygin, O., van der Laan, M. J., and Carone, M. (2017). Se-
quential double robustness in right-censored longitudinal models. arXiv preprint
arXiv:1705.02459.

[93] Luedtke, A. R. and Van Der Laan, M. J. (2016). Statistical inference for the mean
outcome under a possibly non-unique optimal treatment strategy. Annals of statistics,
44(2):713.

[94] MA, H. and JM, R. (2006). Estimating causal effects from epidemiological data.
Journal of Epidemiology and Community Health, 60(7):578-586.

[95] McCaffrey, D. F., Griffin, B. A., Almirall, D., Slaughter, M. E., Ramchand, R., and
Burgette, L. F. (2013). A tutorial on propensity score estimation for multiple treatments
using generalized boosted models. Statistics in medicine, 32(19):3388-3414.

[96] Moore, K. L., Neugebauer, R., van der Laan, M. J., and Tager, 1. B. (2012). Causal
inference in epidemiological studies with strong confounding. Statistics in medicine,
31(13):1380-1404.

[97] Mumford, S. L., Silver, R. M., Sjaarda, L. A., Wactawski-Wende, J., Townsend, J. M.,
Lynch, A. M., Galai, N., Lesher, L. L., Faraggi, D., Perkins, N. J., et al. (2016). Ex-
panded findings from a randomized controlled trial of preconception low-dose aspirin and
pregnancy loss. Human Reproduction, 31(3):657—665.

[98] Murphy, S. A., van der Laan, M. J., Robins, J. M., and Group, C. P. P. R. (2001).
Marginal mean models for dynamic regimes. Journal of the American Statistical Associa-
tion, 96(456):1410-1423.

[99] Nie, X. and Wager, S. (2017). Quasi-oracle estimation of heterogeneous treatment
effects. arXiv preprint arXiv:1712.04912.

[100] Pearl, J. et al. (2009). Causal inference in statistics: An overview. Statistics surveys,
3:96-146.

[101] Pollard, D. (1981). Strong consistency of k-means clustering. The Annals of Statistics,
pages 135-140.

[102] Pollard, D. et al. (1982). A central limit theorem for k-means clustering. The Annals
of Probability, 10(4):919-926.

[103] Powell, D. (2013). A new framework for estimation of quantile treatment effects:
Nonseparable disturbance in the presence of covariates.

[104] Qian, T., Russell, M. A., Collins, L. M., Klasnja, P., Lanza, S. T., Yoo, H., and Murphy,
S. A. (2020). The micro-randomized trial for developing digital interventions: Data
analysis methods. arXiv preprint arXiv:2004.10241.

[105] Ramsay, J. and Silverman, B. W. (2005). Functional Data Analysis. Springer Series
in Statistics.



S8 References

[106] Raskutti, G., Wainwright, M. J., and Yu, B. (2012). Minimax-optimal rates for
sparse additive models over kernel classes via convex programming. Journal of Machine
Learning Research, 13(Feb):389-427.

[107] Rinaldo, A. and Wasserman, L. (2010). Generalized density clustering. Ann. Statist.,
38(5):2678-2722.

[108] Robins, J. (1986). A new approach to causal inference in mortality studies with a
sustained exposure period—application to control of the healthy worker survivor effect.
Mathematical modelling, 7(9-12):1393-1512.

[109] Robins, J., Tchetgen, E. T., Li, L., and van der Vaart, A. (2009). Semiparametric
minimax rates. Electronic journal of statistics, 3:1305.

[110] Robins, J. M. (2004). Optimal structural nested models for optimal sequential deci-
sions. In Proceedings of the second seattle Symposium in Biostatistics, pages 189-326.
Springer.

[111] Robins, J. M. and Herndn, M. A. (2008). Estimation of the causal effects of
time-varying exposures. In Longitudinal data analysis, pages 547-593. Chapman and
Hall/CRC.

[112] Robins, J. M., Hernan, M. A., and Brumback, B. (2000). Marginal structural models
and causal inference in epidemiology.

[113] Robins, J. M. and Rotnitzky, A. (2001). Comment on the bickel and kwon arti-
cle,“inference for semiparametric models: Some questions and an answer”. Statistica
Sinica, 11(4):920-936.

[114] Robins, J. M., Rotnitzky, A., and Zhao, L. P. (1994). Estimation of regression
coefficients when some regressors are not always observed. Journal of the American
statistical Association, 89(427):846-866.

[115] Robins, J. M., Rotnitzky, A., and Zhao, L. P. (1995). Analysis of semiparametric
regression models for repeated outcomes in the presence of missing data. Journal of the
american statistical association, 90(429):106-121.

[116] Rothe, C. (2010). Nonparametric estimation of distributional policy effects. Journal
of Econometrics, 155(1):56-70.

[117] Rubin, D. and van der Laan, M. J. (2006). Extending marginal structural models
through local, penalized, and additive learning.

[118] Rubin, D. B. (1974). Estimating causal effects of treatments in randomized and
nonrandomized studies. Journal of Educational Psychology, 66(5):688.

[119] Schisterman, E. F., Silver, R. M., Lesher, L. L., Faraggi, D., Wactawski-Wende, J.,
Townsend, J. M., Lynch, A. M., Perkins, N. J., Mumford, S. L., and Galai, N. (2014). Pre-
conception low-dose aspirin and pregnancy outcomes: results from the eager randomised
trial. The Lancet, 384(9937):29-36.



References 89

[120] Schisterman, E. F., Silver, R. M., Perkins, N. J., Mumford, S. L., Whitcomb, B. W.,
Stanford, J. B., Lesher, L. L., Faraggi, D., Wactawski-Wende, J., Browne, R. W., et al.
(2013). A randomised trial to evaluate the effects of low-dose aspirin in gestation and

reproduction: design and baseline characteristics. Paediatric and perinatal epidemiology,
27(6):598-6009.

[121] Serafini, A., Murphy, T. B., and Scrucca, L. (2020). Handling missing data in model-
based clustering. arXiv preprint arXiv:2006.02954.

[122] Shalit, U., Johansson, F. D., and Sontag, D. (2016). Estimating individual treatment
effect: generalization bounds and algorithms. arXiv preprint arXiv:1606.03976.

[123] Su, Y., Reedy, J., and Carroll, R. J. (2018). Clustering in general measurement error
models. Statistica Sinica, 28(4):2337.

[124] Sun, B. and Tchetgen, E. J. T. (2014). On inverse probability weighting for nonmono-
tone missing at random data. arXiv preprint arXiv:1411.5310.

[125] Szabo, Z., Sriperumbudur, B., Péczos, B., and Gretton, A. (2014). Learning Theory
for Distribution Regression. Journal of Machine Learning Research.

[126] Tchetgen, E. J. T., Wang, L., and Sun, B. (2016). Discrete choice models for
nonmonotone nonignorable missing data: Identification and inference. arXiv preprint
arXiv:1607.02631.

[127] Tseng, G. C. and Wong, W. H. (2005). Tight clustering: a resampling-based approach
for identifying stable and tight patterns in data. Biometrics, 61(1):10-16.

[128] Tsiatis, A. (2006a). Semiparametric Theory and Missing Data. Springer Verlag New
York.

[129] Tsiatis, A. (2007). Semiparametric theory and missing data. Springer Science &
Business Media.

[130] Tsiatis, A. A. (2006b). Semiparametric Theory and Missing Data. New York: Springer.

[131] Tsybakov, A. B. (2010). Introduction to Nonparametric Estimation. Springer Series
in Statistics, 1st edition.

[132] Vaart, A. W. v. d. (1998). Asymptotic Statistics. Cambridge Series in Statistical and
Probabilistic Mathematics. Cambridge University Press.

[133] van der Laan & James M Robins, M. J. (2003). Unified Methods for Censored
Longitudinal Data and Causality. Springer Verlag New York.

[134] van der Laan, M. J. and Luedtke, A. R. (2014). Targeted learning of an optimal
dynamic treatment, and statistical inference for its mean outcome.

[135] van der Laan, M. J. and Luedtke, A. R. (2015). Targeted learning of the mean outcome
under an optimal dynamic treatment rule. Journal of causal inference, 3(1):61-95.

[136] Van der Laan, M. J., Polley, E. C., and Hubbard, A. E. (2007). Super learner. Statistical
applications in genetics and molecular biology, 6(1).



90 References

[137] van der Laan, M. J. and Robins, J. M. (2003). Unified Methods for Censored Longitu-
dinal Data and Causality. New York: Springer.

[138] Van der Laan, M. J. and Rose, S. (2011). Targeted learning: causal inference for
observational and experimental data. Springer Science & Business Media.

[139] van der Vaart, A. (2000). Asymptotic Statistics. Asymptotic Statistics. Cambridge
University Press.

[140] van der Vaart, A. (2002). Semiparametric statistics, pages 331-457. Number 1781 in
Lecture Notes in Math. Springer. MR1915446.

[141] Van der Vaart, A. W. (2000). Asymptotic statistics, volume 3. Cambridge university
press.

[142] Van Der Vaart, A. W. and Wellner, J. A. (1996). Weak convergence. In Weak
convergence and empirical processes, pages 16-28. Springer.

[143] VanderWeele, T. J. (2017). Outcome-wide epidemiology. Epidemiology (Cambridge,
Mass. ), 28(3):399.

[144] VanderWeele, T. J., Li, S., Tsai, A. C., and Kawachi, 1. (2016). Association between
religious service attendance and lower suicide rates among us women. JAMA psychiatry,
73(8):845-851.

[145] Wager, S. and Athey, S. (2018). Estimation and inference of heterogeneous treat-
ment effects using random forests. Journal of the American Statistical Association,
113(523):1228-1242.

[146] Wasserman, L. (2006). All of Nonparametric Statistics. Springer.

[147] Xie, Y., Brand, J. E., and Jann, B. (2012). Estimating heterogeneous treatment effects
with observational data. Sociological methodology, 42(1):314-347.

[148] Xu, R. and Wunsch, D. (2005). Survey of clustering algorithms. IEEE Transactions
on neural networks, 16(3):645-678.

[149] Yang, Y., Tokdar, S. T., et al. (2015). Minimax-optimal nonparametric regression in
high dimensions. The Annals of Statistics, 43(2):652-674.

[150] Young,J. G., Herndn, M. A., and Robins, J. M. (2014). Identification, estimation and
approximation of risk under interventions that depend on the natural value of treatment
using observational data. Epidemiologic methods, 3(1):1-19.

[151] Zaini, M. A., Lim, C., Low, W., and Harun, F. (2005). Effects of nutritional status
on academic performance of malaysian primary school children. Asia Pacific Journal of
Public Health, 17(2):81-87.

[152] Zha, H., He, X., Ding, C., Gu, M., and Simon, H. D. (2002). Spectral relaxation
for k-means clustering. In Advances in neural information processing systems, pages
1057-1064.



References 91

[153] Zhang, W., Le, T. D., Liu, L., Zhou, Z.-H., and Li, J. (2017). Mining heterogeneous
causal effects for personalized cancer treatment. Bioinformatics, 33(15):2372-2378.

[154] Zhang, Z., Chen, Z., Troendle, J. F., and Zhang, J. (2012). Causal inference on
quantiles with an obstetric application. Biometrics, 68(3):697-706.

[155] Zheng, W. and Laan, M. (2010). Asymptotic theory for cross-validated targeted
maximum likelihood estimation 2010.






Appendix A

Supplementary Materials for Chapter 2

A.1 Algorithm

A.2 Empirical demonstration for Theorem 2.6.1

To empirically assess the above result in finite samples, we conduct two simple simu-
lations under different setups; one in a randomized trial and the other in an observational
study.

Simulation 1. (Randomized Trial) We set p = 0.5 in the simulation for both always-
treated and never-treated units. We let Y | A, ~ N (10+ | A; |»,1) truncated at + two
standard deviations. Given a value of 0, we generate datasets for r = 1,...,50, n = 250 for
all ¢, and repeat the same simulation 100 times with the same data generation process. For
positivity assumption to be valid, we always keep at least one always-treated or never-treated
unit in each simulation. We compute the sample variance of each estimator and the relative
efficiency. Figure A.1 shows the results along with the true lower bound on the relative
efficiency given in Theorem 2.6.1 (the dotted line).

Simulation 2. (Observational Study) Although not directly covered by the setup from
Theorem 2.6.1, it is also valuable to investigate the corresponding results in an observational

study. To this end, we consider the following model

X = (X17z7X27t) NN(()’I)

m (Hy) :expit<1TXt+2 ti (As—1/2)>

s=t—2

(Y |X:,A;) ~ N(u(X1,A),1)
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Algorithm 4 Implementation of the proposed estimator (2.6)

Let & be fixed and pick t < T. Foreach k € {1,...,K},let Dy ={Z;: S; # k} and D; = {Z; :
S; = k} denote corresponding training and test data, respectively, and let D = Dy|JD;.

1.

. Foreachtimet =1,....¢, letting W; =

For each time r = 1,...,f regress A; on H; using only observable samples at time ¢ in
Dy, then obtain predicted values 7; (H;) for only subject with R, = 1 in D.

. For each time r = 1,...,1 regress R, on (H;,A,) using only observable samples at

time 7 in Dy, then obtain predicted values @ (H;,A,) for only subject with R; = 1 in D.

SAAHI-A, 1
o SﬁS(HY)J’_l_ifS(HS‘) d)S(HS7AS)
ing cumulative product weights for only subject with R;; 1 = 1 in Dy:

and construct follow-

- W, = @& (Hy, A) [T, W for 1 <1 <1t
: ‘X/t = Hlszl W

. Foreachtimet =t¢,t—1,...,1, by setting M; | = Y;:

a. Regress M, on (H;,A;) using only observable samples at time 7 + 1 (i.e. only if
R;+1 = 1) in Dy, then obtain predictions m,(H;, 1) and m,(H;,0) for only subject
Wlth R[ - 1 in D.

ity (Hy 1) 870, (Hy )+ (Hy ,0) {1 -7 (Hy)
87 (Hy)+1-m (Hy)

b. Construct pseudo-outcome M; = b for only subject

Wlth R[ — 1 in D.

Construct time-dependent weights V; = = :;X;fa)—}ﬁ\lt_a)

in Dy.

for only subject with R, = 1

. Compute ¥, W,V,M, + W,Y, for only subject with R, 1 = 1 in D and define l/A/,(k) (8) to

be its average.

Output : y,(8) = %Zszl l/7t(k)(5)
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Fig. A.1 Relative efficiency curve in log-scale over time ¢ for the case of always-treated unit
where we use 8 = 5,10 (Left) and for the case of never-treated unit where we use 6 =0.2,0.1
(Right). The true lower bound for each 6 is represented as dotted line.

for all # < T where we set ut(X;,A;) = 10+A, +A, 1 +|(1 "X, +1"X,_;) | and 1 = [1,1]".
This simple simulation setup assumes that it is more (less) likely to receive a treatment
if a subject has recently received (not received) treatments. The rest of the simulation

specifications are the same as Simulation 1. The result is presented in Figure A.2.

o} 2 -5 10 d 0.1 - 0.2 0.5
1.001
09!
3 3
2 20.751
Q@ Q
Qo Qo
= &
£06 =
° 0,501
2 2
© ©
© ©
03 & 0.25]
0.0, , | R | 0.00+ . | ] | | ]
0 10 20 30 40 50 0 10 20 40 50
T T

Fig. A.2 Relative efficiency curve over time ¢ for the case of always-treated unit where we
use 0 = 2,5, 10 (Left) and for the case of never-treated unit where we use 6 = 0.5,0.2,0.1

(Right).

Overall, the simulation results support Theorem 2.6.1. Remarkably, even when we
consider the setup for observational studies (the second simulation) we still observe almost

exponential gains with incremental intervention effects.
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A.3 Alternative approaches for the EAGeR data analysis

Here, we discuss why standard approaches might fail for our analysis of the EAGER
dataset in Section 2.7.2 of the main text. Then, for the purpose of comparison, we alter
our target effect and then apply some of other nonparametric approaches available in the
literature. Then we compare the result with the one we obtained in Section 2.7.2.

A.3.1 Why standard model fails: positivity violation

All the standard models dealing with time-varying treatments, except on very rare
occasions, require treatment positivity. However, as will be elaborated below, positivity is
likely violated in the EAGER dataset. Many individuals turned out not to follow the given
protocol of taking aspirin. This non-compliance only exacerbates over time. To illustrate this,
we present the average propensity score over time in Figure A.3-(a). As shown in Figure
A.3-(a), the average propensity score quickly drops to zero as ¢ grows. As a result, at the end
of the study it is almost impossible to find individuals who have been consistently taking
aspirin at every timepoint. In other words, Figure A.3-(a) implies that it would be hard to
imagine having all of the study participants take aspirin at each time.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

ensity score

Average prop

(a) (b)

Fig. A.3 (a) The average propensity score over the course of follow-up. We observe that
due to the non-complinace, the average propensity score sharply decreases over time, which

strongly hints at positivity violation in the EAGeR dataset. (b) P, (H’jzl 7;) over the course
of follow-up. Whenr > 5, Pn(H’j: | ;) becomes less than 5 x 10~4, which makes an IPW
estimation in MSMs infeasible. We used Random Forests (via the ranger package in R) to
estimate 7.

Even if positivity is only nearly violated, it can pose a serious problem in attempting
to estimate our target causal effect. One of the most widely-used approaches to handle
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time-varying treatments is marginal structural models (MSMs) [112]. In practice, MSMs are
often estimated via inverse probability weighting (IPW). The following quantity appears in
the IPW (also in the doubly robust) moment condition

o358}

for any choice of 4 (with matching dimensions) where 7; (a;) = @(At = a, | Hy). However,
Figure A.3-(b) indicates that on average a cumulative product of propensity score sharply
drops to zero even with moderate . This would make standard estimation techniques such as
IPW to fail as P, (HJTZI 7;) easily blows up.

Specifically, when we parametrically model the effect curve by E[Y?T| = m(ar; ) =
Bo + Z,TZI Bi:a; so that the coefficient for exposure can vary with time, then an inverse-
weighted MSM estimator which is the solution to

o 521 -

T o~
H;:1 yn

indeed fails and no coefficient estimates can be found even for moderate value of 7', e.g.
T =~ 10. Thus, it appears that positivity violation in our dataset precludes the standard
MSM-based approach. We remark that these limitations are not at all unique to the analysis
of our EAGeR dataset, but instead are common to many observational MSM-based analyses

as well as other recent approaches [e.g., 92].

A.3.2 Alternative approach

Due to the positivity violation, the estimation result, if any, via standard approaches will
remain dubious at best. Therefore, we alter our target contrast from the standard ATE to the
mean outcome we would have observed in a population if “observed" versus none (not all
versus none) were treated, which is defined by

Tons(T) = B[y Ar=0"Rr=1] _f [yAr=0.8=T] (A.D)

Y

where a°® denotes an observed history of aspirin consumption. This new estimand would
tell us how the mean outcome would have changed if no one in the population had taken
aspirin throughout the study and we can avoid estimating the problematic counterfactual
E[yAr=1Rr=1] However, by construction this solution entails the fundamental limitation as
we have sacrificed the causal effect of original interest.
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We use the g-computation ! (plug-in) estimator [108] and the sequential doubly robust
(SDR) estimator proposed by Luedtke et al. [92] which also allows right-censored data

structures.

A.3.3 Estimation and inference

Estimation. First for the g-computation estimator, we estimate the following g-formula

L o T - - B
BlyAr=irfr=0] — [ .. [E[yXrAr =ar.Ry = 1] [[dPOGRi1 At =Gt Ry = To)
=2

XdIED(Xl,Al :al,Rl = 1)

via plug in estimators of the pseudo-outcome regression function each time step. Next, for
the SDR estimator, we tailor Algorithm 2 of Luedtke et al. [92] for our right-censored data
structures (everything remains the same except that we add the condition R,_; = 1,_; on each
pseudo-outcome regression function). For both methods, we use the same nonparametric
ensemble we used in Section 2.7.2 of the main text as our regression model.

Inference. Confidence intervals are estimated by bootstrapping at 95% level for both of
the estimators. Note that for the SDR estimator, we are guaranteed to consistently estimate
standard errors (pointwisely) by bootstrapping due to the following asymptotically property,

Vn(Tobs (1) = Tobs (1)) ~ A0, Var(¢:(1)))

for all t < T, where ¢;(¢) is the influence function of Typs(¢). However, this is no longer

guaranteed for the g-computation estimator.

A.3.4 Result

For the sake of completeness, we estimate each Tops(#) for all # =2 ~ 89 and present the
cumulative effects over time ¢. The results for the g-computation and the SDR estimators are
presented in Figure A.4, A.5, respectively.

The result based on the g-computation estimator in Figure A.4 shows that the counterfac-
tual mean outcomes for never-takers (individuals who have never taken aspirin throughout
the study) are worse-off than the observed. Specifically, for the never-takers the probability
of having live birth has been decreased and the probability of having fetal loss has increased.

The result seems to be statistically significant at 7 = 89.

'We also tried a weighting estimator but omitted the result here, since it gives almost the same result with
wider confidence band.
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Fig. A.4 Cumulative risk curve for live birth and pregnancy loss via the regression based

g-computation estimator. Pointwise 95% confidence interval is estimated by bootstrapping
with 1000 resampling.
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Fig. A.5 Cumulative risk curve for live birth and pregnancy loss via the sequential doubly

robust (SDR) estimator. Pointwise 95% confidence interval is estimated by bootstrapping
with 1000 resampling.

On the other hand, the result based on the SDR estimator in Figure A.5 indicates that
although the mean effects for the never-takers still appear to be worse off than the observed,
they look no longer statistically significant. Hence in this case we cannot draw any firm
conclusion about the effect of aspirin on pregnancy outcome.

It might be tempting to take the results from Figure A.4 as it seems to deliver more

clear messages. However, we do not know if our variance estimates there are correct.
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Also, particularly considering the sample size (n=1024), we are likely to suffer from slow
estimation rates of our regression model. These issues can be mitigated in doubly robust
estimators as in the SDR estimator. Thus, we should rather resort to the results presented in
Figure A.5, which basically tells us that the effect of low-dose aspirin is insignificant and
remains dubious, at the very least, based on the causal effect defined in (A.1).

After all, it should be noted that due to the positivity violation we end up limiting
ourselves to the more narrow notion of causal effects (i.e. observed versus none) which is
different from the ATE type estimands that are typically of utmost interest for policy makers.
The causal effect in (A.1) might not be practically meaningful as to aspirin prescription for
pregnant since we are in general much more interested in the always-taker group than the

never-taker group.

A.4 Technical Results and Proofs

A.4.1 Lemma for the identifying expression in Theorem 2.3.1
To identify our target parameter y;(0) = E (I/,Q(S)), we need the following lemma.

Lemma A.4.1. Under (A2-M) and (A3), and for allt < T, we have following equvalence

properties:

a. dP(A;|H;) = dP(A|H;,R; = 1)

b. dP(X;|A;—1,H;—1) = dP(X;|A;—1,H;—1,R, = 1)

c. EYX;,A]=E[Y|X;,A/,R;1 = 1]

Lemma A.4.1 thus shows that the above important quantities conditional on the observed
data are equivalent to corresponding quantities conditioned on the full data. In the identifying

expression we can only use quantities directly estimated from observed history, so the above

equivalence relations play a key role.

Proof. Proof is done based on induction. We proceed one by one as follows.

d dP(AtlHt) =dP(At|Ht,Rt = 1)
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First note that

d]P)(Al,Ht) = dP()_([,ZI) = dP(KZ?AZ | X],A])d]P)(Xl,Al)
= d]P)()—(%AZ ‘Xl,AlvRZ = l>d]P(X17A17R1 = 1)

= dP(X3,A3 | X2,A2,R, = 1)

=dP(X3,A5 | X2,A2,R3 = 1)

dP(Ys,Zs,RS = 1)
dIED(YS7ZS3RS+l = 1)

dP()_(t—th—l,Rt—l = 1)

where the first equality follows by definition, the second by definition of conditional
probability, the third by assumption (A2-M), the fourth again by definition of conditional
probability, the fifth by assumption (A2-M), and the sixth by repeating the same step ¢ — 1
times. The last expression is obtained by simply rearranging terms using the definition of

conditional probability.

Now introduce the following shorthand notation:

so we can write dP(A;, H;) = dP(X;,A;,R, = 1) IIp(t —1).

Then, similarly we have
dP(H,) = dP(X;, A1) = dP(X;, A1, R = DI p(r —1).

Hence, finally we obtain

dP(As, Hy)  dP(X;,A,R =1)
dP(H,)  dP(X,A_1,R =1)
dP(A,,H;,R, = 1)
~ dP(H, R =1)
= dP(A|H;, R, = 1)

d]P’(A, | Ht) =
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where the second equality comes from the above results. The proof naturally leads to
subsequent result of dQ, (A¢|H;) = dQ,(A;|H;,R; = 1).
« dP(X;|A;1,H, 1) =dP(X;|A;—1,H; 1,R; = 1)
By definition dP(X;|A;_1,H;—1) = dP(H;)/dP(A;—1,H;—1), and from previous part it im-
mediately follows
dP(H,) = dP(X1,A—1,R, = )T p(1 — 1),

dP(At_17Ht_1) = dIP()_(;_l,Kt_17Rt_l = 1)HIP>(Z’ —2)

Hence, we have
d]P)(Ht) o dP(Y;,Zl‘_l,R[ — 1)
d]P)(Althtfl) dP()_(z—ththt - 1)
= dP(XZ ‘ Ht—hzt—lvRt = 1)

which yields the desired result.

* E[Y|X:,A] =E[Y|X1,A, R0 = 1]

By definition E[Y|X;,A,] = [ydP(y|X,,A,), and thereby it suffices to show that dP(Y|X;,A,) =
dP(Y‘)_([,Z[,Rt+] )

By the same logic we use for the first proof, we have
dP(Y,X;,A;) = dP(Y,X;, A1, R, = ) I p(t —1)

and also
dP(X,,A;) = dP(X,, A, R, = DITp(r —1).

Thus it follows by what are shown above displays together with assumption (A2-M) that

d]P)(Y | )_(I,Zt) - dP(Y |)_(tuxt7Rt - 1) :dP(Y ’)_(t,Z,,RHI - 1)

Hence, we have shown that all the identities hold. O]
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A.4.2 Proof of Theorem 2.4.1

Identifying expression for the efficient influence function

In the next lemma, we provide an identifying expression for the efficient influence
function for our incremental effect y;(8) under a nonparametric model, which allows the

data-generating process [P to be infinite-dimensional.

Lemma A.4.2. Define

ms(h57as>Rs+l = 1)
t

= /ﬁ whi,an, Ry =1) [T dO«(ax | b, R = 1)dP(xi|hy—y,a5—1, Ry = 1)
& k=s+1

fors=0,....t—1, ¥t <T, where we write By = (s x o )\ (X s x o s) and u(hy,a,, Ry 41 =
1)=E(Y; |H =h,A;=a;,R11=1). Fors=tands=t+1, we set ms(-) = u(hy,a;,R;+1 =
1) and my 41 (-) =Y. Moreover, let %%(flsﬁs,& = l;ay) denote the efficient in-
fluence function for dQg(as|hs, Ry = 1).

Then, the efficient influence function for my = W;(0) is given by

t
Z {/Q/ mS+1(HS+17AS+17RS+2 = l)dQs—l—l(as—i-l‘Hs—i-laRs—i-l = 1) _ms(Hs;Aszs—Q—l = 1)}
s=0 “s+1

<1 (Rey = 1) ﬁko(Ak|Hk7Rk:1) 1
s ieo dP(Ax | H,Ry = 1) dP(Riyy = 1 | Hy,Ap, R = 1)

t s—1
Hko(Ak | He,Re = 1) 1
ieo AP(Ax | H, Ry = 1) dP(Ryyy = 1| Hp, A, R = 1)

X /ﬂ mS(HS7aS7RS+1 = 1)¢S(HS‘7A57RS = l;as)dv(as>

where we define dQ;+1 = 1, myy1(+) =Y, and dQo(ap|hy) /dP(aglhy) = 1, and Vv is a domi-

nating measure for the distribution of As.

The proof of Lemma A.4.2 involves derivation of efficient influence function for general
stochastic interventions that depend on the both observational propensity scores and right-
censoring process. In the proof, we delineate how we can apply chain rule arguments to
derive efficient influence functions for complicated functionals from much simpler functional
forms. We further simplify and render the above efficient influence function to estimable

form in next theorem.
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The basic proof structure follows the work of [67]. We begin by presenting the following
three additional lemmas to prove Lemma A.4.2.

Lemma A.4.3. For Vt, the efficient influence function for

oy abm () + (1 —a){l — m(h)}
Qi [ b, Re =1) = om(h) +1—m(hy)

which is defined in (2.2) is given by %@(HI,A,,R, = 1;a,), where ¢;(H;,A;,R, =

1;a,) equals

(2a; — 1)0{A, — m;(H,) }
(87 (Hy) + 1 — m(Hy))?
where (b)) =P(A; =1 |H; = hy,R, = 1).

Lemma A.4.4. Suppose Qy is not depending on P. Recall that for ¥Vt < T,

t
my(hs,a5,Rey 1 =1) = /gg w(hi,an,Ripr = 1) [T dQular | he, R = 1)dP(xlhy—1,ap—1, Ry = 1)
s k=s+1
fors=0,....t —1, where we write Bs = (2 s x o)\ (X s x &) and W(hs,a;,Ri1 = 1) =
E(Y; | H = h,A; = a;,R,+1 = 1). Note that from definition of my it immeidately follows

my = f%x% ms-l—ldQs—O—l(as—H ‘ hs—O—laRs—O—l = 1)dP(xs+l‘hS7aS7Rs+l = 1)
Now the efficient influence function for w*(Q,) = my is

t
Z {/ mS-l-l(HH—l)AS—I—l?RS—FZ = l)dQs—O—l(as—l—l‘Hs—i-laRs—i—l = 1) _mS<HS7AS7RS+1 = 1)}
s=0 s+1

<1 (Ryry = 1) ﬁko(AHHk,Rk:l) 1
st L aP(AL [Hi R = 1) dP(Reyy = 1 | Hy A, R = 1)

where we define dQ; 1 = 1, my1(-) =Y, and dQo(aplho) /dP(aplhy) = 1.

Lemma A.4.5. Suppose Q7 depends on P and let %@ (H;,A:,R; = 1;a,) denote

the efficient influence function for dQ;(a;|h;,R; = 1) defined in Lemma A.4.3 for all t. Then

the efficient influence function for y; () is given as

+iﬂ(R ) ﬁko(AHHk,Rk:l) 1
' ico AP(Ax | Hi, R =1) dP(Riy1 = 1| Hy, A, R = 1)

X/ ms(HwasaRs—i-l - 1)¢S(HY7AS7RS - l;as)dv(as)
oy
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where ©*(Q,) is the efficient influence function from Lemma A.4.4 and Vv is a dominating

measure for the distribution of As.

The proof of Lemma A.4.3, A.4.4 and A.4.5 are basically results of a series of chain
rules, after specifying efficient influence functions for terms that commonly appear. The
full proofs are not particularly illuminating considering its length. Thus we omit a proof of
Lemma A.4.3 and only include a brief sketch for proofs of Lemma A.4.4 and A.4.5 below,

which can be useful to develop results for more general stochastic interventions.

Proof of Lemma A.4.4 and Lemma A.4.5

Let .#.7 : y — ¢ denote a map to the efficient influence function ¢ for a functional y.
First without proof, we specify efficient influence functions for mean and conditional mean
which serve two basic ingredients for our proof. For mean value of a random variable Z, we
have

7 (E[Z]) =Z—-E[Z],

and for conditional mean with a pair of random variables (X,Y) ~ P where X is discrete, we

have
I(X =x)

P(X =x)

These results can be directly obtained from either (2.5) or (??) in section 2.4.

I F E[Y|X =x]) = {Y—E[ny:x]}.

Proof. Itis sufficient to prove for the case ¢t = 2 since it is straightforward to extend the proof

for general + < T by induction. For # = 2, it is enough to compute the following four terms.

2
A) 5 F (lh,a2,Rs = 1)) TTdOuas | B, R = 1)dP (x| 1,a51,Rs = 1)
s=1

S} ot
1{(H2,A2,R3) = (hy,a,1)}

- Y_ h ,a 7R :1 }
Sy % b dP(hy,ar,R3 =1) { w(hy,a2,R3 =1)

2
X HdQs(as ’ h57Rs = 1>d]P>(xs|hs—laas—laRs = 1)
s=1

= Lo 1{(H2,A2,R3) = (h2,a2,1) }{¥ — pu(h2,a2,R3 = 1)}

ﬁ dQs(as | hs,Rs = 1) 1
=1 dIP(aS | hg, Ry = 1) dP(RS+1 =1 | hg,as, Ry = 1)
2 dQy (A | Hy, Ry = 1) 1
L P, TH, R, = 1) dP(Ry1 = 1] By ARy = 1)

={Y — u(H2,A>,R3 =1)}1(R3 = 1)
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2
B) W(hy,ar,Ry=1).9 F (dP(x2|h1,a1,R2 - 1)>dIP>(h1) [140s(as | hs, Ry = 1)
T X o s=1
1{(H\,A1,R) = (h1,a1,1)}
- hy,ay, Ry = 1 {]1X:x — dP(x h,a,R:l}
%X%H( 2,a2,R3 = 1) dP(hy a1 Ry = 1) (X2 =x2) (x2|h1,a1,Ry = 1)
2
x dP(h1) [ [dOs(as | hs,Rs=1)
s=1

)ﬂ{(Hl,Al,Rz) = (hl,al, 1)}{]1(X2 :x2) —dP()Q’hl,(l],Rz = 1)}
d]P)(Rz = 1]h1,a1)d]P(a1\h1)dIP’(h1)

=/ p(ho,az,R3 =1
T X A

2
X dP(hy) HdQs(as | hs,Rs = 1)
s=1

:/ w(ha,an, Ry = 1)dQs(ay | ho, Ry = 1)L{(Hy, Ay, Ry) = (hy,a1,1))}
X ot

dO(A; | Hy) 1
dP(A; |Hy) dP(R> =1 | Hy,A;)

X {1(X2 = x2) — dP(x2|h1,a1,Ry = 1)}
= {/ WU(Hy,a2,R3 = 1)dQ2(as | Hy,Ry = 1)
S} ah\

— hy,ar,R3 = 1)dQs(ay | hy,Ry = 1)dP(x3|h1,a1,Ry =1
/jfzx%\%x%u(z 2,R3 =1)d0s(ay | ha,Ry = 1)dP(x2]hy,a1,Ra )}

dQi(Ay | Hy) 1

I1(Ry=1
X LR = D) b A, THy) dP(Ro = 1 [ HyAY)

= {/ﬂ U(Hz,a2,R3 = 1)dQs(az | Hy,Ry = 1) —my(hy,a1,Ry = 1)}
2

dOy(A; | Hy) 1

1(Ry=1
LR =) pia, [ Hy) dP(Ro = 1| HyAy)

2
0) W(hy,a2,R3 = 1)dP(x2|hy,a1,Ry = 1)f9<dp(h1)) [T40s(as | hs, Ry = 1)
X o s=1

2
= ,Ll(h276127R3 = 1)dP()C2|h1,a1,R2 = 1){1(X1 :xl) —dIP’(xl)} HdQs(as | hS,RS = 1)
H X a9t s=1

= w(hy,az,R3 = 1)d0s(az | ha, Ry = 1)dP(x2|hy,a1,Ry = 1)d Q1 (ai|h1) —my
PRTAY

_ /d mi (hy,a1, Ry = 1)dQ1 (a1 |hy) — mo
1
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D) Let ¢ denote the efficient influence function for dQ; (a,|h;, R, = 1) as given in Lemma

A.4.3. Now we have
w(ha,as, Ry = 1)dP(hy)dP(xa|hy, a1, Ro = 1).9 F (dQl(a1|h1)dQ2(a2 | ha, Ry = 1))

RG]
ﬂ{(szRZ) = <h271)}
f— h,a,R :1d]P>h dP.x h7a7R :1 d ah
!%X%H(z 2,R3 = 1)dP(h1)dP(xz|h1,a1,R, = 1) aP(hy Ry — 1) $2d Q1 (ai|hy)
1{(H =y
+ .u(h27a27R3 = 1)dP(h1)dP(X2|h1,al,R2 = 1){<—)}¢1dQ2(a2 | hz,Rz — 1)
Hoxh dP ()
= p(hy,az,R3 = 1) 1{(Hz,R2) = (h2,1) }dP(h1)dP(xz|h1,a1, Ry = 1)d Q1 (ar |1
Axaty © dP(xz|hy,a1,Ry = 1)dP(Ry = 1|hy,ay)dP(ay|hy)dP(h)
+ p(ha, a2, Ry = 1)dP(xa|hy,a1,Ry = 1) 1{(Hi = h1) } $1d Q2 (az | ha, Ry = 1)
S X o

dQy(A; | Hy) 1
= H 7a ,R = 1 :[L R = 1
;fzx%\%u( 20073 J1(R, )$2 dP(Ay | Hy) dP(R, = 1| Hy,A))

+/ p(hy,a2,R3 = 1)dQa(az | hy, Ry = 1)dP(xa b1, a1, Ry = 1)1
o x A\
dQi(A | Hy) 1 /
- H>,ay,R3 = 1)¢od 1(Ry =1
{dIP)(Al |H)) dP(R, =1|Hj,A;) ’%H( 2,a2,R3 = 1)adv(az)1(Ry = 1)

+/Q{ my(hy,a1,Ry = 1)¢1dv(ay)
)

Note that we have set dQo(ap|hg)/dP(aglhy) = 1, and that we have dP(R; = 1) =1 and
1(R; = 1) = 1 by construction. Hence, putting part A), B), and C) together proves Lemma
A.4.4 and part D) proves Lemma A.4.5. [

Preparation for Algebra: Some Lemmas

Next, we convert the identifying expression in Lemma A.4.2 into something we can
estimate from observed data. To this end, we first present two Identity equations on the

pseudo regression functions m; defined in Lemma A.4.2 in the following lemma.
Lemma A.4.6. Given m; defined in Lemma A.4.2 for ¥Vt < T we have the following identities.

a. ]l(R,H = l)mt(Ht7At7Rt+1 = 1) = mt(HtaAthJrl = 1)

1(Rii=1
b. (dP(RH](:i#I,,At),R,:I)> my(Hy, A, Rep1 = 1) = 1(Ri1 = 1)my(Hy, A R = 1)

Proof. First, note that from Remark 5,

mt(thAthH-l = 1)

My (Hyi1,0141,1) 0T 1 (Hy1) + {1 = my(Hry1,0, D) {1 — i1 (Hrg1) }
O 1 (Hiy1) + 1 — 11 (Hiy)

=K

HlvAth‘Jrl - 1]
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where we use shorthand notation m; (H;+1,a;4+1,1) = my(Hy11,A1+1 = as41,R42 = 1). In

my (Hy11,0441,1) 07 1y (Hy ) H{1—my (Hyp 1,0, ) H{1-m 4 1 (Hp1 1) } which
Oy 1(Hpg1)+H1—m 1 (Hiy1)

is the quotient inside above conditional expectation.

this proof, let (m-dQ);+1 denote

The identity in part a immediately follows from the definition of m;.
For the identity in part b, we first note that by assumption (A2-M) it follows dP(xg|hs—1,a5—1,Rs =
1) = dP(xs|hs—1,a5—1,Rs—1 = 1) for every s > 1. Thus, we can write

m=E [(m'dQ)t+1 ‘HtuAtuRt = 1}

based on the definition of m;. Now define another shorthand notation et (xp+1,Ar, Hy)

+1
and Rfj:l = (Ry+1,R; = 1). Then it follows that

ml‘(Hl‘7Al‘7Rt+l - 1)
=E [(m'dQ)t-H ’thAlle = 1}
=E[E{(n-dQ)1|[Hy1, A R [HA R = 1]

= /E{(m‘dQ)zH|h?i’f1’,at+1,RﬁT]}dP(atH |hfi’f’,Rfﬁl)dP(x,+1,R,+1 | Hy, At , Ry = 1)

Ay, Hy =1
:/E{(m'dQ)t+l|ht+1 7at+17Rf+1 }

X dP(arer | 0T RETDAP(x 11 | Hy Ary Ry = 1)dP(Res1 | Hy Ar, Ry = 1)

Ay, Hy =1
:/E{(m'dQ)t+l|ht+1 7at+17Rf+1 }

x dP(arr | 0T RETAP (1 | Hro A, RS AP(R 41 | Hy ARy = 1)

=K [(m~dQ),+1 |HtaAl7Rﬁ_Tl} dP(R;11 | Hi, AR = 1)

, where both the fourth and the fifth equalities follow from assumption (A2-M). From this

result, it is straightforward to see

IL(RI+1 = l)mt(HtaAtaRtJrl = 1)
= H(RH-l = 1)E |:(m'dQ)t+1 ‘HhAtaRtR_i_T]] dP(Rt-i-] | HtaAth = 1)

= 1(Ri+1 = DE [(m-dQ)r1|H; At Rey1 = 1| dP(Rew1 = 1| Hy ARy = 1).

Finally assumption (A3) guarantees that we obtain

L(Rt1=1)
Hi,Ap,Riy1=1)=1(R41 =1 Hi A Ry =1
(dP(R,H=1|Ht,A,,R,:1> (oA ey = 1) = LRy = Dy (HioAr, Rer = 1)
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which is the desired identity. 0

Finally, we are ready to give a proof of Theorem 2.4.1. In fact, it is nothing but rearranging
terms in the given efficient influence function.

Proof of Theorem 2.4.1

Proof. First, we define following shorthand notations for the proof: for Vs <t
dQS(AS) = dQS<AS‘HS7RS = 1)7 dPs(As) = dP(As ‘ HS7RS - 1);
dos = o5(Hy,Ag) = dP(Rsy1 = 1 | Hy, A, R, = 1),

mS(HSaaS) = ms(HsvamRerl = 1)

With these notations we can rewrite the result of Lemma A.4.4 as below.

s—0 o =0 d]Pk(Ak) da)k

Zt: {/ ms-l—l(Hs—l—l,as—kl)dQs-i—l(as-g-l) —ms(Hs,As)} 1 (Rs—l—l = 1) <ﬁ ko(Ak) L)

_ ; { (e a)d0: (@) (A [ﬂ Rt =) G5 dH }
)

(e d0k(Ay) 1 B L dQy(Ay) 1
XL(R=1) (,{UO dIP’;l:(A:) E) TR =1) <H dP,(A;) d_ws> fi=mo.

s=1

Now, by the result of Lemma A.4.4 and A.4.5, we can represent the efficient influence
function for y;(0) as

;{/Qfsms(Hs,as)dQs(as) _mS(Hs,As) |:]1 (RSJrl _ 1) dQs(As> 1 :|

dP(A,) day

s—1 ko(Ak> 1
d]P)k(Ak) dCOk

+ /MS my(Hy, as) 95 (Hs,Ag, Ry = 1;as)dv(as)}]l (Ry=1) <H

k=0
tdO(Ay) 1
+1(Riy1=1) <H£dews)ﬂ—mo-

s=1

On the other hand, we have

ms([_Is; 1)677:?(Hv) +mv(H€;0){1 - ”s(HY)}
Omy(Hy) + 1 — my(Hy) ’

/Mx my(Hs,as)dQs(as) =
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dQs(As) SA;+1— A,
dPy(A;)  Sms(Hy)+ 1 — ms(H,)’

dQs(AS) B ms(HS71,RS+1 = 1)6As+ms(Hs,0 Rsi1 = 1)(1 —AS)
dPs(As) 8my(Hy) + 1 — my(Hy) ’

ms(HS7As)

{mS(HS7 1) _ms(HS7O)}6( s nS(HS))
(875(Hy) + 1 — my(H))? .

/&f ms(HS7as)¢s(HS7As;Rs = 1;as)dv(as) =

Now going back to the expression for the efficient influence function, note that by Lemma
A.4.6 terms inside the summation before multiplied by

dOi(Ay) . .
1(Ry=1) (Hi (l)d%: A: d(lj)k> simplify to

/ ms(HSaQS)dQS(aS) _mS(Hs’AS) {]1 (RS+1 - 1) ng((A ))di)s

dQs(As
/ Ryy1 = 1)my(Hy, a5)dQs(as) — 1 (Rer1 = 1) my(Hy, As) dg‘ ((A ;

/ Ry 1= 1 ms(HMas)q)s(HsyAs;Rs =1; as)dv(as)

mg(Hy, 1) s (Hy) +ms(Hs, 0){1 — my( s)}+ms(Hs,1)5As+ms(Hs,0)(1—AS)

B Smy(Hy) + 1 — my(Hy) Smy(Hy) + 1 — my(Hy)
{ms(Hs,l)—ms(Hs,O)}5( s — Ts(Hy)) LRt =1
T GnlH) - m(H) (forr =1
_ (705 (Hy) — ){5ms(Hs,l) ms(Hy,0)}  {ms(Hy, 1) —mg(Hs,0)}6(As — m5(Hy)) _
B [ omy(Hy) + 1 = y(Hy) T Gn(H) + 1)) ]m”l_l)
{As—my(Hy)} (1= 0)\ [ms(Hs, 1)8ms(Hy) + mg(Hs,0){1 — ms(Hs) } B
- (S (H»H 5,(H,) + 1 -, (H,) 1=

-1
By multiplying [dQS(( 5; di)s} to the last expression, we finally obtain an equivalent form of

the efficient influence function for y;(6) as

Lo ({As—mg(Hy) Y (1 —6) ) [ms(Hy, 1)87s(Hs) +mg(Hs,0){1 — my(Hy) }
%1 fl

OAs+ 1 — Ay oms(Hy) + 1 — my(Hy)
ISI OAr+1—Ag .ﬂ(Rk+1—1 —I—ﬁ O0A;+1—Ag ‘H(RS-HZI)Y
67rk Hk +1-— nk(Hk) wk(HkaAk 67[5 ) +1- (Hs) wS(HS7AS) '

—y:(8).

} oy(Hy, Ay)
s=0




A.4 Technical Results and Proofs 111

A.4.3 Sequential regression formulation

The efficient influence function derived in the previous subsection involves pseudo-
regression functions m, whose estimation in general might involve complicated conditional
density estimation. However, as pointed out by Kennedy [67], one efficient strategy is to
formulate a series of sequential regressions for my, as described in the subsequent remark in
more detail.

Remark 5. From the definition of my, it immediately follows that
mg :/ ms+1dQs+l(as+1 | hs+1:Rs+1 = l)dP(xs+l|hSaas:Rs+l = 1)
L X

Hence, we can find equivalent form of the functions mg(+) in Theorem 2.4.1 as the following

recursive regression:

ms(H57AS7Rs+1 = 1)

M1 (Hs+17as+171)67ts+1 (Hs—H) + {1 — M1 (Hs+1707 1)}{1 — Ts+1 (Hs+l)}

=K
57rs+l (Hs-i-l) +1- Ts+1 (Hs+l>

HS7ASaRS+1 == 1]

fors=1,....,t — 1, where we use shorthand notation mg, | (Hgy1,as:1,1) =mgi 1 (Hsy1,A541 =
as+laRt+2 = 1) and mS(HS7AS7 1) = .u(Hs:AsaRerl = 1)

Above sequential regression form is very practically useful when we estimate m, since it
allows us to bypass all the conditional density estimations and instead use regression methods

that are more readily available in statistical software.

Ad44 ElFfor7T =1

In the next corollary we provide the efficient influence function for the incremental effect

in a single timepoint study (7' = 1) whose identifying expression is given in Corollary 2.3.1.

Corollary A.4.1. When T = 1, the efficient influence function for w(8) in Corollary 2.3.1 is
given by

On(1|X)91.r=1(2) + m(O0X)Pop=1(2) | S{p(X,1,1) — u(X,0,1)} (A —=(1]X))

1(R=1) 5 7(11X) 1 7(0.X) {87(1X) +m(0]X)}>
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where
ux,a,1)=E(Y |X=x,A=a,R=1),
w(alX)=dP(A=a|X =x),

and 1(A=a)l(R=1)

m(alX)o(X,a)

Gar=1(Z) = {Y—uX,a,1)}+uX,a,l)

which is the uncentered efficient influence function for E[u(X,a,1)].

The efficient influence function for the point exposure case has a simpler and more
intuitive form. In fact, as stated in Corollary A.4.1, it is a weighted average of the two efficient
influence functions ¢o g—1, 1 r—1, plus a contribution term due to unknown propensity scores.
An existence of the indicator function 1 (R = 1) proceeds from a likelihood of potential
dropouts, and it implies that if a dropout occurs the outcome would not be available and

consequently a contribution from the subject would not be taken into account.

A.4.5 Proof of Theorem 2.6.1

First we find an alternative form of the variance of each estimator, which eventually
comes in handy for our proof. To this end, let l/A/C.ipW (ET) denote the standard IPW estimator

of a classical deterministic intervention effect £ [Y “'T] under i.i.d assumption, i.e.

(@) =] (Mot )y

t=1

Hence I/A/c‘,-pw (T) is equivalent to Y, in the main text. Now by definition we have

— T =d, L (=d; :
Var(‘lA/c.ipW(a/T)) - E{ (H %) Yz} - {E H%Y] }

=1
= Vc.ipw.l (?T) - Vc.ipw.Z (JT)

where Ve o1 (a'7) and Vc.ipw.2<gT) are simply the first and second term in the first line of
the expansion respectively.
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By the same procedure to derive g-formula [108] it is easy to see

T _
Vc.ipw.l (ET) =E {H (%> Y2}

t=1
T — —
> T _ 7 dIP(X, |Xz—1 Ar :a/t—l)
= [ E[Y*|X,A =d ’
/y XA = a1 7; (| Hy )

=1

where 2" = 21 x --- x Z7. Above result simply follows by iterative expectation condition-
ing on X, and then another iterative expectation conditioning on H, followed by the fact that
E [ﬂ A’_a’ |Ht} 1 for all z. We repeat this process T times, starting from r = T all the way
through t =1.

Likewise, for Y, we have

R T 5At+1_Af ’
Var(l//,-nc)=E{H<5n,(H,)+1—m(Ht)) } {

= Vinc.l - Vinc.Z

2
T ( SA,+1—A, )
[1 Y
=1 571'[ Hl —i—l—n}(H,)

For the first term V. 1, observe that
L SA +1—A, )2 )
E Y
{E <67r,(H,) +1—m(Hy)
(= SA+1-4,  \*_ [ SAr+1—Ap 2
=k E Y2|H
{E (6ﬂt(Hl)+1—7Tt(Ht)) _(57TT(HT)+1—7IT(HT)) r
(= SA +1 -4 )2 [ 5212
=k E Hy,Ar = 1| mp(H
{E(5ﬂt(Ht)+1—ﬂt(Ht) | (87 (Hr) +1—7r(Hr))? AT r(Hr)
(= SA +1—A, )2 2
+E E
{11:11 (57Tt(Ht)+1—7Tz(Hz) (Smr+ 1 —7mr)?

where we apply the law of total expectation in the first equality and the law of total probability

HT,AT = O] (1 — ET(HT))}

in the second.
After repeating the same process for T — 1 times, fort =T — 1,..., 1, we obtain 27 terms
in the end where each of which corresponds to distinct treatment sequence A7 = ar. Hence,
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we eventually have

Lo 1(a,=1)8°m(H)+ 1 (a, = 0) {1 — m(H,
Vie1= L /E[Y”HT’AT:“T}H ( )(67;,((&)):1(_7:,@3){)2 )

ar EET =1

X dP(X; | Xi—1,Ai-1 = a—1).

Recall that we assume 7;(H;) = p for all ¢ as stated in Theorem 2.6.1. Hence we can
write m(a; | H;) as m(a;) = 1(a; = 1) p+1(a; =0) {1 — p}.

Next we notice that to compute the upper bound of RE (We.ipw (ar), Yine) = 57 Vine1=Vine

c.ipw.1 (aT) 7Vc.ipw.2 (ET)

for always-treated unit (i.e. @7 = 1) it suffices to compute the quantity

Vinc.l
Vc.ipw.l (1) - Vc.ipwl(l)

since 0 < V.2 < Vi1 by Jensen’s inequality.
On the other hand, we have

_ _ - dP(X, | X,_1,A_1 =d's_ T\ 2
Vc.ipw.l(l)_vc.ipw.2(1>:/%E[YZ|XT7AT:a/T]H i | X, lpl 1 d 1)—<E[Y1]>
=

=(3) =007 Gy

, and under the given boundedness assumption we see the ratio of the second term to the first

~

term becomes quickly (at least exponentially) negligible as ¢ increases. Hence we can write

IR T P 1.4
Vc.ipw.l(l) _Vc.ipw.z(l) Vc.ipw,l(l) (1/p)TE {<Y1> 2}

—

for some constant ¢ such that — = 1 < ¢. Note that

1=Veipua (D Veipur (D) | ([T] )2 JE {(YT)Z}

in our setting in which we have an infinitely large value of 7', ¢ can be almost any constant

greater than one.
Putting above ingredients together, for sufficiently large ¢ it follows that

Vine. aulld )2

RE<Ac.i W(T)a Ainc) < 1+
Ye.ip % (1/p)E [(YIY]

N Vc.ipw.] (T)

Y
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where we have

Vinc.l . W(T)VC~iPW~1 (T) + Zaﬁgf W(aT; 67p)Vrc.ipw.1 (aT)

Vc.ipw.l(T) Vc.ipw.l(l)

2]
E <Y1>
where the first equality follows by the fact that Vi,1 =Y, 7. w(ar;0,p)Veipw1(ar)
derived in the proof of the first part, the second equality by the fact that V. ;,,.1(ar) =
-, % (la,) E [(Yz)ar} , the first inequality by definition of w(ar; 8, p) and the given bound-

edness assumption, and the last equality by binomial theorem. Therefore we obtain the upper
bound as

oGm0, < (e ()
(

EKYlﬂ { (6p+1—p)?



116 Supplementary Materials for Chapter 2

Next for the lower bound, first we note that

2
T 6At+1—A,>
Vinc. = ]E = . 1 Y
z { [g(5p+1_p

:{ ) /%E[Y]HT,AT:aT] <ﬁﬂ<ar=1)5p+ﬂ(at:0)(1_p))

ar EQT

2
x dP(X; | )_(lflaztfl = azl)}

Sbi Z ﬁ(l(at:1>5P+ﬂ(at:0)(1_l7)>

ETEETI‘ZI 6p+1_p
_p(dprl=n\T

where the first equality follows by definition, the second equality by exactly same process

used to find the expression for V;,. 1, the first inequality by the boundedness assumption, and
the third equality by binomial theorem.

However, we already know that

Veipwt (1) = Veipwa (1) < Veipui (1) = <1> TIE {(yl) 2] .

Hence putting these together we conclude

R o Vine1 — Vinen
RE(Veipy (1), Wine) = 1
c.ipw tne Veipw1(1) — Vc.ipw.Z(l)
> Vine by
Vc.ipw.l<1)

T
by 52p2+p(1—p)} b g

:EKY‘ﬂ { (6p+1—p)? ]E{(Ylﬂp :

At this point, we obtain upper and lower bound for RE (W ipw (1), Winc), which yields the
result of part ii) having Cr = by

2]
E {(Yl) }
Proof for the case of a’'r = 0 (never-treated unit) is based on the almost same steps as

- T T
the case of @’ = 1 except for the rearragement of terms due to replacing ( ) by ( 1 >

1 1
p I—p
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and so on. In fact, due to the generality of our proof structure, the exact same logic used for

We.ipw(1) also applies to Y, i (0) (and W, ipw(a'r) for Va'r € o/7). We present the result
without the proof as below.

62 . _ 2T —~ — o~
Cy { p%p i)lt(;)z 2 } —(1=p)" | <RE(Ye.ipw(0), Yine)
i 52 I— 1— Al
< CTC (T;P) { p(<3p +p)1+_(p)2 p) }
where we define C}, = b—ga and '(T;p) = | 1+ C<E {YT])

EG

A.4.6 Proof of Corollary 2.6.1
Now we provide following Lemma A.4.7 which becomes a key to prove Corollary 2.6.1.

Lemma A.4.7. Assume that m,(H;) = p for all 1 <t < T for 0 < p < 1. Then we have
Jfollowing variance decomposition :

Var(‘//;inc) =Var Z V W(aT;67p) ll/;c.ipw(aT)

ar GET

where for Var € o/t the weight w is defined by

_ ymla){1(a=1)8p+1(a=0)(1-p)}
w(ar;d,p) = ,[{ (5m (H) +1—m(H,))? ‘
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Proof. From the last display for V;,. 1, we have that

Vinc.l
T m(a) (]l(at:1)52p—|—]l(a,:O){1—p})
= Z /E[YZ‘H%AT:“T]H t 2
o Pl (6p+1-p)
Xt|Xl 17At 1 =a;— 1)
XH 7'[,((1;)

L dP(X, | X, 1,Ar—1 = Gy_1)
B o ’ o t t—1,3¢—1 1—1
= Z w(aT,&P)/&VE[Y |HT’AT_GT}H o (ay)

ar GgT . =1

— Z w(ar;0,p)Veipw1(ar)

ar GQT

m(ar) (1(a=1)8%p+1(a=0){1-p})
(87 (Hy)+1—m; (Hy))? )

where we let weight w(ar; 8, p) denote the product term [T,

(o= ]}
2
el ()

= Y vVie2@Ariar)+ Y viea(Ariar)vine2(Arid'r)

ETGJZ{T a 7“75617‘

Next, we observe that

Vinc.Z - {E
t

t

—~ I~

I
NN —_

where we have decomposed V. > into 2T % 2T terms by defining Vinc.2(ZT;ET) by

L (81(a;=1)+1(aq; =0) B
tI:I( Sp+1—p )IL(At—at)’Y].

Vine2(Ar;ar) =E

Then for fixed ar it is straightforward to see that
- 2
vieo(Arsar) g ﬁ {61(a,=1)+1(a, =0)} 1(A, = &) Y
w(ar;6,p) =1 V7(a) (L(a, =1)8%p+1(a, =0){1—p})

_ {IE tI:Z[l( (A _at)> Y] }2 = Veipwa(ar)
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Now putting this together, we obtain

Vinc.l - Vinc.Z

= Y w@r:8,p) {Veipwi(@r) = Veipw2(@r)} — Y, vine2(Ar:ar)vine2(Arid'r)
ETEET JT#ET

= Y w(ar:8,p)\Var(Weipw(ar)) — Y. Vine2(Ar;@r)vine2(Ar;a'r).
ETEET JT#ET

However, from the second term in the last display one could notice that

(1(*5) = |1 (%)

=1
= —COV({I}C,ipw (aT)7 fl\’c.ipw (a/T))

Vine2(Ar;ar)Vine 2 (Ar3d'r)

\/w@r:8.p)w(@r:8.p)

=FE E

where the last equality follows by the fact that

]E{ﬁ (%) ﬁ (1(‘:(—;)“;)) YZ} =0 for Vd'r #ar.

=1 t=1

Hence finally we conclude that

Var(‘l/}inc) = Vinc.l - Vinc.Z
= Z W(aT;ayp)Var({l}c.ipw(aT))

ar GET

+ Z \/W(aT;6ap)W(ET;aap)cov(ll/}c.ipw(aT)v l//}c.ipw(ET»

ar ,ET EQT
dr#ar

= Z \/W(ET§57P)W(JT;57P)C0V(fl\’c.ipw(aT>7 l/l\/c.ipw(ET))-

ar ,;T GET

]

In Lemma A.4.7 it should be noticed that the weight w(ar;0,p) exponentially and

monotonically decays to zero for Var € /.



120 Supplementary Materials for Chapter 2

Now we show that there always exists T, such that Var(Wi,c) < Var(Ye.ipw (1)) for all
T > Tpin. Let 1 =[1,...,1]. From Lemma A .4.7 it follows that

Var(fI}inc) - Var“’/}c.ipw(i))
= Y w(ar:8,p)Var(Weipw(ar)) — Var(We.ipw(1))

ﬁTGQT
+ Z \/W(aT;(S»p)W(C?T;aap)cov({liaipw(aT)»‘//}c.ipw(gT))
ETLETegT
a'r#ar

B L om(a){1(a=1)8p+1(a,=0)(1-p)} (& 1 nar] 2112
-l 6p+1-p) (,Hlm(a;)E[(Y) |-l D)

() R[] GI - £ Ve monel el

ar.dredr
d'r#ar
T ar = 52 az 1
k(e (Y. o)
- Y \/waT,5P) (d'7;68,p)E [YGT] [Ya/} Z w(ar:8.p) (E[r™])’
ardred €t
a'r#ar

T
B2 {52P+1—Pr_ Ci/T
“1L(6p+1-p)? p

_ Z \/W(ET;S,p)W(JT;&P)E [YET]E[YJT} + (E [Ylbz

ET,ETGET
T
62p+1—p:|T CI/T
_ppd | 0Pt () 45, p)+B
! [(5p+1—p)2 p (9:)

-\ 2
E|(r! ~
_b%_}aA(S;p):Zar,a’T@sz\/W(aT;57p)W(a/T;6’p) b b

where c; =

(=)’

by

,and B =

. The inequality comes from the boundedness condition. It can be immediately

noted that c}/ T 5lasT 5o very quickly and monotonically. Also we note |[A(J,p)| <1
and 0 <B<1.
2
For 6 > 1, (g;fﬁ < %. Hence based on above observation, it follows that for suf-
ficiently large T the last display is strictly less than zero. Consequently we conclude
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Var(Yine) — Var(Ye.ipw(1)) < 0 for all T > T, which is the result of part i). Likewise, we
have the same conclusion for 07 = [0, ...,0] such that Var(W.) — Var(We.ipw(0r)) < 0.

The value of T,,;, is determined by &, p, and distribution of counterfactual outcome Y7,
One rough upper bound of such 7,,;, is

. Fp+1-p1
mln{T{m} —p—T+2<O

which could be obtained by the last display above and is always finite due to the fact ¢y > 0

by given assumption in the theorem. 7;,;, should not be very large for moderately large

1 [ 82p+1—p
(

T
value of & unless ¢ is unreasonably small since the difference o7~ | 8p +1—p)2] also grows

exponentially.

A.4.7 Proof of Theorem 2.5.1

First we need to define the following notations:

If|2,2= sup |f(8,1)]
€D e T

~

¥(8,1) =vn{wi(8) — yi(8)}/5(8,1)
F(8.1) =V/n{Wi(8) — vi(8)} /0 (8.1)
¥(8:1) = Gu{@(2Z:m,6,0)}

where we let 7 = {1,...,T}, let G, denote the empirical process on the full sample as usual,
and let (Z;n,6,t) ={9(Z;n,6,t) —y(t;6)}/0(5;r) and let G be a mean-zero Gaussian
process with covariance E[G(0;;11)G(62:1)] =E[@(Z;n,61,11)9(Z;n, 6,12)] as defined
in Theorem 2.5.1 in the main text.

The proof consists of two parts; in the first part we will show ¥,(-) ~» G(-) in [*(Z2,.7)
and in the second we will show H'IA’n — ¥, |9,.9=o0p(1).

Part 1. A proof of the first statement immediately follows from the proof of Theorem
3 in Kennedy [67]. He showed the function class .%3 = {@(;1,0) : § € Z} is Lipschitz
and thus has a finite bracketing integral for any fixed set of nuisance functions, and then
applied Theorem 2.5.6 in Van Der Vaart and Wellner [142]. In our case, the function class
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Fi={0(;N,0,t):0 € P,t < T} is still Lipschitz, since for Vz € {1,...,T} we have

2 [fesatna-a) 1]

6(1["—1—(1[ _61 4_612
d [my(hy,1,1)0m (he) + my(h,0,1){1 — ()} 2C
il ) <=
’93{ 570, (h) + 1 — () olhar) || < 5
i|i Sat"—l—a[ ] 1 1 1
85 87[[(]’1[) + 1 — TC[(I’Z[) (l)t(h[,a[) Cw612

where we use assumption 1) and 2) in the Theorem, and the identification assumption (A3)
that there exist a constant ¢ such that 0 < @ (h,a;) < ¢ < 1 and thus m < % a.e.
[P]. Therefore, every ¢(-;1,d,t) is basically a finite sum of products of Lipschitz functions
with bounded Z and we conclude .74 is Lipschitz.

Hence our function class still has a finite bracketing integral for fixed 1) and ¢, which
concludes the first statement is true.

Part 2. Let N = n/K be the sample size in any group k = 1,...,K, and denote the
empirical process over group k units by GK =y/N(PX —P). From the result of Part 1 and the

proof of Theorem 3 in Kennedy [67] we have

- K
:Kc;/(;,t le—Gk{fpzn 5 0,1) — (Zn5l}+JP’{(pZn 0 0,1) — (Zn5l)}
=B,1(0:1) B, 2(6;t).

Now we analyze the above two pieces B, 1(0;¢) and B, »(8;t). Showing B, 1(6;t) =
op(1) follows the exact same steps done by Kennedy [67]. However, analysis on B, »(8;¢) is
largely different.

To analyze B, »(0;t), we follow the same notation with that of Kennedy [67]. First let
y(P; Q) denote the mean outcome under intervention Q for a population corresponding
to observed data distribution P. Next, let denote ¢*(z;1,t) its centered efficient influence
function when Q does not depend on P, as given in Lemma A.4.4 and let denote {*(z;1n,¢)
the contribution to the efficient influence function ¢*(z;M,7) due to estimating Q when it
depends on P, as given in Lemma A.4.5. Now by definition,

¢(Z:n,8,0) = 0" (Z;n,1) + w(P;:0) + §*(Z:m.1),
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and thereby after some rearrangement we obtain

TeBal8:0) = P{o(ZiM.5.0) — 9(Zi.5.1)}
= [ ¢ @B + y(F:D) - v(:D)
+ [ £ EOdRE) + y(B:D) - y(B:0).

Although one can relate 7 to ) in above equation, it can be anything associated with new
P and Q.

Hence, by analyzing the second order remainder terms of von Mises expansion for
the efficient influence functions given in Lemma A.4.4 and A.4.5, we can evaluate the
convergence rate of B,,(0;t). The following two lemmas analyze those second order

remainder terms in the presence of censoring process.

Lemma A.4.8. Let y(P; Q) be a mean outcome under intervention Q for a for a population
corresponding to observed data distribution P, and let ¢*(z;M,t) denote its efficient influence
Junction when Q does not depend on P for given t, as given in Lemma A.4.4. For another
data distribution P, let ] denote the corresponding nuisance functions. Then we have von

Mises type expansion

v(P:0) - y(P;0) = / ¢*(z:7,1)dP(z)
B o (o) () (211 (222)

t=1s5=1
2 1 =\ s—1
dws_dws dn’rda)r
- d0,dp, | (£ 49 7 4o
LY i (HQ )( o) ()

where we define

m = /%+1er+1sz+1, m; :/mtﬂthHdIP’tH,

dQl th(A[ |H[) dﬂl d]P(A[ |Hl‘) dIPJt dIP(X[ ‘H; laAl‘ ])

dwy=dP(Ry =1 |Hy, A, Ry=1),  day=dP(Ry | =1|HA;,Ry=1).
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Proof. From Lemma A.4.4, we have

E{g" () - ¥ { (/mmdeH ‘mf> (ke = D] (Z’% dlws) }

t=0 s=0

L (dQs 1)
=Y EqE /m dQii1—m; | 1(Riy1 = 1)1(R, =1 = — | |H, AR
Y { e R § (= |
—iE E /m dQi1 —m IL(R—l)fI 9O LN AR =R =1
_l:O t+1 t+1 t t — 14 dﬁs d@s ty A, Ny — Ly N\g 1 —

X d]P)(Rt+1 - 1 |Ht7Al‘7Rl‘ — 1)}

_ _ B L (dOs 1
E{ (//mt+lth+1dPt+l _mt> 1L(R, = l)dszIJO (a’ﬁs d@s) }
o o (d, 1
E{(mt —mt)dwt]l(R[ = I)SIZOI (dﬁs dws) }

/(m*—n_1)d 11{(%% L) inapao
A t (DtS:O A7, d, sGI st W1

where the first equality follows by the definition and linearity of expectation, the second by

I
MN

N
Il
o

I
MN

N
Il
o

I
MN

i
S

iterated expectation and the equivalence between 1(R;; = 1) and 1(R,,; = 1,R; = 1) 2, the
third by the law of total probability on conditional expectation 3, the fourth by the result of
Lemma A.4.1 (i.e. dP;y = dP(X;+1 | H;,Ar,R;+1 = 1)) and by the definition, and the fifth
simply by definition. To obtain the last equality, we first apply iterated expectation condi-
tioning on (Hy, R;), then do another iterated expectation conditioning on (H;_1,A;—1,R;—1)
followed by same steps from the second, the third and the fourth equalities, and repeat these

processes fort —2,..., 1.

2For Vt the event {R, = 1} implies {R; = 1 for all s < ¢} by construction.
3For random variable X, Y, Z, it follows E[X|Y] = Y. E[X|V,Z = |P(Z = £|Y).
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From the last expression, now we have
dQs d oy
— dn,dP
tZO/ ) {(dns da)s) s }
dﬂ:t da), dQS dws
= —y) — —dQ,dP
,Zg)/ ™) i da, Y tH{(d_ d_> }
d d
_Z/ £, ( T — ﬂt) dQ,dIP’, { )d d[[bs}
= dam,

+Z/ - d_dQ,d]P,H{(lesdws)d }
(

! dm, —dm; Qs da
= — —d cﬂP’ dn.dP
; i ( dm, ) o 0 (d_ dws) & s}

dO, dw
d% d_s) dnSdIP’s}

! dw, —doy;
+Z/ - ( . )dQ,d]P’, {
+Z / T thdIP’,H{(Zgj Zﬁ’i )dﬂsdIPs}+(m8—m0)

, where all the algebras are basically adding and subtracting the same term after some

rearrangement. Note that we use the convention from earlier lemmas that all the quantities
with negative times such as dQ_ are set to one. If we repeat above process ¢ times we obtain
the following identity.

dQy d g
;6 / {( 7. do. )djtsdIP’s}

:Zg/< — (Herd]P’) (d”sd d”s) o)

t=1s

Lo (fee) () 1

t
t=1 r=1
t

+IZ / (m; —m;) (IjldQsdIP’S> + (g — o)

: |

do, do,
{ (di d—,) dﬂrdp,}

dQ, dw,
P
(a’ﬁr d6r> drd }

/—/H

=1

However, by last part of Lemma 5 in Kennedy [67] we have

! t
> / (m; ;) (HdQsdIP’s> = mo — mj.
t=1 s=1
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Putting all these together, after some rearranging finally we have
E{o™(Z:m)} = mo —mo

Lo *  — ! dn’s—dﬁs dCOs s=1 dﬂ:r d(l)r
+Z Z/(mt _mt) (I—[lerd]P)r> ( 7 ) (d@s) 1—11 (dﬁr d@r)

t=1s=1

! ! ! da)s_dws S—l djtr da)r
[ — 1M dQ,dP —_—
+ Z Z /(mt mt) (rI:[l Or r) ( 4@, )r_l a7, d6r>

t=1s=1

, which yields the formula we have in Lemma A .4.8. [

Lemma A.4.9. Let {*(z;M,t) denote the contribution to the efficient influence function
0*(z;M,t) due to dependence between P and Q as given in Lemma A.4.5. Then for two
different intervention distributions Q and Q whose corresponding densities are dQ; and d@,
respectively with respect to some dominating measure fort = 1,...,t, we have von Mises type

expansion
V0~ w(B:0) = [ (@ M.0dP()

t t—1 N
_ dg, 1
+Y / ,dm; (m; —my)dvdP | | ( o4 )dzrsdIPsdcos
t=1 s=0

dTs dog

t t t—1 = s—1
—_ — djrs _djrs dws djrr dwr
+Z Z/‘P;dﬂtmthsz <r|_0| erd]P)r) ( 7. ) (d63> I I (d_ﬁ,dwr)

t=1s=1 r=1

rot —1 — s—1
— — do;—do drm, do,
+Z Z/‘l)tdﬂtmtd\/dﬂ)z <|_0| erd]P)r> (ZITSS> I I <dﬁ: d@;)

t=1s=1 r=1

t t—1
+Y / m; (dQ; —dQ; — ¢,dmdv) dP, (H d@sdIP’s>
t=1 s=0

where we define all the notation in the same way in Lemma A.4.8.

Proof. From Lemma 6 in Kennedy [67] and by Lemma A.4.1, we have

T T
W(P;@) - W(P§Q) = /mT (Hdézdpt - Hszd]Pz>
t=1 t=1

t—1

- Z /mf (dét _th) d]P)szésdIP’s.
1=1 s=0
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Next, for the expected contribution to the influence function due to estimating Q when it
depends on [P, we have that

t— ld 1
Z/%m,dv( d% TG ) 1(R, = 1)]
. B r—1 dQs 1 B B
/ ¢, dmim,dv (S]_]O 7. d@) 1(R, = 1)L(R;_1 = 1)]
. t—1 d_ 1
E{ / o, dmm,dvdP; (H d% = ) 1R =1)
do, 1
E{ / q)tdn,m,dvdIP’,H ( d% = )da),_lﬂ(R,_l = 1)}

dQ 1
d dvdP s dr,dP,do.
/ ¢t Ty zl—!) < A7, d@) TTs s

E[¢"

t

=) E

N
Il
—_

dIP)(R, =1 |Ht—17At—17Rt—1 = 1)

|
MN

N
Il
—_

I
MN

N
Il
—_

I
™~

where the first equality by definition, the second by iterated expectation conditioning on
(Hy,R;) and equivalence between 1(R, = 1)1(R,—; = 1) and 1(R, = 1), the third by iterated
expectation conditioning on (H;_1,A,_1,R,;_1) and law of total probability, and the fifth by
repeating the process 7' times. Details follow almost the same logic as in Lemma A.4.8.

Now, we further expand our last expression as

1
Z / ¢,dmmdvdP, H (dQY ) dmsdPyd

do, 1
- Z / 81 (1, —mp)dvdE, [ | < o )dﬂsd]P’ da,
S=

drn, do,

dQ, 1
+Z / ¢td7rtmtdvdIP’,H( o )dnsdIP’sdws

S

Lo do, 1
= d )dvdP s dr,dP.d
;—Z] / ¢t ﬂt mt \% tH < d_s d53> Tl sd (O

I - dm, — dT, — (dm, do,
+;Z / ¢ dmymdvdP, <HdQ,dIP’,)( o )( ) <dn,dw,>

r=1

VR X [Sammavar ([laoar,) (1) T (42 o)

t=1s=1 r=1

+ Z / 0, dmmdvdP, (Hdgsd]ps>
=1 s=0

:1
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where the first equality follows by adding and subtracting the second term, an the second by
the same steps used in Lemma A.4.8.

With the last term in the last expression above, it follows
. t o t—1 .
w(P;0) - ¥(F:0) - Y. [ dmmavap, | []d0.aP,
t=1 s=0

t -1
=Y / m; (dQ, —dQ; — ¢,dmdv) dP, (H dQsd]P>5> .
t=1 s=0
Putting these all together, finally we have
¥(P;0) —¥(P: Q) =E["(Z:7)]

1 t—1 N
_ dQ, 1
+) / ¢, dm; (m; —m;)dvdP, [ | ( QS—) dm,dPyd oy
=1

rot —1 = s—1
- — djrs_dns da)s dﬂr da)r
P P, — — —
L Z/‘P;dﬂtmtd\’d t (rl—!)erd ) ( ds ) (dw5> rIJI <d7trdwr>

t=1s=1

Sy i 0. — s—1
+Y Y [Sdmmavap, (H d@,dIPr> (M) 1l (dn, dwr)
r=0

=1s=1 d; S \dw.-do,

t t—1
+3) / m; (dQ; —dQ; — ¢, dmdVv) dP; (H d@ﬂ&)
=1 s=0

which is the result of the lemma. ]

Finally, the next Lemma concludes the proof of the second statement and thus completes
the proof of the Theorem 2.5.1. In fact, it is this lemma that substantiates why having all
nuisance functions estimated at rate of n~'/4 can be one sufficient condition.

Lemma A.4.10. Remainders of the von Mises expansion from Lemma A.4.8 and A.4.9 are
both diminishing at rate of n=z uniformly in 8, if

—~ ~ _ _ 1
sup|lms, —mgs, | + | m—m ]) <]7r —T||+ | oy — @ H):O]}D(-),
-t -1 1n-sisa-)m

forVs <t <T.
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Proof. The remainder term of the Von Mises type expansion from Lemma A.4.8 equals

! ! dn, —d7 do,\ =L [ dn, do,
_mt erd]Pr < S_ S)( _s) ( fid _)
,_215_2’1/ (rl;ll > dmy doy rI;Il dm, do,
L ! do,—do,\ =L [ dn, do,
+ /(m*—m,) dQ,dP, (—_ ) (_ _)
Z; ! (rl;ll do, LII dT, do,
t dn, — d7 do,\ =L (dn, de
— i1 )d Qs 1 dP _m } .dP, s s s rad
1/{m’+1 e1)dQu 1B + (i ) (I;I ¢ )( a7, )(dws [ 7 75
do,d

d
1
iZ/ IOy rdPosy + (i, )} IL[ P (dms—dws>ﬁ<dn,dm,>
mt+1 ny41 1411 ny raly re— — ——
r=1 d(l)s r=1 dn’rdwr

t=1s=1

~

1

(1 =mes [+ = | ) Y (2=l | o~ @)
1 s=1

MN

S

N
I

where we obtain the first inequality simply by adding and subtracting m;.
For the remainder term from Lemma A.4.9, first note that by Lemma A.4.1 the following

results stated in Kennedy [67] also holds for our case:

(24, — 1)(m — 7))
/¢tdt— e

56 —1)(2a; — 1) (7 — my)?
(67 +1—-m)2(6m+1—m)

d0, —dQ, — / B,dm, =

where we additionally condition R; = 1 for m;, 7T; in our case. Hence, it immediately

follows that the remainder from Lemma A.4.9 is

d 1
/(P dﬂ«’[ m, ny dVdPlH (dgs da ) dﬂ:sdPsd(Ds

dﬁs - dﬂs da)s S71 dﬂr dwr
dmm;dvdP dQ,.dP
+Z Z/(p T dvals, (H Qr ) ( AT, > (d@) ’IJ] a7, do,

t=1s5=1

do, —do,\ =} [ dn, do,
) Z/ Prdmmavals (HdQ’dP> ( i ) I (d;r dgr)

t=1s5=1 r=1

+ Z / m; (dQ, —dQ, — ¢,dmdv) dP; (H d@sdIP’s)
t=1 s=0
1 1
Z 7, {m,—m,|+Z(|7£S—ﬁs|]+|a)s—ws||>+|7r,—ﬁ,|}.

s=1
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Therefore, supported by the condition 4) in Theorem 2.5.1, if we have

~ ~ _ _ 1
(suplms, i, | 17~ 1) (17~ 7+ 0~ ) =oo(12),

09

for Vs <t <t, both of the remainders from Lemma A.4.8 and A.4.9 are diminishing at rate
of n=z uniformly in J. O

A.4.8 Rationality of using multiplier bootstrap from [67]
As in the proof of Theorem 2.5.1, we let

Proof.

|f|2,7= sup [f(,1)]
€D teT

and define the processes
W(8,1) =V/n{Wi(8) — vi(8)}/5(8.1)

By (8,1) = G e{@(Z: 1 _5,8,1) — ¥(8)}/5(8.1)]
¥, (8,1) =G le{o(Z:n,8,0) —w(1;6)}/0(8,1)]

where we let the star superscripts denote multiplier bootstrap processes defined in The-
orem 4 of Kennedy [67] and let G be a mean-zero Gaussian process with covariance
E[G(61;1)G(6;1)] = E[@(Z;m,81,t1)9(Z;M,02,12)] as defined in Theorem 2.5.1 in the
main text.

From above setup and the result of Theorem 2.5.1 it only requires to show
P(1 819,75 ca) ~P (18 |o.7< 0a)| =o1),

since P <] ‘fﬁ |9.9< éa> = 1 — «a by definition. The proof is very straightforward since we
already have shown || 7 |9, 7= op(1) in the proof of Theorem 2.5.1, which implies that

‘| P | 2.9 — | ¥ |2, y‘ = op(1). Furthermore since we are adding only finite number of
discrete timepoints into the function class used in the proof of Theorem 4 in Kennedy [67],
Lemma 2.3. in Chernozhukov et al. [20] and Corollary 2.2 in Belloni et al. [9] are still valid
in our case and thereby the exact same argument used in the proof of Theorem 4 in Kennedy

[67] follows to conclude the above statement.
l
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B.1 Simulations: supplementary materials

Summary of variables

Variable labels in the following tables are exactly match with the one in the SEDA archive
at Stanford Center for Education Policy Analysis '. In the end, I have on average 1035
samples (the number of districts) each year. In the following tables, one can find list of
covariates (X) used in the simulation and also description of treatment (A) and outcome (Y)

variables.

Varies | Varies
Group Variable Labels by by
grade? | year?

fips, baplus_all, povertyb17_all,
singmom_all, snap_all, samehouse_all,
unemp_all, incb0all, giniall, No No
baplus_mal, baplus_fem, pov_mal,
pov_fem, teenbirth_all
Time-varying nsch, speced, tottch, aides,
Covariates diffstutch_hspwht, diffstutch_blkwht

Baseline
Covariates

No Yes

Table B.1 Summary of covariates

Thttps://cepa.stanford.edu/seda/papers
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Group Variable Labels Description
flunch_hsp Percent free lunch in average
Treatment (A - . .
(A4) , flunch_blk {Black, Hispanic} student’s school

Test score gaps between white and {Black, Hispanic}
students in English/Language Arts (ELA)
and Math standardized assessment outcomes
in grades 3 to 8. We render it binary by using
their average (i.e. 1 if > mean).

White.Black.ELA.Gap,
White.Hispanic.ELA.Gap,

White.Black.Math.Gap,
White.Hispanic.Math.Gap

Outcome (Y)

Table B.2 Summary of treatment and outcome

Additional results

For completeness of section 3.5.3, we attach additional simulation results for year 2010-
2012. Original data in SEDA ranges from 2009-2013, but we found that there are some
unusual outliers and a number of samples is particularly also very small for year 2013.
Hence we exclude year 2013 and conduct the same simulation with rest of the years. Here

Upp indicates estimated value of our proposed estimator (difference-in-distribution) for
observational study.

White-Black White-Hispanic
Estimator Math ELA Math ELA
Ui —0.057 (-0.098,-0.016) —0.041 (-0.075,—0.006) —0.041 (—0.087,0.006) —0.028 (—0.061,0.006)
(ﬁlpw —0.040 (-0.089,0.009) —0.032 (-0.055,—0.009) —0.032 (—0.065,0.002) —0.033 (-0.069,0.004)
UDR —0.053 (—0.064,—0.045)  —0.055 (-0.067,-0.041) —0.029 (-0.040,—0.019) —0.050 (-0.076,—0.025)
VDD 0.812 (0.768,0.856) 0.783 (0.740,0.822) 0.658 (0.620,0.695) 0.802 (0.775,0.830

Table B.3 Estimated causal effect of free lunch on test gaps in 2010 (with 95% CI)

White-Black White-Hispanic
Estimator Math ELA Math ELA
Ui —0.032 (-0.076,0012) —0.029 (-0.047,—0.010) —0.052 (-0.097,-0.007) —0.025 (—0.054,0.005)
(ﬁlpw —0.012 (-0.038,0.005) —0.019 (-0.039,0.002) —0.022 (-0.059,0.015) 0.011 (—0.025,0.048)
VDR —0.003 (-0.009,0.016) —0.060 (-0.070,—0.050) —0.036 (—0.049,—0.023)  0.038 (0.026,0.048)
VbD 0.752 (0.725,0.780) 0.538 (0.510,0.555) 0.702 (0.665,0.730) 0.359 (0.334,0.385)

Table B.4 Estimated causal effect of free lunch on test gaps in 2011 (with 95% CI)
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White-Black White-Hispanic
Estimator Math ELA Math ELA
Ui —0.039 (-0.087,0.016) —0.030 (-0.060,0.001) —0.046 (-0.077,-0.016) —0.039 (—0.072,—0.006)
qﬁlpw —0.037 (-0.091,0.018) —0.022 (-0.067,0.023) —0.019 (-0.055,0.035) 0.019 (-0.018,0.057)
WpRr —0.068 (-0.079,-0.057) —0.066 (—0.077,—0.056) —0.080 (-0.092,—0.069) 0.022 (—0.001,0.045)
VDD 0.798 (0.749,0.847) 0.723 (0.681,0.745) 0.658 (0.629,0.694) 0.746 (0.723,0.770)

Table B.5 Estimated causal effect of free lunch on test gaps in 2012 (with 95% CI)

B.2 Proofs

In every proof, all the constants are only defined locally unless a connection to the one in
the main paper is explicitly stated.

B.2.1 Proof of Proposition 3.3.1

Proof. We let Tj,,(Y) = 1K (M) as previously. Then

1(n, > 0)

ng

n
Elgy |Ai=a,Vi]=E Y Tiny(Y))1(Aj = a) | Aj=a, Vi

Jj=1

1 ¢ .
=— Y 1(A; =a)E[T;,(Y)) | Ai = a, Vi]
aj:1

1 e
=— Y E[T,,(Y)) |Aj =d
na j:1

I &
=—) Ell,(Y]) |Aj=ad]

_ ni Zl E[Ty,,(Y)] = B[, (Y*)],
a ]:

where the fourth and the fifth equalities follow by assumption (C1) and (C2) respectively. [

B.2.2 Proof of Lemma 3.3.1

Lemma B.2.1. Under the assumption (Al), (A2),

A CK, max
E[|gh(y) —qi(y)]] < —=2me

\/ mrahd’
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where Ck 4, is a constant depending only on || K||2 and gmax.

Proof. Recall that g7 (y) is defined by

Zlehy()( =a),
1 1(Ai = a)

4 (y) = L(ng >0)

where we let Tj, ,(Y) = hLdK (Hy ;j‘b) as previously. Then (¢4(y) — g¢(y))? is expanded as

i=a 2
10~ = (B L im0 i) )
Thy EONLA=a))? o
:( (A a) ) 1(na > 0) + ¢ ()*1(na = 0).

(B.1)

Consider the first term of (B.1). Conditioned on A =: A1, ...,A,, its expectation can be

expanded as

E

(Th7y( ) =g () LA =a)\’ P
( ( ) ) 1(n, >0) | A]

E [(er‘lzl(Thy(Yi) —q7(y)1(A; = a))2 | fq

- 5L 14 =a)) Hre=0)
B (T (Y) —q30))* | Ai=a] |
CLii=ap e ~
N Yit i B [(Thy(Yi) — g5 (0) Ty (Y)) — qi() 1(Ai = @) 1.(A; = a) | A] 1(ng > 0).
(X 1(Ai =a))?
(B.2)
Then it follows
E[(Thy(Y;) — g (3)* | Ai = a] = E [(Tyy(Y") — 4(»))?]
= Var(Th,(Y;)) < % (B.3)

where the first equality follows by (C1) and (C2) and the last inequality by Proposition 1.1 of
[131].
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Similarly, for any i # j, we have

E [(Thy (¥) = ¢505)) (Thy ()~ 4h0)) 1A = @)L(A; = @) | ] = E [(Thy () = g50)) (T (V) —440)) |
= E [(Thy (1) = g0)) (Thy () ~ 5]
—0, (B.4)

where the last equality follows by the identity E[7}, ,(Y?)] = g4 (y). Hence applying (B.3)
and (B.4) to (B.2) gives

(z, JURERNICY >)21<na>o>|fi

E 1]1(A a)

n 6]max||KH2 I[(A a)

i=1 hd

- (XL 1(Ai=a))?
:ClmaXHKH% 1(ng, > 0)

1(n, > 0)

1 A —a) (B.5)
Now, by the law of total expectation we have
T 2
. (zl (T (1, )IH(A()iz)( >) H(WO)]
n N\ _ 44 L 2
- (Bt o)) 1<na>o>m”
QmaxHKH% { 1(n, > 0) 1
< E
- =1 L(Ai=a)
quaXHKH%
= fn+ i, B

where the last inequality follows by Lemma 4.1 from [? ]. Thus we have obtained the upper
bound for the first term of (B.1).
Next, the second term of (B.1) can be bounded simply as

2
E [4}()*1(na = 0)] = g(y)*P(na = 0) < (1— 7). (B.7)
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Finally, applying (B.6) and (B.7) to (B.1) gives L, (P) bound for §7(y) — ¢ (y) as

E[(#%0) - 4i0))’]
( i1 (Thy (Yi) — 45, (»)) L(Ai = a)
in1 1(Ai =a)

‘]maXHKH% 2 n
< 1—
K|}/ 2
comlK (2o )

< 3Qmax||K||%
nm,hd

=E +E [¢3(y)*1(ny = 0)]

>2]1(na > 0)

Applying Jensen’s inequality gives the bound for g4 (y) — ¢ (y) by

B10) - ai0)l) < /B [(@0) - 440)’]

where Ck 4,... = v/3¢max||K||2 is a constant depending only on ||K||> and gmax.

Lemma B.2.2.
CK7QmaX7D

/nm,hd 7

where Ck . is a constant depending only on || K||2, gmax, Aa(DD).

E[D(Q5. 0] <

Proof. Applying Lemma B.2.1 and Fubini Theorem gives

B (D(05.00)] = | [ d3(0) ~ gl
~ [ E04(0) - ¢50))| du
< 24(D)SupE I () — g ()]

uch
< CKﬂmaxA'd(D) o CKﬂmamD

/nmhd B \/mz,'ahd7

where Cx 4. D = Ck g Ad (D).

»dmax
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O
B.2.3 Proof of Theorem 3.3.1
Claim B.2.1. For distributions Q1, O, O3, Oy,
ID(Q1,02) —D(Q3,04)| < D(Q1,03) +D(Q2,04).
Proof. Since D is distance measure, by triangle inequality it follows
D(Q1,02) < D(Q1,03) +D(Q3,04) +D(Q4,02),
D(03,04) < D(Q3,01) +D(Q1,02) + D(Q2,04),
and consequently we obtain
ID(Q1,02) —D(Q3,04)| < D(Q1,03) + D(Q2,04).
O

Theorem B.2.1. Under the assumptions (Al) and (A2),

— 1 1
E|[D(0},-0%) —~D(@},: Oh)I] < Ck o +

\/nm hf \/nn'ohg

25 Qmax, 2’d(ID))’

where Ck . is a constant depending only on ||K
Proof. Applying Claim B.2.1 gives
ID(Q) Q) ) —D(Q4,, )| < D(Q} ,04,) +D(Q5) , i ).
Hence under (A1) and (A2), taking expectation and applying Lemma B.2.2 gives
E[|D(0},.0),) - D(0},.0},)I| <E|D(0},.0})] +E|D(0),.0f,)]

1 1
S CKﬂmamD +

\/nmh‘f \/nm)hg
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B.2.4 Proof of Theorem 3.3.2

Theorem B.2.2. Under the assumptions (Al) and (A2),

1 N —— —
Ey ‘N Y D((@})i-(0),)) ~E» | D(0}, 0] u
i=1
N
< CKﬂmamD Z 1 + 1 + O

NS \/ninl,ih(li \/”lin(),ihf)l VN

where C 4 1 is from Theorem B.2.1 and G5 = \/Varg» [D(Q}” , ng)] depends only on
.

Proof. First, note that (Q Q?) —E»[D(Q',0%)] can be expanded as

D((0},)i- (@)1 —E» [D(0},. 0]

=z -
Mz

I
—_

LS (Do), (o0 | Iy L0
:ﬁi;(D((Qm)iv(Qho)i)_D(Qthho >+ l;( (Qhy> Q) — [D(thQho)])'
(B.8)
For the first term of (B.8), by law of total expectation and Theorem B.2.1, we have
1 & —
N;( (Qh)in(2))) - D(Q,ﬁl,QZO))“
_ 1y ALY (00 ). 1 A0
~E |E| |3 X (D)) (09)) —D(0},. 0h)) | IP.....
i=1
<lys,e HD(@\)' (@) -Digl, 0| 7]
= Ni:1 hy /b hy/t hi = hg 1
N
CK,‘]mam]D) (B9)

\/nln-ll \/nlﬂOl
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For the second term of (B.8), Jensen inequality and applying Lemma B.2.4 gives the bound
as

1

LY. (p(0},.0) B [bi2}, 04 “

l:

L[l

\/ Var |D(0},. 0]
< N -

iy

==

N 2
r (p2},.00)~E» [D(0},. 0] ))

(B.10)

Hence applying (B.9) and (B.10) to (B.8) gives the bound for 1%727: lD((é}:),-, (62\0)1) —
E» [D(Q}ZI,QQO)] as

1 N — —
N Z‘D((Q’l“)i’ (Qn)i) —Ez [D(Q},lano)} “

N
<Ex ﬁ;< Qh, i Qho i) = D<Q’111’Q20)>u
i opaa)]
< CK gmax,D IZV" 1 + ! + °7

A= \/niﬂl,ih‘f \/niﬂfo,ihg VN

where 6 = \/Vai’y [D(Q}H:ng)} :

B.2.5 Proof of Theorem 3.3.3

Part A: Lemmas on robustness to model misspecification and sample splitting
First we prove following two lemmas that come in handy for rest of the proof.

Lemma B.2.3. (Robustness to model misspecification) As in assumption (Bl), let T, and
1L, denote fixed functions to which T, and 1, asymptotically converge in the sense that

|7ta — %ol = op(1) and ||u® — @®|| = op(1), where T, and [, are not necessarily true



140 Supplementary Materials for Chapter 3

functions 7, and . Also recall that qj(y) = E {E [Th,y(Y) ‘X,A = a} } as defined in (3.6).
Then under the set of causal assumptions for observational study, it follows

gy (y) = E{ua(X)}
:E{%(TM(Y)—MA(X))+ua(X)} (B.11)
)

a
{ 1(A=
= —| T
7, (X
Proof. First equality in (B.11) immediately comes from the definition. Let’s start with the

second equality in which 7, is not correctly specified. It is not hard to obtain the following:
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, where the first equality comes from the law of total expectation. Next, we show the third

equality of (B.11) where p, is not correctly specified. In fact, it follows that

B{ M (1)~ a0 47,00}

— B | (1,) - By 0)) + By X)

)
— {10 (617, ()1A X] -y (0)) + Ry (X)
— e {102 (0 -, 0) + 7,00}

o ()~ T, 0)) + By 3) |

— e { 20 (0 -0 00 |
B () — 1L, (X) + ()}
= E{.ua(X)}

, where we use the law of total expectation in the first and the fifth equality and use the fact
that E[A = a|X] = m,(X) in the sixth equality. O

Note that the assumption used in Lemma B.2.3 is even much weaker than (B1). Indeed,
1, and T, can be anything to which 7, and LI, converge regardless of the convergence rates.

We then show the following Lemma, which is a slight modification from [? , Lemma 2].
As mentioned in the main text, for a function f, we use the notation || f||; = ([ | f(z) |qalIP’(Z))é
be the L,(IP)-norm of f.

Lemma B.2.4. Let P, denote the empirical measure over (Zy,...,Z,), which is i.i.d. from

P. Let f be a real-valued function constructed in a separate independent sample. Let
P(f) = [ f(z)dP(z) and let F be over (Zy,...,Zy,), then we have

\/E[((IP,,—IP)f)Z} < /Varn[ﬂ < H\lez
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Proof. ((P,—P) )2 can be expanded as

]

Just for further guide to notations, notice that P(f) is random only if f depends on

samples, in which case P(f) # E(f). Otherwise P and E can be use exchangeably.

Part B: Bounding v — ¢
Forally e RY, let Tj,, : RY — R be T, ,(y) = #K <M) and let ffy ‘R % {0,1} x

R—R, fi,:RYx{0,1} xR — R be

i) = Z2 (B ) = )+ ),
i) = 20 (o) = )+ ),

Hereafter we proceed with shorthand notations 7, ty, Ty, IL,,-

Claim B.2.2. Forally € RY, y(y) — ¢%(y) can be decomposed as
Vi) —gh(y) = Pu —P)Ji +P(fi, — £1,).

Proof. By Lemma B.2.3, we have

Vi) —ah(v) = Pufil, —Pfi = (Ba=P) fil +P(fi, = fi),
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as long as at least one of 11, and 7, is correctly specified as U, and 7, respectively.
O

Lemma B.2.5. Under the assumptions (A2), (B2), and (B3), and that at least one of [L, and
T, is correctly specified as U, and T, for all y € RY,

A 1 ~ A =
Ellyy (v) —anO < Chk fa /5 + G, [ e = Hol2|| e = Tall2,

L
Ty

|Qa]|2, and Cy, is a

|K

2,

where Cp, g 1,0, IS a constant depending only on h,

1
(oo}

. 1
constant depending only on % Hw

Proof. From Claim B.2.2 it follows
Vi) —ar(v) = Pu—P) S5 +P(fi — fi). (B.12)

can be bounded as

For the first term of (B.12), under (A2) and (B2), note that ‘

Ty

L

=
Q

f}iy (Th,y - .aa) + .aa

>~I>|

2 a 2

(| Ty ||, 4 1ally) + 1|l

[

(PRI 2l

<

= BE

Q

<

A

Hence under (B3), we apply Lemma B.2.4 and get the bound as

| < \/E e -pi[]

E H (]P)n - P)ff(zl,y

i

Y 2

<

=
1 1

<— =l (71Kl +201Rdll,) - (B.13)
Vi || fall
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For the second term of the decomposition (B.12), we have that

r0 ea [1(A=a N . 1(A=a _ _
(- 1) =[N - ) + - = (- -
I Ta
[1(A=a)T;, — .. 1A=a),. _ . _ To—Ty  ~
i T, (ﬂ:a na) T (.uA .uA) Uy ( a) .7, + Ha M,
[1(A=a) _ . . 1(A=a
—p[M 7,2 (- )+ i) (1- =)
L g a
-H(A:a) — o~ o~ — (}Ea—ﬁa)
—p|=—" (7 — _ _qp)ae e
B (Ta = Ta) (Ha = ta) + (Ha — o) =
[ T, —T,
—p (- ) B
L Ta
where the second inequality follows by adding and subtracting l(f%Za)ﬁA and the fourth by
the law of total expectation conditioning on (X,A). By assumption (B2), we have ﬂla < oo,
Hence by conditional Cauchy-Schwarz inequality finally we have
ra a 1 ~ - -~ -
U RV P R A SICRE)
1 ~ ~
<[z 18- mdet - 7ol (B.14

Hence applying (B.13) and (B.14) to (B.12) leads to

E[0) - 0)] <E[| @~ P)j,

| + B, = 1)

11 L X A =
< iz | (IR 2l )+ 2 TR~k

1 ~ ~
= Ch,K.ﬁa,ﬂa% +Cr, |[ta — 1, ||2]| 0 — Teall2,

(h~?||K||,+2||fll,) is a constant depending only on A, ||K||2,

[e]

1
Where Ch7K7ﬁa7ﬁa - Hﬁ_a

1

Ttq

~ 1 . . 1
| fla]|2, and C3, = H . Hoo is a constant depending only on H T

b ) .
(o) [ee]

Part C: Bounding L, risk of D(ITJ,i , ITI}?)

Claim B.2.3. Let %, g, = {u € R : there exists y € % with ||*7>|| < Rg}. Then if u ¢
%,RK’
W, (u) = qj(u) =0.
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Proof. Note that for all u ¢ %, g, andy € %, K (*;2) = 0. And hence ¥ (u) = ¢} (u) =0
ifu ¢ %,RK'

O
Lemma B.2.6. Under the assumptions (Al), (A2), (B2), and (B3), we have
0d )¢ 1 T I
E||D(@} 0] < ko 3y 7+ CotSh I = | = Tl
where Ch7K77fCa’ﬁa7%RK is a constant depending only on h, ||K]||,, ﬁla , a2 Aa(Zhre ),

» Ad(Phre), with %, g, from Claim

and Cﬁm%RK is a constant depending only on nla

B.2.3.

Proof. From our set up we have that

D05 0) = [ 1)~ gl du= [ 1;(w) ~gi(w) du.

Then from Claim B.2.3,

D400 = [, W)~ gilu)|du.

DhR,

)

Then applying Fubini’s Theorem and Lemma B.2.5 provides the upper bound for E HD(AZ, o7)
as

E||p(@},0f)

|=E

., 1700 - qz<u>|du]

= %7RkE[\ll7/f(u)—QZ(u)|]du

< Aa(@hr,) sup (B[ () - g;(u)l]|

ue%ﬁRk

1 ~ ~
< 2R )Chk 20 pre—= + A PR, Cri, | Mo — By 2] T — Tal]2

NG
1

= Chk i Fime  + Chuthng 10 = H 12|70 — Tal |2,

Where Ch7K7ﬁa>:aav<oyh,RK = 2/d(@]%RK)CI,Z7I<77?‘.(17’:111 and Cﬁav%.RK = 2/d(@thK)Cﬁ:d

Finally the following theorem concludes our proof for Theorem 3.3.3.
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Theorem B.2.3. Under the assumptions (Al), (A2), (Bl), (B2), and (B3), we have

—~ 1
1 A0 LA
EﬂD@#%%JuﬁiwuS%Lﬂﬂmmmhjﬁfﬂﬂ%MWfﬂﬂﬂ%—%h

where Cy, g 41 40

1,00, % Ry
1
1

| Boll2, Aa(%h.ry ), and Cy A0 T ne is a constant depending only on

In particular,
1 0 1
k= HD(Qfleg) -D(0;,0)) H =0 (%) +Op (s(n)r(n)).
Proof. E HD(@, ég) —-D(0},0) H can be bounded as

E [|p(o}.0f) - (0l.0h)|] <E[|p(o}. 0] +E[|p(@f. of) ]
Then under (A1), (A2), (B1), (B2), (B3), applying Lemma B.2.6 gives the bound as

o~~~ 1 R o R -
]EHD(Q},,QQ) (Qh»Qh)H <C hKﬂ,ul,%RK\/— +Cat g, 1 Ba = Boll21]7ta = a2

+Ch k20 10, % g % +Ci0 g MHa = 2] 70 — a2

1 ~ ~
SCh,](,fr 7 ,ul,uo,%RK\/—+Cﬂ 0.%, ||.ua_ua||2||7ta_7ra||2a

where Cy k 2120 0, 20,2, 5, = Ok 2101 Fhre T Ok 20,00, %0, 204 Ca 200 = Crt 0 +Cr0.9,
0

B.2.6 Proof of Theorem 3.4.1

Fora€ {0,1},let T, = 1Y% | 1,(A;) = . Forally € R?, let fif ;1 {0,1} xR — R be

a 1 y=Ylk
firta ) =k (2228 ) 1),

andlet F“:={f}! : yE gy, a € o} where @ g, ={u € R?: there exists y € # with ||“2|| <
R} which can be found in Claim B.2.3. Now we need the following Lemma B.2.7.

Lemma B.2.7. Under the assumptions (Al), (A2’),

Vn(P, —P) — G weakly in loo( F).
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Proof. First, we note that by Assumption (A2’) for all y1,y> € %, gy,

vt —=Y'l|2 ly2 =¥ |l2
g( WA e (212
( h h

Lk
< W”)’l =22,

< —
_h

Jiy (@) = fiy, (@)

and hence for any probability measure P on {0,1} x R,

Lk
1y, = Tiys lae) < iy, = Fiys lleo < WHM —y2l|2-

Therefore f} y is Lipschitz in parameter, and by Example 19.7 of van der Vaart [139] we have
the bracketing numbers satisfy

a L .
M (T La(P). €7 117) < Ca <

for some constant Cy, Re? where @ = %, g, Uo7 . Since %, g, is compact subset of R4, diam®

is bounded by some constant Cg < oo. Then we have the bracketing integral satisfying

Iy (7 / 02 A1 (F La(P), £)de
1 d+1
0 €
1 1
< / dlog (E) +dlogLide < o.
0

Hence, by Theorem 19.5 in van der Vaart [139] /n(P, — P) — G weakly in £ (.79).
0

Proof of Theorem 3.4.1. Note that from Claim B.2.3, §7(y) = ¢;(y) = 0if y & %}, g,.. Also

we note that from the proof of Proposition B.2.1, gj = ELT, {PF(Y ) ]l() Al _ PJ;{' a’ Hence
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V/nD(Q%,0%) can be expanded as

VaD(08, 0%) = / VAIG) — gi(y)] dy
— / VAIGE() — gi(y)] dy

_ . Puf,1(Bala>0) Pfe, .,
Do P, L, PL, |
1(P,1, > 0) (P, —P)L.Pfy,
= e 72 | (P, —P) f2, — Y 1(Pyly =0
%,RK\/E ]P)n:n.a ( " )fh,y P:ﬂ.a ( n-a )

12O e, — B g, — )V (B~ P)L) — i) Vil (s

Mg

Hence by letting @ : £oo(Fy) % [0,1] x Lu(R) — R as d(u, 0,q) = 100
q(y)ul,|dy, then @ is continuous on fe(-%,) % (0, 1] X le(RR), and

s, —

[VAD(05, ) ~ B(Vi(B, ~ ). Ty )| < VL7 =0) [ dil)dy

Now, note that from strong law of large numbers, 7, — 7, > 0 a.s.. Hence by Lemma B.2.7
and continuous mapping theorem (e.g., Kosorok [78, Theorem 7.7]) applied to \/n(P, —P) —
G and 7, — m,, we have

~ 1
PP~ P), R 4f) = DG, ) = — / G, — 44(3)GLa|dy in distribution.
a

Also, note that

E [vnl(7, =0)] = /n(1 —m,)" — 0.

Then by Markov inequality, we have

VAD(0,0%) — B(/a(B, — P), 7, gff)| — Oin probability,

and consequently

VnD(05, 0F) — /‘thy 45 ()

FPlhy

d
p1, |

~0)]as.
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B.2.7 Proof of Theorem 3.4.2

Forally € RY, let Tj,, : R? — R be Tj,,(y/) = hidK(”y;ly/‘|2>, and let f}?y :R¥ % {0,1} x

R? =R, fil :REx{0,1} xR? — R be

i) = Z2 (B ) = )+ ),
ﬂa(a’) (Th,y(yl) —/Ja/(x’)) —Hla(x').

Consider .#% = {ffy 1Y € Yhre,a € A} where %), g, is defined in Claim B.2.3.
Lemma B.2.8. Under the assumptions (Al), (A2’), (Bl), (B2’), (B3),

Vn(P, —P) — G weakly in le.(F?).

Proof. By assumption (A2’) and (B2’) for all y1,y> € %, gy,

LI g (I =yl ly2 =¥ |12
a Pl a A
fhm(x’a’y)_fh,m(x’a’y)‘S ﬁ'_a ooh_d K(T —-K h
1 Lk
S|z || gt =2l
a || oo

Lk
< Bry gl =y2ll2,

for some constant 0 < By < oo, and hence for any probability measure P on {0,1} x R? we

have I
K
Hf;zl,yl _fl?,yznl,z(l)) < ||f/iy1 _f]fcll7y2|‘°° < Bnm”)’l _yZHZ‘

Therefore f}/ y is Lipschitz in parameter, and by Example 19.7 of van der Vaart [139] we

have the bracketing numbers satisfy

. B;Lg diam® \
</1/H(<gz ,LZ(P)aeﬁ) S C@}LRK < e >

for some constant Cy, , , where @ = %}, g, U.2/. Since %), g, is compact subset of R,

diam® is bounded by some constant Cg < oo. By the similar argument as in Lemma B.2.7,
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we have the bracketing integral satisfying

1
T LP). ) = [ log A (74, La(P) e)de

1 B.L,/hd+1\ ¢
< \/log (Cobela/r ',
0 £
1 1
< / dlog (E) +dlog(BrLg)de < oo.
0

Hence, by Theorem 19.5 in van der Vaart [139] /n(P, — P) — G weakly in le(.79).

Notice that since

. R . R Lx
1y, = Py llia(py < Mk, = Thys llee < BnWH)’l — 22

as well, the same conclusion also holds for .#¢ = {fﬁy 1Y E DRy a € A}
]

Proof of Theorem 3.4.2. Note that from Claim B.2.3, ¥/(y) = g}, (v) = 0if y & %, g, Also
under (B1), by Lemma B.2.3 we have ¢7(y) =P - Hence Vn D(Q %) can be expanded

as

VnD(0, 0f) =/x/ﬁ|li/“ y) =) dy
—/ VA () — gl ()| dy

_/ Jn
_/]R Vn(B, P)fhy+\/_P (fhy Tiy)|dy
= @(V/n(Py —P)) +r,

I’lfhy Pfhy

where @ : loo(.F“) — R is defined by @ (i) = [y, . |[Wfj,|dy. Then @ is continuous on
1, K )
Lo (F?). Hence by Lemma B.2.8 \/n(P, —P) — G weakly in o (-#%) and the continuous
mapping theorem [e.g., 78, Theorem 7.7] implies

®(\/A(Py —P)) = B(G) = /@ Gf |dyweakly in R.
Dh.Ry
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For r,, it follows that

= v/nD(Qj,, 0,) = P(vn(Py )
<[, WA~ fiy)ldy
< [ VARG~ fildy+ [ VA~ B) (i, — Sy ldy

h,Rg

Under the condition (B1) and (B2’), by the previous result of (B.14) we have

[VRB(fy = f)] < v/n

1 ~ ~
|| [t — By ll2l|7a — Tal[2 = 0p(1),
T || o

and also by (B.14) together with Lemma B.2.4,

[, V@ =P)(Fy = fiyldy = oz(D).

hRg

Consequently we have
rn=op(1),

and hence by Slutsky Theorem [78, Theorem 7.15], finally we have

vnD(0} 0 ) — /|Gﬁiy|dy weakly in R.

]

B.2.8 Bootstrap validity of Theorem 3.4.3 for Single-source random-
ized study
For 6 = D(Q,lll,ng) and 6 = D(é}l\l,ég\o), by triangle inequality we have |6 — 6] <

D(Q}l1 , Q,lll) + D(ng, ng), hence one of the sufficient condition for the confidence interval
Cg to be valid is

liminﬂP(D(Q}ll,Q,lll) +D(Q20,Q20) <cy)>1-o.

n—soo
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And this is implied from

limnfP (x/ﬁD(Q}l1 ,0p,) < 2@2) > 1=
.. 0 A0
lim inflP <\/ﬁD(Q20,QhO> a/Z) =>1-

N_Iszwglsz

Hence it suffice to show that \/ED(Q\Z, Q%) and \/ED(@\Z*, @\Z) converges to the same distri-
bution.
As in Section B.2.6, for a € {0,1}, we let T, = 1 ¥ | 1,(A;) = “. For all y € R, let
fity {01} x R? — R be
1 y=Ylk
firta ) = gk (2228 ) 1),
andlet #:= {f}l 1 y € #p,a€ o}

Theorem B.2.4. Under the assumptions (Al), (A2’),

VD@3 0 — o [ [B(i) - G (B.15)

VAD(@])".0) — + [ |6t~ 4i0)E (1)

(B.16)

where G is a centered Gaussian process with Cov|G(f),G(g)] = [ fgdP — [ fdP [ gdP.

Proof. We already have (B.15) from the result of Theorem 3.4.1. Hence we are left to show
(B.16), which can be done by Theorem (3.2.1) and repetition of the proof of Theorem 3.4.1.
Combining Lemma B.2.7 and Theorem (3.2.1) implies that

Vn(Pi —P,) — G weakly in loo(F%).
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Then similarly as in the proof of Theorem 3.4.1 in Section B.2.6, \/ﬁD((@)*, @) can be

expanded as

VAD((G})".G3) = [ Val(@) () =G0l dy

P f¢ 1(P51, > 0) P, fe 1(P,1, >0
= Vn "h’ylp(,*]’fa )—nh’ylp()]fa )dy
%J?K n—a n-ta
1(P*1 1(P,1 Pr—-P,)1,P, ¢ 1(P,1,>0
_ \/ﬁ (P a>§21( n a>0){(PZ—Pn)f;?,y—( n n) aI;f]}fy (P, 1, )
%RK n—-a nta
N IP’,”;f,ZyIL(IPzILa >0)1(P,1,=0) IP’,,fﬁy]l(IP’nILa >0)1(P;1,=0) J
]P;Fl]la ]P)n]la Y
B 1((7)* > 0)1(7, > 0) . 0 ra .
_/%»Rk (fa)* {\/E(Pn_]Pn)fh,y_qh(y)\/ﬁ(]?n_Pn)]la}
P*fe 1((m,)* > 0)1(7w, =0 P, 1(m, > 0)1((7,)* =0
+ﬁnh,y((a)A*)(a )_ﬁnh,y(aA)((a) )dy‘
(ﬂ:ﬁl) Ty
B.17)

Now define a function @ : £, (.%,) % [0,1] X [0, 1] X Leo(R) — R by @ (u,6,0*,q) = w Jlufy—
q(y)ulyldy. Then @ is continuous on /e (.%,) x [0,1] x (0,1] X £(R). Note that by the
strong law of large numbers, 7, — 7, > 0 a.s., (7,)* — @, > 0 a.s., and g, — q5 a.s.. Hence
by the continuous mapping theorem [e.g., 78, Theorem 7.7]) together with \/n(P; —P,) — G

as shown previously, we have

. o 1 ,
B(/a(Pi—P,), B, (7) ,q;’la)—>¢(G,7ta,7ra,q;’l):n—/‘fojy—qZ(y)GILa dy weakly in R.
a
Next, by (B.17) it follows that

\/ﬁD((é\Z)*, Q\Z) - @(\/E(P;’; —Py), Ta, (ifa)*a qAZ)

P: 9 1((7,)* >0 R P, fe 1(%, > 0
< \/ﬁﬂ(ﬁa:o)/ iy (A< *) )dy+\/ﬁﬂ((7ra)* :o)/ Ty A( )dy.
Yhry (7a) Y vy T
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For the first term in the last display, we have

]Pyk a Aa *
IE{\/ﬁ]l(?ra:O) [ >O)dy} SE{ﬁﬂ(faZO) [ hduKuzdy}

— V(1= )"0 K[|, Vol (Br, (0))

— 0,

where the first inequality follows by assumption (A2). Then by Markov inequality,

]\/ﬁp(@)*,@;) — D(V(Py—Py), T, (Ta)", G

— 0 1in probability.

And hence,

VD (@).81) - 5 [|esty- i

]

B.2.9 Bootstrap validity of Theorem 3.4.3 for Multi-source random-
ized study

For this case, 0 =E » [D(Q}”,ng)} and 6 = LYV, ((th),, (Qh )i). Then

A A
0-6] < |5 X (DU} (5)) ~D((@3,)ir(€5,)0) |

1 N
+|3y £ (@)) - [0}, )|
< 5 L@} (@) + 5 2@ (0h))

I
+ |5 X002}, (05,)) ~E» [D(0},,05,)] |
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hence one of the sufficient condition for the confidence interval C’a to be valid is

N

N — —
liminfP (% Y D((Q})i,(Q},)i) + zlv Y. D((Q} )i, (O))i)
i=1 i=1

n—yo0
& ! 0 I A0 D' D’ 4
+‘— D 2 ) —E [D ; HS—+—+— >1-a.
Nl_zl ((th)l (Qho)l) P (th QhO) \/ﬁ \/ﬁ \/N
And this is implied from

1
N \/_D((Qh )i, (@4 )i) and D converges to same limit,

HMz

n—oo

1 N
i (V|3 01(0) )04 £ pi0), )] <) > 1
i=1

And for the second one, it suffice to show that /N ( ((th )is (Qho) )—Es [D(Q,ll1 ) Q?lo)} )
and

VN (%v ((th) (Qho) )— % ((th)l, (Qh )i )) converges to same distribution,
and then pluggmg in (Qha)i in place of (Qha)i when computing 2.

Theorem B.2.5. Under the assumptions (Al), (A2’),

—Z\/_D th l,(th))—HE@ {;a/‘G(fﬁy)—qZ(y)G(ﬂa) } a.s., (B.18)

) 1
D" S E, {;a/‘@(f;y)—qz(y)(;(ﬂa) } as.  (B.19)

Proof. For (B.18), from Theorem B.2.4 and stong law of large numbers,

¥ L VD@ @h)) B [ []6UR) - )61,

J as

For (B.19), note that D* = ' \/_D((Qh )i (Qh )i). Then from Theorem B.2.4 and stong

law of large numbers,
} a.s

D+ | [ |60 - )61

Theorem B.2.6. Under the assumptions (Al), (A2’),
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VN (% Y (0}, (0%)) — E [D(QA,Q%J]) . (0.var |D(0},. )] )

(B.20)

N N
(NZ ())7-(2%)7) ; (0})1 (O >> A (0.vary |D(0},. 0h)] ) as
(B.21)

Proof. For (B.20), note that 1 ¥, D((0} )i, (00 );) —Eo» [D(Q,l” , ng)} = (Py— P)O,
where @ (P) = D(Q,‘l1 , ng). Hence from Central Limit Theorem,

VN (}v i D((0})i-(05,)i) ~Es» | D(O},. ng)D — ¥ (0.Var [ D(0},.00,)] )

For (B.21) note that Y, D((Q}, )i+ (Q))i) — % Lt D((Q4))i (O )i) = (P — Pn) @
Hence from (B.20) and Theorem (3.2.1),
N
< ¥ D@1 (@) Z (0},):- (08, >> — . (0,vary [D(0},.00,)] ) as
O

B.2.10 Bootstrap validity of Theorem 3.4.3 for Observational study

For this case, 8 = D(Q},0%) and = D(Q},0%). Then |§ — 0| < D(Q},0}) +D(09, 0Y),
hence one of the sufficient condition for the confidence interval Cy, to be valid is

liminfP(D(Q}, 0}) +D(Q), @) < ) = 1 - av.
And this is implied from
.. 7 A1 0
liminfP (aD(0}, 0}) <25 ,) = 1-
L 0 A0y — 4l B
hlglgﬂP’ (ﬁD(Qh,Qh) < za/2> > 1

Y

o
2
o
2

Hence it suffice to show that \/ﬁD(@, Qf) and \/ﬁD(@l*, Q\z) converges to the same distri-
bution.
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Forally e RY, let T),, : RY — R be Tj,,(y/) = hidK <||y_hy,”2>, and let f;;y :R¥ % {0,1} x

R? =R, fii, : R¥x {0,1} xRY — R be
a(d)

('
(a

=

(Thy (V') = P (¥)) + fla(x),

f}iy(xlaalvy,) =

=
&

fa xlaalayl =
hyy( ) ()

and let 7 ={f}' : y € R}.

Theorem B.2.7. Under the assumptions (Al), (A2’), (Bl), (B2), (B3),

VAD(04,.04,) > [ 16|y wealdy in B, (B.22)

VAD(@})", )~ [ |G Idy wealdy in R,
G(g)] = J fgdP — [ fdP [ gdP.

(B.23)

where G is a centered Gaussian process with Cov|G(f),

Proof. Note that we already have (B.22) is from Theorem 3.4.2, and we are to left show
(B.23), which can be done by Theorem (3.2.1) and repetition of the proof of Theorem 3.4.2.

Combining Lemma B.2.7 and Theorem (3.2.1) implies that
Vn(P; —P,) — G weakly in £ (F?).
Then as similar to proof of Theorem 3.4.2, \/r_zD((é%)*, é\Z) can be expanded as
VAD(@)", ) = [ Valw) 0) - W)l dy
= [ Va0 0) = )l
DhRy
— (P —
/% Ry \/_‘ fh Y
= [ V@ =P+ (B =B Gy~ £

hRK

= O(Vn(P;, —Pp)) + 1,



158 Supplementary Materials for Chapter 3

where we define @ : (o(F,) = R by @(u) = [ |ufj|dy. Now first note that

ra=v/nD(0},. 0}, )~ P(v/n(F, —P))
< /%RK V(B —Ba) (2, — fi)ldy.

Since @ is continuous on 4w (.%#,), by the continuous mapping theorem [e.g., 78, Theorem
7.7] and the previous result \/n(P; —P,) — G, it follows

®(/a(P:—P,)) = B(G) = /@ GF2, |dy as. weakly in R.

hRg

Moreover, under the condition (B1) and (B2’), by the previous result of (B.14) we have

VAP (fy = f)] < v/n

| ~ = ~ =
|| [Ha = Ball2l7a = Tall2 = 0p(1).
na o

Hence by Lemma B.2.4,

V(B =P (fiy — fity)| < [V = PY (i, — finy)| + | VA~ B (i, — £iy)
= 0]}»(1) —I—O]p(l) = Op(l),

which 1implies n — P, fa — y = op and thus we obtain
hich implies [, . Py —Pu)(fit, — fi,)ld 1) and th b
59 ¢ P P
rn=op(1).

Finally, putting these together we conclude

\/ED((Q\Z)*,@) — / |G fy'|dy a.s. weakly in R.
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C.1 Additional Technical Details

C.1.1 Stability of the level set

This section supplements the concept of the level set stability that is used in Section 4.3.3.
Hausdorff distance is a common way of measuring difference between two sets that are
embedded in the same space. Below we define the Hausdorff distance for any two subsets in

Euclidean space.

Definition C.1.1 (Hausdorff distance). Let A, B C R?. Their Hausdor{f distance H(A,B) is
defined as

H(A,B) = max { supinf ||x —y|| ,supinf ||x—y|| 7.
xEA YEB yEB XEA
The Hausdorff distance can be equivalently defined as
H(A,B)=inf{e >0: AC B¢ and B C A¢},
where

Ae == {y € R?: there exists x € A with ||x—y|| < &}.

When we estimate the target level set L, , = {pj; >t} by the estimator L, = {p), > 1}, we
rely on that the function difference ||pj, — ps||.. is small. To transfer that to the set difference
H (L,7h,li,), we need that the target level set L; , doesn’t change too much when the level ¢

perturbs.
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Definition C.1.2 (Level set stability). We say that the level set L, , = {w € R : py(w) > 1}
is stable if there exists a > 0 and C > 0 such that, for all 6 < a,

H(Lt—&huLH-(S,h) <Cs.

C.2 Proofs

C.2.1 k-means clustering: Theorem 4.3.1

Lemma C.2.1. Suppose each [, is estimated in the separate sample set D" with n samples.

(a) The expectation of HVT/, — W,H2 can be upper bounded as

{9

<Yl bl C.1)

(b) Suppose Assumption (A4). For o € (0,1), % T HWA/, —-W;
probability at least 1 —  as

) can be bounded with

~ log(1/0
<Xl 3y ) c2)

-,

1 n
o
i=1

Proof of Lemma C.2.1. (a)
P -

2} can be upper bounded as

[

2] _p \/;(ﬁa(x) — Ha(X))?
<Y P[|1a(X) — ta(X)]]

:Znﬁa_.ua”l'

(b)
We the high probability bound for % o HWl —W;

. note that Assumption (A4) implies
0<||W-w,

, < v/2B a.s., and hence by Hoeffding’s inequality,

e[l > o) o0 ()

-,

(i
Pl —
2
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Hence for any 6 > 0, applying t = B log(1/9) gives

n

Wi — Wi Wi =W,

=<7

]+B
2

i=1 n

P(%i 10g(1/5)>21_8.

Then applying (C.1) gives

I &Gl ~ log(1/0
P(;Z Wi < Y sl + B L”) >1-5.
i=1 a
[
Proof of Theorem 4.3.1
Proof of Theorem 4.3.1. We first bound ‘R(@) —R(C*)| by as
R(C)—R(C*)| = R(C) — R(C*)
= R(C) = Ru(C) + Ry (C) —R(C")
< R(C) = Ry(C) +Ry(C") —R(CY)
<2sup |R(C) —k\n(C)‘
CG%](
Then for any C € %;, ‘R(C )—R.(C )’ is further upper bounded as
IR(C) = Ru(C)| < IR(C) = Ru(C) |+ |Ra(C) ~ Ra(C),
which yields
E HR(@) _R(CY) } <2E | sup [R(C) — Ru(C)|| +2E | sup |Ra(C) —ﬁn(C)‘ . (C3)
Ce6; Cee;
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For the first term of (C.3), we note that ||W,H% < B? by (A4), and hence Lemma 2,
Theorem 1, and Remark of [89] altogether give its upper bound as

< 1682 [k p—l—l logn ( /10gn>
[k 1)1
< 3282 w) (C.4)

R,(C) —R,(C)

E |2 sup |[R(C) —R,(

Ce%y,

for large enough n.
For the second term of (C.3), note first that for any C € %y,

bounded as

is upper

R(C) =R = |1 1 Wi~ D] =, 3 1911

3 (1w = TIewii3 — |1 — e W1

~.
ey

l\) S|l—= S|

Y (W= Tl + W, = TIcIWill2 ) [IW; — HclWill2 — |1 — He W2

il

1

~.

Wi = TIeWl 12 = W, — T Wi (C€5)

where last line is from the boundedness assumption (A4). Now, note that for any x,y € R?,

I [x] = mingcc ||x — ¢||2 and the triangle inequality give

lx = Telx]l[2 = Iy = e ylll2 < [lx = Te[ylll2 = ly — Hc[ylll2
< (e =Tely]) = (v = e ],
= Hx_yH27

and ||y — Ic]y]||2 — ||x — IIc[x] |2 < ||x —yl|, by symmetry as well, and hence

[llx—=Te[x]ll2 = lly =T ]ll2] < [lx =yl

Applying this result to (C.5) gives an upper bound for

R,(C) —ﬁn(C)’ as

Ru(C) — Ry(

—~ ‘2\/5”

i,
=1
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and the RHS bound is independent of C. Hence by applying (C.1) in Lemma C.2.1, the

second term of (C.3) is further upper bounded as

2E | sup

Ce%;,

Ro(C) =R, (©)

< 4v/2BP [HWi—Wi

)

<4V2BY ||a— tall, - (C.6)

] as

Hence applying (C.4) and (C.6) to (C.3) gives the upper bound of E HR(&) —R(C*)

E HR(&) _R(CY)

k(p+1)logn ~
| <3282 %HﬁBZHua—mHl-
a

C.2.2 hierarchical clustering: Lemma 4.3.1, Theorem 4.3.2

Proof of Lemma 4.3.1

Proof. We consider a pair of points Wi = (11 (X1),..., up(X1)), Wa = (11(X2), ..., 4p(X2)),
and their estimates W, = (1 (X1), - 1p (X)), W, = (M1 (X2),.... 1p(X2)) for VX1, X € 2.
To prove the theorem, first we upper bound the maximum discrepancy between d (W, W;)
and d(W;,W5) as below.

Lemma C.2.2. For Euclidean distance d, we have

d(Wy,Wa) —d(Wy,Wa)| < 2p||fi — ...
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Proof. We have ||x|[2 — |[y|l2 < ||Jx —y||2 for Vx,y in the same metric space. Hence by
definition,
d(Wy, Wa) —d (W1, W)
-~ ~ 2
s¢2aman—maw—uM@n—maﬁ»
a

_ \/Z{ua(xl) — LX) — (Ha(X2) — [La(X2)) 2

2
<Y Y [Ha(X)) — pa(X5))|
j=lacs/
<2 Y et
acd
]

For the proof of Lemma 4.3.1, consider two sets A, B and their estimates A = (W:W cA},
B={W :W € B} respectively. Let (a*,b*) = argmind(a,b) and a*,b* be their estimates.
acA,beB
Then by definition of single linkage we have

-~

D(A,B) — D(A, )‘: min d(a,b) — d(a*,b")

a€A.beB

< ‘d(&,lﬁ) —d(a*,b)

<2 Z | Ha — Halloo -
acd

The exact same result follows for the case of complete linkage. The result for average

linkage directly follows by Lemma C.2.2.
]

Proof of Theorem 4.3.2

As before, we will let y denote the conditional counterfactual mean vector space. Further
by Assumption AS, we assume that every distribution satisfying the good neighborhood
property in Definition 4.3.1 has a density bounded by p, < «. We begin with introducing

some useful lemmas.
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Lemma C.2.3. Under Assumption A5, forany W € U

sup P (W e B(w,r+s)\B(w,r)) < Cys,

weR? r>0
where Cy is a constant that depends on py, B, and p.

Proof. Let A, be the p-dimensional Lebesgue measure. By Assumption (A4), supp(W) C
[—2B,2B]?, and hence for any w € R” and r,s > 0,

Ay ({B(w,r+5)\B(w,r)} Nnsupp(W)) <A, ({B(w,r+s5)\B(w,r)} N[-2B,2B]").

Now, we bound A, (dB(w,t) N[—-2B,2B]?) for any ¢ € R. First, note that for any u > 0, by
considering that the map ¢ : dB(w,7) N[—2B,2B]” — JdB(w,t +u) N [-2B —u,2B + u|” by
@(w+1tv) = w+ (1 +u)v for unit vector v satisfies ||@(x) — @(y)|| > ||x—y||, we have

Ap—1(0B(w,t) N [—2B,2B)") < A,—1(dB(w,t +u) N [-2B —u,2B+ul?).

And hence

%B 1 (9B (w,1) N [~2B,2B]") = /0 v Ap_1 (OB (w,1) N [~2B,2B]")du

< /02[? Ap—1 (0B(w,t +u) N[-2B —u,2B+u|”) du
< /023 Ao (aB(W,t+u)m [_2(1 +119)B,2(1 +%)B] ,,) du
i (Bt +8)\BOw) 0 |20+ 18201+ 8] )

p
<2, ({—2(1 + %)B,z(l - %)B] ) < e4”BP,

and hence
lp_l (0B (w,t) N[-2B,2B)P) < eZzP’pr*Ip.

Then A, ((B(w,r+s)\B(w,r)) N [—2B,2B]?) is bounded as
2 (B(w,r+)\B(w,r)) N [~2B,2B]") = /0 A1 (9B(w,r+1) M [—2B,2B]7)dr

S
S/o e2?P~1BP~ 1 pdr = 2271 BP~ 1 ps.
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And hence for all w € R? and r > 0, Under Assumption A5,

P(W €B(w,r+s)\B(w,r Sp/ ol
( ( N\B(w, 7)) a (B(w,r+s)\B(w,r))Nsupp(W) )

< epﬂ22p’IBp’1ps.

Lemma C.2.4. With probability 1 — §,,

SN (IB%(w,r+s)\IB%<w7 r)l —P(W € B(w,r+s5)\B(w, 7))

sup
weR? r>0

where C; is a constant depending only on p, B, py.

Proof. Forw € R? andr,s >0, let B, .; :=B(w,r+s)\B(w,r), and let Z, := {15
Then

:WERP,r>O}.

W,T,$

1SN (B(w,r+s5)\B(w,r))|

sup —P(W €B(w,r+5)\B(w,r))
weRP r>0 n
= sup |- ) f(Wi) —E[f(W)]

fez (M3

Now, for w € R? and r > 0, let B,,, := B(w,r) and B,,, := RP\B(w,r), and let 5 :=
{B,,:weRP r>0}and /7 := {EW weRP r> O}. Then the VC dimension of J# or
A7 is no greater than p + 2. Therefore, let s(.7#,n) and s(.77,n) be shattering number of %
and /7, respectively, then by Sauer’s Lemma for n > p+2,

s<;f,n)g( en )M and s(ff,n)g( en )M.

p+2 p+2

Now, let %, := {B,s : w € R?,r > 0}, then ¢, C {AOB tAe . Be %Z} and hence for
n>p+2,

2p+4
en)’wr

s(Gy,n) < s(A,n)s(H,n) < (p+2
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Then, for n = (2p +4)?,
s(%;, (2p+4)) < (2¢(2p+4))*" ™
< (22p+4)2p+4 _ 2(2p+4)2
so VC dimension of % is bounded by (2p 4 4)?. Then from Theorem 2.6.4 in Van Der Vaart
and Wellner [142],

2((2p+4)2-1)
N (Tl €) < K(2p+4)%(4e) 2P+ <l> ”

£
g <8K(p+2)e) 2(2p+47-1)
— 8 )

for some universal constant K. Now, for all f € %, Epf? < Cg,p, Ps- Hence, by Theorem
30 in Kim et al. [76], with probability 1 — 9§,

v v, C 2A Caslog(y) log(z
<c —plog(ZAp)—i—\/ P 3s10g( P)+ () | loelz,)
n n

+ n
Css n n ’

where v, =2((2p+4)*—1) and A, = 8K(p +2)e. Hence, it can be simplified as

§C2< log 1/—10g w/—log )

where C, is a constant depending only on p, B, py

sup
feF

=Y F(W,) —E[f(W))]

i

Corollary C.2.1. Under Assumption A5, with probability 1 — J,,

sup 1SN (B(w,r+5)\B(w,r))|

1 1 1
<G| s+ log(x)+ > log (—) )
weRP r>0 n 5 n S

where C3 is a constant depending only on p, B, py
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Proof.

sup  [SN(B(w,r+s5)\B(w,r))|

weRP r>0

< sup P(WeB(w,r+s5)\B(w,r))

weRP >0
SO (B(w,r+5)\B(w,r))|
n

+ sup
weRP r>0

—P(W e B(w,r+s5)\B(w,r))|.

Then from Lemma C.2.3 and C.2 .4,

sup SN (B(w,r+s5)\B(w,r)

weR? r>0
) +y/21 1 1 Stos(
og S og( 6
<(Cjs+C l1 (l) —1 +l +—1 (—)
=10 2nOgS,1 ©8 2sn0g5n
<G <s+llog(5l) —log (%))

where C3 = max {C’l + %Cz, %Cz}.

Of)l»d

1
< C,|S+C2 ( log(

]

Lemma C.2.5. Suppose UN = {W, ..., Wy} are i.i.d samples from the mixture distribution
Pq.v defined in Definition 4.3.1. Then with probability 1 — 0,, the similarity function K
constructed on UV satisfies (o', v')-good neighborhood property for the clustering problem
(UM, 1), where

1 1 /1 1

Proof. For any 8y € (0, 1), by Hoeffding’s inequality we have

iﬂ{"Vi’VPnoise} > V+\/ Elogi
i=1 o N Y

with probability at most dy /2. Again by Hoeffding’s inequality, for all points w € UY we

1 ¥ /B2
_ .~ . > _ I
leiﬂ{wl Pg and W; € B(w,r,) \C(w)} > a+ NlogaN

|~

have
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with probability at most dy/2, as Po{W € B(w,r,) \ C(w)} < a by the given condition.
Therefore by definition, it follows that with probability at least 1 — 9y the similarity function

K satisfies (OC + 4/ % log %, V4, / ]% log %) -good neighborhood property. [

Proof of Theorem 4.3.2

Proof. Since the similarity function K satisfies (¢, v)-good property, there exists some subset
§' C S of size (1 —v)n such that for all points w € ' all but an out of nc,)ns neighbors
in §' belongs to the cluster C(w). For each w € §, let rg,, :=inf{r > 0:| SN B(w,r) |
> Ne(w)n ¢ } be the distance to the ne(w)ns'-th nearest neighbor of w in S’. Then it follows
| S"NB(w,rg ,,)\C(w) |< an.

Now we let :=Y ,c./ [[Ha — Hal|.., and define B by

SN By +47)\BOwrg.))
B = sup '

wes! n

Then from Corollary C.2.1, under Assumption A5 with probability 1 — 9§,

be s 1SNBGL 4P \BOrr)
" WERP >0 n

11 y /1
< ~log(= L —-11.
< 4C5 (}/—i— nlog(sn) + nlog ('}’))

Hence, B = O(y+ %log((sin)).
Let W be an estimate of w. Now, note that d(w,w') < rg ,, implies d(W,W') < rg ,, + 27,
and hence w' € §'NB(w,rg ,,) implies W' € S’ NB(w, rg w+27). Hence

|§' NB(W,rg ,, + 2)/)| > ’S’ N B(w, rS/’W)’ > negwyns' = new)ng-
Therefore by definition,
}"S,?W S rS/7W + 2’}/.
Also, note that d(w,W') < rg , + 2y implies d(w,w') < rg ,, +47, and thereby w' € §'N
B(W,rg ,,+2y) implies x’ € S'"NB(w, rg ,, +47). Thus we have
1§ B, 7 +20)\COW)| < [S'NB(w.rg, +47)\Cw)

< |S"NB(w,rg ) \C(w)| + |S' N (B(w, s +47)\B(W, r5r.)) |
< (a+p)n,
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which leads to
S’ NB(w, rﬁ,,w)\é(w)‘ <[8'NB(W,rg,,+27)\C(w)| < (ot + B)n.

Consequently, K satisfies (a4 B, v)-good property for the clustering problem (S,). Then
the result follows from Theorem 11 in Balcan et al. [7].
O

C.2.3 density clustering: Theorem 4.3.3

Theorem C.2.1. Suppose that Ly, is stable and let H(-,-) be the Hausdorff distance between
two sets. Suppose each [l is estimated in the separate sample set D" with size n, and suppose
that assumptions (Al)-(A6) hold. Let 8 € (0,1) and {hy}nen C (0,ho) be satisfying

imsup (981 /) +108(2/9)

< oo

Then, with probability at least 1 — 9,

H(Lp, ¢ Ln,¢) < Cp.s <\/(10g(1/hn)>+ +1log(2/6)

nhd
1. ~ log(2/9)
+Wmm{2||.ua_ua”l+ Tﬂhn

In order to show Theorem C.2.1, we need the following Lemma.

Lemma C.2.6. Suppose each [, is estimated in the separate sample set D", and suppose
that assumptions (Al)-(A6) hold. Let 8 € (0,1) and {h,}nen C (0,ho) be satisfying

imup (981 /) +108(2/9)

< oo

Then, with probability at least 1 — 9,

_ log(1/h,))+ +1log(2/0 1 . N log(2/6
||phn—phnuwscm<,3<\/( Bl )+hd+1mm{2|ma—ua||1+ Mhb

for some constant Cpk p depending only on P, K, B.
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For showing Lemma (C.2.6), we note that || pj, — ps||.. can be upper bounded as

1Phy = Phollco < [P0y — Phnll oo + 1| Py — Pyl oo - (C.7)

Therefore, in what follows we shall provide high probability bound for ||p; — pp, ||, in
Lemma (C.2.7) and ||py, — pn, ||, in Lemma (C.2.8). Then applying these to (C.7) will
conclude the proof.

The following is from applying Kim et al. [76, Corollary 13].

Lemma C.2.7. Under Assumptions (Al)-(A6), if we let § € (0,1) and {hy},eny C (0,h0) be

satisfying

imaup (2201 /1)-+og(2/5)

then with probability at least 1 — § it follows

< oo,

_ (log(1/hn))+ +10g(2/8)
. <C
1Ph, = Phyllee < RK\/ nhd !

where C depends only on P and K.

Proof. Consider X = B(0, B + h). Then by Assumption (A4) for Yw € RY\X it follows

Wi — w2

1.
A >

supp(K) C B(0,1) from Assumption (A6) implies that

and consequently that p;, (w) = 0 as well. Therefore,

| Ph, = Piollco = SUP PR, (W) — 1, (W)] . (C.8)
weX

Since under (A5), P has bounded density p, so by Kim et al. [76, Proposition 5] we have that

. B(x
lim sup sup
r—0 xeX
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Now note that under (A6), we have that |K(x) — K(y)| < Mk ||x — y||, for any x,y € R and

supp(K) C B(0, 1), which together implies that || K||., < Mg < . Hence,

/ t sup K2(x)dr < / tMedt = EMIZ‘ < oo
0 0

|l =1

Then applying Kim et al. [76, Corollary 13] gives that with probability at least 1 — 9,

sup | pp, (W) — pn,(w)| < Cpk

d b
weX nhn

\/(log(l/hn))+ +log(2/6) (C.9)

where Cpx depends only on P and K. Finally (C.8) and (C.9) together imply that with
probability at least 1 — &, we have

~ (log(1/hn))+ +10g(2/9)
_ < .

Lemma C.2.8. Suppose Assumptions (Al)-(A4) and (A6). Then

S Comg. . N log(1/8
1B, = Bl < 5 mm{zmnua—uauw R0 ),

n
where Cyy g depends only on Mk and B.

Proof. By Assumption (A6) it follows that |K(x) — K(y)| < Mk ||x — ]|, for any x,y € R?
and supp(K) C B(0, 1), which together implies that |K(x) — K(y)| < Mk and || K||., < Mk.
Thus it follows

|K(x) — K(y)| < min {M[|x =y, Mk} .

Now for any w € R?, | pj, (w) — py, (w)| is upper bounded by

Wi—w W,—w
K —-K

|Ph, (W) = P, (W)] <

1 n
nhd ZZ{

X |- ],

< hg;mm M I M
M ) 1 &

< dem{;Z{ ’Wl—Winahn}-
n i
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)

Then under (A4), applying (C.2) from Lemma C.2.1 gives that with probability 1 — &,
|\ B, — Pn, ||.,, is upper bounded as

Since this holds for any w € R¢,

n
1Ph, = Phylloo < pras] mln{ ZT

o~ Mg . ~ log(1/0
n

Cwmy B . log(1/9)
< P+ mln{”ﬁla—ﬂa|\1+ thn ;

where Cy, g = Mg max{1,2B}.

Now we are ready to prove Lemma C.2.6.

Proof of Lemma C.2.6. As in (C.7), we upper bound ||p,, — pp, ||, as

Then by Lemma C.2.7 and C.2.8, with probability 1 — o it follows that

. log(1/hy))+ +1og(2/8)  Cpy, log(2/6
th,,—phn||mscpx\/( )t RORCIE) 1 S i d =l ) E

log(1/hy,))+ +1og(2/6 1 ) N log(2/06
scp,K,B<\/< s/ g(/>+hd+1mm{2||ua—uau1+ Mh})

where Cpk g depends only on P, K, B.

Proof of Theorem 4.3.3

Recall that L ; is stable if there exist a > 0 and C > 0 such that, for all 0 < { <a,
H(Lh,,,t—cjaLh,,,t+C) < CC-
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Proof. Let us define

o= Cox s <\/(log(l/hn))+ +log(2/9) n hd1+l min{ZHﬁa — ptall w, hn}) ,

nhd

which is RHS of the inequality in Lemma C.2.6.
Suppose that we are given a sufficiently large n so that ||p;, — ps,||., < r» holds with

probability at least 1 — & where r,, < a for some constant @ > 0. We aim to show two things:

||oo

(a) for every x € L, , there exists y € th, with ||x —y||, < Cry, and (b) for every x € th,
there exists y € Ly, , with [[x —yl[|, < Cr,.

To show (a), consider x € Ly, ;, Then by the stability property of Ly, ;, there exists
y € Ly, ++r, such that |[x —y||, < Cr,. Then pj, (v) >t + r, which implies that

-~

P, () = pn, ) = | Ph, — Pyl > Pi, () — 10 > 1

Hence we conclude y € tht with [[x —y||, < Cr,.
Similarly, to show (b), consider x € tht so that py, (x) > t. Thus we have

Pn,(x) = P, (X) = [|Ph, = Pyl > 1 = T,

which leads to x € Ly, ;,,. Then again by the stability property of Lj, ;, there exists y € Ly, ;
such that ||x —yl||, < Cry.
Hence by definition, we upper bound the Hausdorff distance H (z,,tht) by

Cry,
e ( \/(log(l/hn))++log(2/5) - {Zuﬁa_ bl [ 2222, h})

d
nhé

]

C.3 Proofs for Section 4.4

C.3.1 Proof of Theorem 4.4.1 and the 2nd order remainder

The following lemma computes the efficient influence function (EIF) of y- when our
covariate space 2 is discrete. For the sake of simplicity, we consider the binary treatment

case which is enough for our proof.
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Lemma C.3.1 (Efficient influence function). Suppose that 2 is discrete. For ¢, the

uncentered efficient influence function Q¢ under a nonparametric model is as given by
aff =a . 2
we= ¥ {2[Erw] L {E [ D]+ [ rw)] |
acd deg/ \ 1 Ha' d r

where for a,a’ € of
(1 Coh) = @ (Ha — ¢ra),

—awr = W) By —Cra Z Ha —Cjd
O ho|ll=crl2 il
, Cr=[Crly ey c,p]T. The weight term @, is defined in (4.7) based on the Gaussian kernel.

Proof. It suffices to prove for p = 2 (binary treatments). By definition,

ve =E|pu—Ic(u:h)|)3

E| Y (Zwr e )2]

acs

By letting y¢ =E [(Zr oy (Ug — cm))z] , we can write Y = Y yc.r Ve

Now define a function f¢:R? — R by f4(i) = 0,(ty — ¢,q) forVa € o7 k€ {1,....k}.
Note thta since we use smooth Gaussian kernel, f* is also smooth, differentiable in arbitrary
order. Then we have y¢ =E [(Zr ff‘(u))z]

Let ¢¢ denote the EIF of y¢. In order to find an EIF of y¢ we use derivative rule. First

we suppose X is discrete. Then we have

2
ve= X | Lo oo

xed

where p(x) = P(X = x). From this, it follows

2 2
o= Y {m([gff(u(x))] >p<x>+ )] 1F<p<x>>}

xeX r

= T {2 |[E )| T | SE (i) + 5 @) oo

xeZ
' {;fﬂu(x))rm(p(x))-
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However we have

(o) = s o 2y = o)
1 () = nfx) “if(j) e

Plugging this into the last display yields
a u aff1—A Iff A
o =2| L )| T |52 =0l 5 Sl

¥ [;f;’m)]z— y {;fﬂu(x))rp(x)

2{Zr:ff(u)]zr:[x§{z%[lfuo] g{:n[Y m]}
F[Erw] v 0

Finally we obtain ¢c = Y, ¢¢. Note that ¢7 relies on a set of nuisance parameters
N = (7, to, W) for Va € 7. By induction, the result for any p follows immediately.
O]

In order to formally verify that (C.10) in Lemma C.3.1 is actually the EIF of y¢, we study
the remainder term in the von-Mises expansion (1.4) and show that it is indeed a second-order
term. Due to linearity it suffices to consider ¢¢ for Va € o7. Let P, PP be two arbitrary
distributions. We use overbars to denote parameters or nuisance functions corresponding to

P. Then we have the von Mises expansion

VE(E) — Ve(P) = - [ 94(E)aP+ RY(E.P)
= —Ez-p[pc] +R5(B,P).

(C.11)

The next lemma provides an explicit formula for RS (P,P) in (C.11). For the notational

brevity, we shall stick to the case p = 2, as the extension to arbitrary p is straightforward.
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Lemma C.3.2. In (C.11), it follows that

REE) =270 { [ L 20| | 52T o+ 557 |}

—EZNP{[uO—WyﬂI—M]H:gk [,uo—@]}'
M1 — M1

Proof. We compute

(C.12)

Ez-p[dc] + VE(B) — WE(P)
Ifi1—A

ZQEZNP{[;f:%m];{(M’Om[Y—W -Gl “”H
+EZNP{ {; fra@} 2} —YA(P) + vAP) — v (P)
e, { L] £ [ R 28 2 i)
+EZ~P{{;fr r} ve(P)
—2EZNP{[Zfr 1r{ ~Hol+ gﬁ“ﬂﬂﬂ[m WH
+EZNP{ [Zfr ]Z [”1 WH

2
+Ez~]p{{g,fr ] {Xr‘.fr }}

, where the second equality follows by the law of iterated expectations, the third by adding

Ho — Ho]

01—
a

(1o — Ho] +

and subtracting the second term in the display.
Now let g(p) = [¥, f4(1)]?. Taylor’s Theorem gives

Ho au

v o] - (L -2 (2] ¥ (25 -+ 2 -
Zrw) X )| Y |3

Ho — Ho
M1 — fy

=[uo—mu1—m]H;§[
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where (Hy)ij = a”al;fm(/.l*) for some u* on the line segment joining it and p for each

i,j € o/. Applying this to our last display in the above equation yields

REP) =26 { | L) | K| 522 T 5o~ Tl + 522 2 | |

duy 1 —= duy
—EZNP{[#O—WJM — ] H, [,uo—@] }
M1 — Ui

Since this remainder term depends only on the second-order products of differences
between P and PP, it is clear to see that the pathwise differentiability (1.4) holds.
]

C.3.2 Proof of Lemma 4.4.1

We need the following two auxiliary lemmas; for an optimal cluster codebook C € .Z*,
Lemma C.3.3 bounds an error from kernel-smoothing the original k-means risk function

R(C), and Lemma C.3.4 shows an asymptotic behavior of our estimator Y.

Lemma C.3.3. Under the margin condition, for an optimal codebook C € .#* we have
R, (C)—R(C) = O (kh*).

Proof. For simplicity, we write ITc = I¢(@;h), e = He(1; h), @, = @,.(@) in this proof.

Now we have

Ri(C) —R(C) = E||p — c||3 — E|| p — e |3

:E{2<Hc_ﬁc,“_@>}

< 4BE||¢ — I¢|)»

, where the last inequality follows by the Cauchy-Schwarz inequality and the boundedness
assumption (A4).

By abuse of notation we let k* = argmin || —¢j||2 and k" = argmin ||pt —cj||>.
Je{l,....k} JE{L, k), k>
Similarly, we let c,, c.« denote cluster centers corresponding to k* or k** respectively (i.e.
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¢* =II¢). Finally let us write K* = K(l,c¢,), K** = K(l, c.«). Then we obtain

E|[Ic — Il =E

Yo (1{r=k}—a)

2

< ]E{ Y llerllaor +[lexe]l2 (1 — wk*)}

r£k*

gBE{ ) a),+(1—cok*)}

r#£k*
K**
<BE<{2(k—1 .
<5a{20- 1) |

Next we note that

K**
E <E
=

*k

K*

K**

E
K* *

K ¢ Ne(x)

[l GNC(K)] -

The condition pt ¢ Nc(k) implies kK < || — ¢ux|l, — || — ¢4, Thus the first term is
easily bounded by
K
< S
~ SXP ( h> ‘

For the second term, we let ¢ () := || — cux|l, — || — ¢«||,. Then under the condition
U € N¢(K), our margin condition implies that P (Ec() <t) < C'min{t%, 1} for some C' > 1
and all 0 <t < k. Then it follows

p GNC(K)] = [ ew (—#) 4P ()

MENC(K)
= /OmIP (exp (—#) > t) dt
:/Olp(gc(u) < —hlogt)ds

1
5/ min{(—hlogt)*,1}dt
0
exp(—1/h) 1 o
:{/ dt+h"‘/ <1og1) dt}
0 exp(—1/h) 4
1 o 11
< <exp ~ +h logg

*3k

E|—
K*

K & Nc(x)

k3k

E
K*
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for some constant ¢’ € (exp (—1/h), 1), where we used the mean value theorem and the fact

that exp (— %) > 0 to obtain the last inequality. Therefore we conclude that

K%

E|— =0 (h%).
K* 0 (")

U € Ne(k)

Collecting two separate pieces, we have that

E [I;} =0 (exp (—%) +1%) = 0 (h%).

Hence we finally conclude that

Ry(C) — R(C) = O (kh®).

Lemma C.3.4. For C € .Z*,

~

\/E(WC_R(C)) =ay+by+cy

), bu ~> N (0,var (Loer 98-(2))), and

where ay, = Op (Lueor | 9F — 98

kh?~! - T
n S 2 +1 Z Hﬂa’_ﬂa’H]P’AH“a’_nua/H]P’A

o
2 adeod

k2 a_n9 k a_ -
+ | —zh? "+ —zh? +1 Z |t — P
4> 22 daa'edf

pallter —Harllp.a
+kh®.
02.(Z) is defined in (C.19) in the proof.

Proof. Here we show our proposed estimator Y is consistent and asymptotically normal

estimator for R(C). First, since Y = R, (C) we have
Ve —R(C) = Yc — yc +Ru(C) = R(C).

Recall the uncentered efficient influence function @f = @2 + y¢ for a € o7 and let G,
denote the empirical process over group s by G5, = /n(IP5, —P). Then we have the following
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decomposition

S
VilFe—RIC) = g 3 ¥ (G0t~ gtn)]

1
SS

+ Y Gu{ot(n)}

ace

g

lace/

[P{ot(N-s) <p8(n>}]+Rh<C)—R(C)} (C.13)

(.

J/
N~
1

J/

-

ii

which follows by noting that y& = P (¢¢) and ¥, P5 (¢&) = ¥, P, (¢¢) and simple rearrang-
ing. In what follows, we analyze each term in the right-hand side of above display.

part i) Let us write ¢ = @2(fl—) and 0 = ¢&(f—s). By the sample splitting lemma
[72, Lemma 2] it immediately follows

G, (9 — ¢¢) = Op (lloc — ¢¢ll)

and thereby the entire term is of order Op (Lyc . [|0F — 02|
part ii) From (C.11) and by P(y¢) = 0, we first notice that for any a

P{PE ot} = [ FedP+ Ve v

(C.14)
= R5(P.P)

where P is the probability distribution for units in all but group s that are used to estimate 1).
Hence we have that ¥, ¥ c.r [P{98(1—) — 04(N) }] < Lo RS (P,PP). Now let us define

=—Z Y. P{et(f-s) — 9t(n)}] +Ru(C) = R(C),

s aco

which consists of the second-order remainders which we analyzed in (C.12) and the approxi-
mation error analyzed in Lemma C.3.3.

On the other hand, for Va # a' € 7,

3 fa J fa d0,
Za.ua’ = Z{ Uqg Cra } Za‘ua Z{ Cra>a_‘ua} "’;wr-

r r
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As in Lemma C.3.3, we again let k* denote an index corresponding to the projection
II-(p). Then it follows that

aa)r Wy Mg — Cra’ Ha' ja
—Cra)5— = a—Crq)— | —7— + _—
R ;{(“ )h( TR M )H

l — Cp+ . Cjd i — i =k*
< 7| (Ha = crra) {ZHI‘—C/H 1{j=k })}|

P ) (e Mt

A Hu—cer = el
C]a’ ;i — L g —c N =k

< h Z”“_C]H Hj=Kk}|+7 r;(,*(ua ra) (@ — 1{ k})'

1 "

S5 Zr —1{r=k })'

where 1 € R for all k € N such that |Y;| < B’ for 0 < B’ < 4B. With this result, by the similar

logic used in Lemma C.3.3, we obtain that

8(1), 1
R s

zmwr—n{r:k*})'}]l/z

r

RACSS)

r

k o«
< X ps-1, (C.15)
22

Therefore for any a,a’ € o7,

8f“

21

2% h2=" +1. (C.16)

On the other hand, given g(gt) = [¥, f4(u)]%, for Va',a” we have

9’ U\ (y o1 a o
a.ua’aﬂa” a (Z a.“a’) (zr: a.“a”) 2 (;fr) (Z 9I~la/9ﬂa">
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a (s oW a oWy 1 1 ]
where )., 55— u - a = =Yr7 m /S)u ~-+ ), I, 90 Y o 2 -. Through the similar algebra to obtain

(C.16) one can show that for Va',a” € %

K o k o
< pr iy opr i, (C.17)

82g
~ 45 25

d Mo 9Ha”

Now from (C.12), using (C.16), (C.17) and the fact that ), f¢() and all the other
quantities are bounded, by the Cauchy-Schwarz and the triangle inequality we have

2
RY(B,P) < Z{ oz ><uaf—mu} y H 8|t — ) (tar— )|
deod a. a”EAZ{ a‘ua/a[la//
kh”l L
5( ) Y (= — )|l
aeo
K o k o . .
+(—ah2 LIS 1+1) Y ot — ) (tar — )|
42 22 d.d"ed
kh? ! o _
5( o +1> Z ||7ra’_7ra’ ’_ua’H]P’A
22 a e
K o, k a .
(S T ) Y el Tl (C19)
42 22 d.a'ed

(C.18) together with the result of Lemma C.3.3 give the upper bound for R, thereby for
part ii.
part iii) We fix a and define

¢8,1=2[Zf}’(u)]Z{ o) Y, SO 2=y m},

r adecd a‘ua o

9, =2 Zf“ m(A,X,Y) +

2
Zf;‘(u)] -y

where

m(A,X,Y) = Z IL(A—:GI)(Y_.“a’)'

dadecof T
Then the efficient influence function ¢£ in (C.10) (for any p > 2) can be written by

¢ = 01+ P
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First for ¢¢ |, we note that ¢& | SY e X, {( cm) s } as all the other terms are

bounded. Then, through the similar procedure to derive (C.16) we note that for any a,d’ € &/

do,) 1 B —Cra | Ma —Cja
a —Cra) 5 — (= 7 a " Cra)Wr | — +
Zr‘,{(u )cm/} hzr:{(“ ) ( 1 —c/ll2 ZH#—CJHZ )}
s%?nm—ﬂ{r:k*})

for some bounded 1, € R. Now for any y € (0, 1) consider Nc(h?). Note that Nc(hY) is
shrinking toward dC as n grows. Then based on the same logic used in Lemma C.3.3, it
follows that
K**
Y (0, —1{r=k" k
Yl (o —1{r=k}) Sk

r

1, if @ € Ne(h?
< if u € Ne(hY)

exp(—h¥~1), otherwise.
Since we only consider C € .Z*, by the given margin condition (a) for all n,
Y P (uj € Nc(hy)> <) P (yj ENc(h") | k < h7> +) P (uj € Ne(h") | k > h7>
J J J

< Mo+ nh®Y

< oo,

for some finite constant My > 0, where the last inequality follows by Assumption (c). Hence
by the Borel-Cantelli lemma, almost surely p ; ¢ Nc(h”) for all but finitely many n.
Consequently we have

VP, {‘PCl} \/—{ Z Oc1(K;) + Z ‘Pg,l(lii)}

i:[;ENc(n™Y) i:u; &N (hY)
< —card({i t1; € Ne(h")}) + 1 ) lexp(—h"il)
hy/n VI dNein)
=o(l) as.

where the last equality follows by the fact that card ({i : it; € Nc(h?)}) < o for all n, and

that .= f o(1) under Assumption (c).
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On the other hand, if we let {%(X) =2 [zj f;?(,u)} [z,( — Cra) 32 ] then by the law
of total expectation,

E[¢¢,] = Zg” JE{m(A,X,Y)|X,A=d}P(d | X)

=0

where we used E {m,(A,X,Y) | X,A = a’'} = 0 for Va'. Hence we conclude that G, {q)g 1 } =

o(1) a.s., which implies that G, {q)g,l} — op(1).

Next for ¢¢ ,, first note that }.; £ (1) — ta — cxrq and that Y& — E[(ta — cra)?] by
assumption (A3), (A4) and the dominated convergence theorem. Hence we define the
limiting value of (l)éf’z by

06+ (A,X,Y) = 2(tha — cpa)m(A XY ) + (Ha — cea)” = El(Ma — ciea)’] (C.19)

which is a fixed function of Z, independent of n. As shown above, by the law of total
expectation it is straightforward to show E [¢g 2} =0and thus E [d_)g*} =0,.
Furthermore, based on the similar algebra used to derive (C.16), with the additional fact

that m,, is bounded, we have
02— 96 S YV (0, — 1 {r=Kk"})

for some bounded 1, € R. Therefore, based on the exact same argument used to derive
{¢C 1} o(1) a.s. as above, we conclude that

Gu{9¢s— &} = VnPu {96, — 06}
=o(l) as.

Putting all the pieces together, ﬁnally we have

Gn{oct =Gn(9c)
= Gn{¢g,1}+Gn {¢g,2—‘5g*} +Gn {‘ﬁg*}
=op(1)+op(1) -l-Gn{(ﬁg*}
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Hence, by the central limit theorem and Slutsky theorem we obtain

Gn{@g} ~> N (0, var (9¢))

for any a € 7. Therefore,
Gn{ Y 9"31;} ~+ N (O,Var ( ) q%ﬁ(Z))) .
acol acof

Now we are in a position to prove Lemma 4.4.1.

Proof of Lemma 4.4.1

Proof. Using the same decomposition as in part ii) of the proof of Lemma C.3.4 first let
us write ¢¢ = @& | + 9¢, — ¢ + @¢., where @¢. is given in (C.19). Then from (C.16) and
Assumption (d) we already know H O¢ | H = o(1). Furthermore, by definition of /7 and the
boundedness assumption (A4) one can easily show that

2
[ija(#)] —(,ua—Ck*a)zSZCm(IL{r:k*}—a)r),
J r

Hence similarly as before, we obtain H¢g.2 — @8

= o(1) and y¢ — y¢. = o(1) under
Assumption (d), where y&. = E[(ly — cx=a)?]-
Therefore we have

9% — 92|l < D¢ — 98Il + W& — we|
< | @ce — @&l +o(1) + [T — yi. | +o(1).

Note that (ﬁg* Y. are Lipschitz in L, (P) norm with respect to 1 and p, respectively, as
they are everywhere differentiable and their first derivatives are all bounded in L, (P) norm.
Hence, the last display is bounded by

O(lm—nl)+o(m—ul)+o(1)
= 0(0p(1)) + 0(0p(1)) +o(1) = 0p(1)
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where the equality follows by the given assumption (b). Consequently we have Op (Lyc o/ || @& — @4|) =

01{»(1).
Moreover, by Assumption (d) we have /nR,, = op(1). Finally, Lemma C.3.4 and the
Slutzky theorem yield the result. ]

C.3.3 Proof of Lemma 4.4.2

Before proceeding, we first introduce the following lemma which will be useful to prove
Lemma 4.4.2.

Lemma C.3.5. For any a € of and sufficiently large n such that h \ 1 = h, it follws that with
probability at least 1 — &

log(1/8) | log(1/8)
sup (P, —P) @ (1) < C' +
Ce%r.nelp,1—p]P xRP C( ) nh? nh

or any p > 0 and global constant C' > 0 that does not depend on n,h,C, 1.
p n

Proof. Letus define a function class ¢4, = {glg niZ2RICEG,nEp,1-p]Fx [—B,B]p}
such that

cit @) =2[L v Ly, LEWEH 1A=

Y — Uy ),
r adeodf a.ua’ Ty ( )

and a class ¢“ = {gzaCu X —R|CeC,uc [—B,B]P} such that

028, (2) = {;fﬁ‘(W;C,h)r

where 1) is a set of all the nuisance parameters as before and u = (uy,...,i,). Then, it
follows that

sup |(Pn —P) @¢ (1)
Ceé,melp,1—p]P xRP
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For the part (1) in RHS of the above inequality, we first note that from the proof of Lemma
C.3.4 part (i1)

2Bk
<= +1

‘.. <2B
||f}"||oo— ) h

o
J Mo

for Va,a' € </, which leads to

HglaC,n”m <2

Aff 1(A=d)
A Y— a’
{ : MHM ne K

2B (sz .\ 1) <|YH<>O+B)
h p

< (A Copy)p-

; ; a -2
with some finite constant C; g 1y _ - Hence we conclude Ep(gw,n) < Ck BY|op (kA1)

Next, in order to consider the covering number of ¢4, suppose that for any indices r,a
and some € >0

| ta — 15|, < ke, [|C=C'|, <he, <he, |-l <he

where we use superscript / to represent a different element in the same function/parameter
class. Then, it is clear to see that

do, (do, !
Uy d U

‘fra_(fra)/‘ < |wr ’H.ua Cra”oo"‘erHoo{’“a :ua}—f— |Cra ra’}
< he(2B+1).

and

Consequently it also follows that

off (] |90 (d0)
a;ua’ d e N a.ua’ a.ua’
< &(2B+h)

<eCj

— Cralle + |0 — |
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for some constant C > 0 as & = o(1). Now we have
Hglac,n —&1Cy||_
d
2R #-L|L 5 M=y ) m
Lz R BE - (LY 2w}
< 2khe(2B + 1)k{212k + 1} B+l|lY”°°

+4Bk{ <?+ 1) (};—8 LB+ ||Y||oo)he) +eC, (%'Y”‘”) }

< QB Y |mp

for some constant C/ KB [mp > 0, which follows by rearranging terms and applying triangle

inequality with all the bounds we have discussed so far. Let £ = SCZ B,|¥|..p- Then finally
we have

N (G0 €

SJV([—B,B]‘D,||-||Oo,h€)</V([—B,B]kp,||-||°o,h8),/1/([1,ll)]p,||-||D°,h£)p=/V([0, l]k ||'||D°,h8)

_ (2B PHRP 1 NP /1 \F
— \ he phe he
= (he/Clp ) 270

_ 2p+kp+k
B <1‘4C1<,B,|Y||m,p(hA D 1)

8/

CkBHYH C;c”ppB . . /
where M = W Hence by Theorem 30 in Kim et al. [76], for some constants C’,

C,, C5 , with probability at least 1 — &

" Zgl(Zi) —E[g1(Z)]

(2p+kp+k)CkB”YH C? C
!/ Y / kB”YHocnp / ka&HY”wP
SCI\/ PUTSIE log(2M) + G5 —(h/\l) log(1/6)+ C3 <—n(h/\1) log(l/S)).
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Hence provided that h = h A 1, for sufficiently large constant C’ > 0 that only depends on
k,p,B,p,||Y ||~ we have

1 n
sup | =Y 81(Zi) —E[g1(Z)]
g1egt | i

nh? nh

< ( log(1/8) 1og<1/6>>

with probability at least 1 — J.
We omit the proof here for the sake of brevity, but we obtain the same upper bound for
the part (ii) as well based on the similar procedure. Hence, the result follows.
O

Now we are back to the proof of Lemma 4.4.2.

Proof. First note that

-~

R(C)~R(C") = R(C) ~ Yz+ Y —R(C")
<R(C) - Yz+ Y- —R(CY)

<2[[yc—R(O)ll¢,

where we adopt the notation ||y — R(C)||4, = sup | —R(C)|. Then by the triangle
Ce6,
inequality it follows that

e = R(C) g, < |IR(C) = R(C) g, +||Wc — Ru(C) ¢, -

~~ ~~
1 1

Let us analyze an asymptotic behavior of the right-hand side in the above display by term
by term.

i) As we expand our scope to arbitrary C € 6%, we can no longer rely on the margin condition
as in Lemma C.3.3 where we only considered an optimal codebook C € .Z*. Nonetheless,

for arbitrary C it still follows that

R(O) RO B | |

as seen in the proof of the Lemma C.3.3. Next for any v such that 0 < v < 1, we consider
Nc(hY). Then, p & Ne(hY) = hY < || — cp=||2 — || — cx#||2, and thereby
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Kok _h 1 v
K _ Jew(<5) it N,
K"~ |

elsewhere

Hence,

Sexp(—h" N +n" = O(hv) =o(1), (C.20)

which leads to R;(C) — R(C) = o(1). Since this result is independent on C, we conclude
that [[Rx(C) —R(C)|¢, = o(1).

ii) Using the following decomposition

S
FeR(€)= ¥ {3 (B 7))+ ¥ LY et - gtm)

acd = s=1 aegf

~ e s —s a(n
sup [fic — Ry(C)| < S Y. sup |[(P, —P~°) {@&(71—)}]
Cety szlaazf’cecfk
+ Z Y sup [P {@é(A-5) — @&(m)}|.
s laca CEC

For the first term in the right-hand side,

sup | (B —P~*) {@&(f1—)}| < sup |(Ps —P~*) @&(n)]
Ce%, Ce‘é’k,ne[p,l—p}PxRP
= sup |(P,/s—P) 9(n)],

CeGr,melp,1-plP xRP
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under random sample splitting, where = means same in distribution. Hence by applying

Lemma C.3.5, for each s we have that with probability at least 1 — 6,

sup | (7 ~P) g2 }|<Cs< logr§}112/5)+logilh/3)>'

For the second term, from (C.12) we note that

P~ {Q(11-y) — 94(n)} = R3(B,P),

where P is the distribution corresponding to f)_,. Since our C is no longer guaranteed to
be in .#* for the analysis of the above R§ (I/P\’, P) we have to use (C.20) in the preceding

part i). Based on the exact same algebra to deduce (C.18), we obtain

REP <Y { ||n,—ﬁa/u|rua/—ﬁa/u} y

aded a a”e%Ha‘ua a'ua

< (khi_l —|—1> Z ||7fa’_”_d||P,4||ua/_WHP’4
aeod

o (G T ) N WP POV WS 9

"
aad'ed

J f

‘Hua Bt — P |

(C.21)

for any C € %;.

From Assumption (d), we have ||, — &y | ||t — Bl || = 0 (n™'72). || 1 — Bt [ |1 —
Ly || = op(n~'/?) forVd',a" € of ,and h2 =2 = h2h~% = o(1)op(n'/?). Hence R4(P,P) =
op(1), independent of C. Consequently

sup [P~ {9¢(R5) — 9¢(m)}| = op(1)
Ce6,

Putting these together, we finally conclude

||wc—Rh<c>||cgk=op( J_hz) +op(1).

Now, from above part i) and part ii) we have

|5 —R(C) %,c:ou)wp( )+0p<1>:oﬂ»<1>+op<0p<1>>=op<1>

1
Vnh?

where the second last equality follows by \/r# = op(1) from Assumption (d).
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Finally, the desired consistency can be shown by validating Theorem 5.7 in [141] where
we set M(-) = —R(-),M,(-) = — (). We already have verified that ||yc — R(C) ||, = op(1).
Furthermore, since C is a minimizer of ¥/ it is clear that — Y+ + 1175 <0.

Note that R(-) is a bounded, continuous function whose domain (%%) is compact. Hence
due to the local uniqueness condition (d), each C* is a locally well-separated minimizer of R.
Consequently, by the same logic used in Theorem 5.7 in [141], one may show that for each
0 > 0 the probability of the event {dcodebook(a ,C*) < 6, for some C* € .#*} converges to
1. Thus we conclude that C converges in probability to some C* € ., which yields the
result.

]

C.3.4 Proof of Theorem 4.4.2

The following lemma emphasizes the fact that if a codebook C € % is sufficiently similar
to C* € .* (in terms of a valid distance function), then C satisfies the margin condition as

well.

Lemma C.3.6. Let C,C* belong to 6y, . #* respectively. If C is close enough to C*, then C

also satisfies the margin condition.

Proof. Let W be in N¢(x”) for some k' > 0. Without loss of generality, let ¢; € C* denote
the nearest optimal cluster center for W, i.e. u € V;(C*), for a fixed i € {1,....,k} .

First consider the case p € V;(C*)(Vi(C). Then by the triangle inequality for Vj # i
such that V;(C*) is adjacent to V;(C*),

[ =il =l =eilly < I =cjll +[lej =5l = [ = cil + [lei =il
S K, +dCOdeb00k(C7 C*)

for a valid distance d.ogebook €quipped with metric space (RW | ,Ly). Next we consider the
case where p € V;(C*)(V;(C) for Vj # i. In this case we have

| =<3, — || —cf]|, <d(aVi(C¥),c}) +d (Vi(C*),W) —d (Vi(C¥),c}) +d (dVi(C*), W)
<2d(9dVi(C*),W)

5 dcodebook (C7 C* )

where the first inequality follows by the triangle inequality, the second by d (dV;(C*),¢;) =
d (9Vi(C*),c;) for all V;(C*) adjacent to V;(C*), and the last by Lemma 4.2 in [85].
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Hence by setting k’ properly, for sufficiently small value of d¢odebook (C,C*) we obtain
min {0 = cjll =l = cfll2} < &

for p € V;(C*). If we take a minimum of such k’ over all i, generalization to Vi can be done.
Hence we conclude that g € Ne- (k). O

Note that value of the margin gap does not affect our result in Lemma 4.4.1. Having
Lemma C.3.6, it can be said that there exists a constant T > 0 such that if d¢ogebook (C,C*) <
T, then C satiesfies the margin condition as well.

We are now in a position to prove Theorem 4.4.2.

Proof of Theorem 4.4.2. Let C* belong to .#*. By Lemma 4.4.1, for each € > 0 we can
always find M, and n, such that P (/n|yc — R(C*)| > M,) < € for all n > n. Furthermore
by the result of Lemma C.3.6, we can find the constant 7, > 0 that makes a codeset C
satiesfy the margin condition whenever d.ogebook (C,C*) < T,. Lastly note that by Lemma
4.4.2 we have dcodebook(a C¥) £, 0, and thus for each € > 0 there exists ny such that
P (dcodebook(6 ,C*) > ’L'K> < €’ for all n > ng. Now by the law of total probability,

P (\/V_Z‘V/;C _R(é\)‘ > Ms) < P (\/;l‘fl}c _R(é\)’ > Me ‘ dcodebook(é\y C*) < TK) +P (dcodebook(é\y C*) > TK)
<P (Vn|WPc- —R(C*)| > Mg) + €
<e+¢

for all n > max(ng,ng). Note that the second inequality follows by the local uniqueness of
C*, along with Lemma C.3.6. As € and €’ are both arbitrary we conclude that

Vit (W= R(C)) = 0p(1).
Finally,

R(C) = R(C*) < R(C) — Yz + Y —R(CY)
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C.3.5 Proof of Theorem 4.4.3

To proceed, we define a function ¢(Z;C,n') = b¢ 1 Z — R | by ey =Voc{oc(n')},
a vector of partial derivatives of the uncentered EIF ¢ with respect to each cluster center
¢’ € C' evaluated at value ¢ € C, indexed by a cluster codebook C and a set of nuisance
parameters 7). Then our estimate C is zeros of the equation %Zle P {dJC,ﬁ,S} =0.

Let 1 denote true nuisance parameters. As before, we let C* € .#* denote a minimizer of

the true risk function R(C). In additiona to that, let us write Cy = argminy/c n, a minimizer
CGcglc

of the kernel-smoothed risk yc 5 = R;(C). In Lemma 4.4.2 we gives the result that Cis

consistent to C*. The following lemma provides the same consistency guarantee for Cj.

Lemma C.3.7. Under the same condition as in Lemma 4.4.2, Cy converges in probability to
C*.

Proof. 1t suffices to show that c converges to Cy by recycling the proof structure used in

Lemma 4.4.2: i.e., showing that assumptions of Theorem 5.7 in [141] are satisfied. We

already showed that ||Ycn — We g
definition Yz n— Ven <0.
Finally we claim that C is a well-separated point of minimum of a function Ry,(-) = V. .

%, = op(1) in the second part of Lemma 4.4.2. Next by

Suppose that it is not and for any & > 0 there exists another minimizer C such that R,(C;) =
R;(Cp) and d(Cy,Cp) > 6 for all n. Then since ||R,(C) — R(C)||%, = o(1) from the first part
of Lemma 4.4.2, on one hand it follows that

Rp(Co) — R(Cy) = Rp(Co) — R(Co) + R(Co) — R(Cy)
=0(1)+R(Cp) —R(Cy) = o(1)

which yields R(Cy) — R(Cy) = o(1). On the other hand, R,(Cp) = gél(%Rh(C) = Cnell%’lk{R(Q +
o(1)} = R(C*)+o(1) for some C* € .#* and R;(Cy) = R(Cp) +o(1). Hence R(C*) =
R(Cp) +o(1).
Consequently we have R(C*) — R(Cp) = o(1) and R(C*) — R(C;) = o(1). Since each
C* is a locally well-separated point of minimum of R, there exists ng such that for n > ng
d(C*,Cy) < g and d(C*,Cy) < g, which yields d(Cy,C) < 8, a contradiction. Hence we
conclude that C is a well-separated point of minimum of R;,, and thereby ch Co.
O

Note that Lemma C.3.7 does not require the strong margin condition in Definition ??.

With this lemma, we are ready to prove Theorem 4.4.3.
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Proof of Theorem 4.4.3

Proof. First note that by Leibniz’s rule

P{dcyn} =P{Ve=c, (9cn+¥en)}
=Ve=c, {P (9cn) } +P{Ve=c,Wen |
—0

as P (¢Cﬂ1) = 0 for VC and Vc—c,Wc,n = 0 by definition. Thus it follows,

0=vn lésiﬂ”i {6c4.} —P{d)co,n}]

- %i P {dey, —dea,f+vn

1 S
s LB Adbcqt—P{dan}|. (€22
s=1

Fix s. For any unit in group s, by Taylor’s theorem we have

~ 1 o
boq, ~Pora, = Y D¥Ociq (C—C)+3 Y, Dg (C—C7)

lor|=1 la|=2

for some C* between C and C* (in terms of linear interpolation between each pair of points),
where D% is the differential operator for multi-index o = (e, ..., ) ) of length |.o7| x k
_ vyl
and |a| =Y, .
On one hand, since ¢¢ consists of the first partial derivatives with respect to each

coordinate of C, ¥ D%®{¢+ 4, is a summation of all the second order partial derivatives
loe|=1

with respect to each coordinate of C*. For a fixed a € 7 and label indices j, j’, 1, due to their
structural resemblance % can be analysed through the very similar algebra used for g‘—ﬁa in

part ii of Lemma C.3.4. Thus again we may write,

»

aft 1
I o) S Lyt 5 X0 (0~ 1 =K))
Ja J J

for some bounded I; € R for all j € N. Under the strong margin condition, we obtain faster
rates of the approximation term

Y (0~ 1{1 =k} S exp(—),
l
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which leads to

) 2(Pc*

1 K 1 3
W S 14+ —exp(—— and consequently Z Do‘(bc*,ﬁﬂ <1+ —exp(——).

), )
2 h & 2 h

This is an analogous result to (C.16) and (C.17) in Lemma C.3.4. On the other hand, when
|a| > 2 the addition of 1 (from }; ®;) no longer exists as we start taking the additional
derivative at the third or higher order, and it could be deduced that

o p K K
<V 2 L N _JK
SLipfon(-f)rren(-5)]

where b;’s are finite constants which do not vary with n. Hence ‘ ‘Z ZDad)C*,ﬁfs < hlz exp(—7)
ol=

ol

0% ¢y a aalg/lkck’am

Pc+

1

Next, we claim that for any codeset C such that C 25 C*, D% b ﬁﬂH = Op(1) for
all a such that || > 0. To this end, first we note that for each € > 0 there exists ng
such that P <dcodeb00k(5 ,C*) > ‘L'K> < ¢ for all n > ng, where we interpret the constant
T, in the exact same way as in Lemma C.3.6. Furthermore from before, it is clear that
[D%dc= 4, || = O(1) for every a and C* € .#*. Hence there exists a univeral constant M
such that [[D%$¢- 4 || < M. Now it follows

o~

P (HDad)aﬁ_s || < M) >P (HDad)aﬁ_s || <M | dcodebook(é\a C*) < TK) P (dcodebook(C7 C*) < Tk
>P(ID%cr g, [ < M) (1-¢)
=(l—¢).

Since € is arbitrary, we get the desired result. Now we notice that
Vn nsS 1
(?Pfi {P90c g} ) =g (D% ) < 10" P
Hence using Chebyshev’s inequality, it follows

vn .
‘TPZ {Da¢c*7ﬁ7s}) /| < l

P = <
(D%, /S 2

'We omit the detailed algebra here since they are mostly very analogous to those used in the part ii of the
proof of Lemma C.3.4 and thereby not particularly illuminating here.
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for any 7 > 0. By letting t = 1//€ and noting ||D%$z ﬁ_,“ = Op(1), we obtain that

Vips {D“(b&ﬁﬂ} = Llop(1).
Finally we are ready to analyze the first term in (C.22). Putting all things together,

IZPS{q)CnS b} = VnlC- c*);zs“{lp <l—|—hlexp( Z))}

s=1

Now for the second term in (C.22) we have,

N —EPS {Cbc* i J“P{‘I)Co,n}]

95}

5
= Z\/E(PZ—P){CPC*,ﬁ,S—d)C*,n} Z (P}, —P) dcy.n

1
S

+3 Z VP {dc g, —bem )+ Z {bcrn —beon }
1

I
| =
- 20

Gy {ber i, — b} +Gudeyn
N——

- i

1

U
I

~\~
1

s
_Z VP {dc g s_¢C*n}+\/_]P’ {d)c* fbco,n}/ (C.24)

iii

C/;»—A

where G, = /n(P, —P) and G}, = \/n(IP}, —P) as before. In (C.24), we shall proceed term
by term as below.

i) Without loss of generality let us fix ¢ € C*, a € o/ and by abuse of notation let @, n
denote a particular coordinate of ¢, corresponding to ¢ and a, i.e. (p’qn ac o(;C,m).
Then we define a function class .7 * = {(p’qn CeH” }, where 1 is still defined as the set
of true nuisance parameters.

As shown in above ||[D%®c- 4 || = O(1) for arbitrary o such that || > 0 and .Z* C 6
is compact, .% * is Lipschitz of order |k/2]| + 1 with respect to each coordinate of C. Hence,
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by Theorem 2.7.2 in [142] we have

k||
§ 1\ T 12f
ey (6.7 ) 5 ()
Therefore by Theorem 19.5 in [141], .%* is Donsker and due to the consistency of f)_; we

have
Gy { Qb i~ 9bn} =op(1).

This claim holds for every pair of ¢,a. Thus we conclude that G}, {(bc*,ﬁ_s — et } =op(1).

ii) We may write

Gnd)co,n - Gn {(bCQ,n - ¢C*,n} +Gn¢C*,n-

As shown previously in part i, a function class for each coordinate of ¢¢+ j is Donsker.
Furthermore Cy L by Lemma C.3.7. Hence basically by recycling the argument used in
part i, we obtain G, { dcy.n — e b = op(1).

Next, to analyze G, ¢+, we can follow the same logic used in the part iii in Lemma
C.3.4. Again let (p’c’n denote a particular coordinate of ¢¢ y corresponding to a pair c, a;
so we need to take an additional derative of the EIF @c+ 5, with respect to ¢, € C*. After a
course of simple algebra as in the part iii in Lemma C.3.4, we may write

(pé*ﬂ7 (Z) =ma(Z) + (g — Chog) ma(Z) + (ﬁ/c*n (Z)
= (Pé'*,n (Z2)+ aé*,n (2)
with the same definition of m, and k* as before, where all the terms in /.. 1 decay to zero at
exponential rates this time due to the strong margin condition (unlike before we do not need
any probablistic arguments). Namely, the function (p’C*m consists of the fixed function (I)’C*m

and the shrinking function @/.. n whose terms go to zero at exponential rates. Finally, the

central limit theorem and Slutsky theorem yield
Gnd)c*m ~ N (07 Eé*m) (CZS)

where X/. n is a covariance matrix for due to @/ n part at each coordinate.

iii) As shown in (C.14) in the proof of Lemma C.3.4, we have

P{dc s . — e} SRE(P,P)
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and under the condition in Theorem 4.4.2 it follows R§ (P,P) = op(n~'/2). Consequently,
VAP {dc- 5, = bern ) = op(1).

iv) By Lemma C.3.7, we have Cy P, ¢*. Thus we can proceed with the same argument
we used for analyzing the first term in (C.22). Using Taylor’s theorem and noting that
|D¥$cx |l = O(1) we obtain || pc, n — e+ n || = op(1). Then by the Chebyshev’s inequality
argument as before, we conclude that \/nlP, {d)C*J, - d)Co,n} = op(1).

Putting all the pieces in part i - iv together we are guaranteed an asymptotic normaility in
(C.24). Therefore, plugging all the results back into (C.22), again by Slutsky theorem we
reach to the desired result.

]
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