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ABSTRACT

Recent advances in machine learning have propelled the use of data-driven methods in scientific discov-
ery. In this we study the application of machine learning techniques to solve Partial Differential Equations
(PDEs), which form fundamental building blocks in analyzing and describing various scientific phenom-
ena, ranging from fluid dynamics to climate and weather forecasting and molecular dynamics. However,
as the dimensionality of the system increases, the computational cost of simulating PDE solutions grows
exponentially with the input dimension. Additionally, every new configuration of a PDE system neces-
sitates rerunning the numerical solver from scratch, adding on to the computational challenges.

This thesis aims to theoretically and empirically investigate the conditions under which data-driven ma-
chine learning can effectively solve PDEs. It establishes conditions under which for specific classes of
PDEs data driven machine learning techniques provide tangible benefits, especially in terms of reducing
computational costs. Furthermore, it explores the architectural design space of using neural networks
to approximate PDE solutions and fundamentally understands the choice of architecture that benefits
downstream applications.

The thesis is divided into three parts. The first part containing Chapters 2, 3 and 4 introduces theoret-
ical results that establish the representational capacity of neural networks for approximating solutions
to complex PDEs. These chapters show that for certain families of PDEs the using a neural network can
provably evade the curse of dimensionality. The second partincludes Chapters S, 6 and 7 and explores the
architectural design choices of neural operators: neural networks that approximate solutions to an entire
family of PDEs. We further use our insights towards designing efficient architectures for multi-physics
models that can approximate solutions to multiple families of PDEs at once. The third part includes re-
sults on approximating graph structured data—which includes various scientific data such as molecules
and PDEs on irregular meshes. In Chapter 8 we show how the state-space models based architectures such
as Mamba generalizes to graph structured data. Finally, in Chapter 9 we introduce a theoretical results
that establishes representational benefits of maintaining edge embeddings in graph neural networks.
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1 INTRODUCTION

Recent advancements in Machine Learning (ML) and Artificial Intelligence (AI) have revolutionized
modeling of language, vision, and video processing, inspiring a growing body of research leveraging these
tools for scientific applications. This thesis takes a step towards building a fundamental understanding of
how machine learning techniques apply to Partial Differential Equations (PDEs). Widely used to describe
scientific phenomena, PDEs are central to applications in physics, computational chemistry, climate sci-
ence, and weather modeling.

A partial differential equation (PDE) is a mathematical equation that describes the relationship between
a (potentially high-dimensional) function u € R? and its partial derivatives. Unlike ordinary differential
equations (ODEs), which involve derivatives with respect to a single variable, PDEs can include partial
derivatives with respect to multiple dimensions. This additional complexity often makes PDE:s signifi-
cantly more challenging to solve. For example, many PDEs that model complex phenomena, such as the
Navier-Stokes equations [Navier, 1821, 1822], lack closed-form solutions in most practical scenarios. Asa
result, computational approximation methods are frequently employed to solve these equations. For low-
dimensional PDEs, widely used techniques include finite difference and finite element methods LeVeque
[2007], which discretize the domain into a mesh. However, these methods scale poorly with increasing
dimensionality, suffering from the so-called “curse of dimensionality”. This has motivated a rapidly grow-
ing area of research in data-driven approaches to solving PDEs, where recent experiments have shown
that for some PDEs deep networks can approximate solutions to high dimensional PDEs by seemingly
escaping the curse of dimensionality.

A PDE takes the following general form,

ou 0%u O"u Ou Ou?
F(uu’E’W’?W’a_xl’a_x?’>:07 t>0,l‘€Q (11)
ou 0*u Oy du Ou?
G(t“v%v 8t27“'aatn7a_xiaax227'”)207 t>0’$€89 (12)
u(0,z) = ug, x € £, (1.3)

where, Q C R refers to the domain over which the PDE is defined, and € R? is the d-dimensional
spatial variable and ¢ € R denotes time. Here I in Equation 1.1 represents a general functional rela-
tionship between the function u € R? with its partial derivatives over the domain (2, and is referred to
as the governing equation. The function G in Equation 1.2 defines the relationship over the boundary
and is referred to as the boundary condition—and are typically less complex than the governing equation.
Finally, if the PDE evolves over time, in order to uniquely define the behavior of the solution we need to
define the nitial conditions (Equation 1.3).
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The goal of applying machine learning techniques to PDE:s is either to approximate the solution u di-
rectly using a neural network or to approximate the operator F', which defines the overall relationship,
using a neural network. Approaches that follow the former include Physics-Informed Neural Networks
(PINNS) [Raissi et al., 2019] and the Deep Ritz Method [Weinan and Yu, 2018]. These methods take as
input points sampled from the domain and train the neural network by minimizing a loss function that
enforces the constraints derived from the governing equations, boundary conditions, and initial condi-
tions—typically using the Ly norm.

While these techniques effectively leverage the function-approximation capabilities of neural networks,
they are limited to solving one specific PDE at a time. Recently, operator learning frameworks Chen and
Chen [1995], Lietal. [2020a], McCabe etal. [2023] have gained significant attention. These methods use
neural networks to approximate an infinite-dimensional operator that maps between functional spaces,
enabling them to learn solutions for entire families (or multiple families) of PDEs simultaneously.

In this thesis, we take a step towards building a foundational understanding of the algorithms, meth-
ods and benchmarks used in the ML for PDEs literature. We take both the theoretical and empirical
lens to answer important question such as representational and computational benefits of using neural
networks, as well as empirically exploring the architectural design space of neural operators.

1.1 THEORETICAL RESULTS

This section aims at developing a theoretical understanding of when and for what families of PDEs, can
the solution be represented by a small neural network. Here, we show that for linear elliptic PDEs, if the
coefficients of the PDE can be approximated by small neural networks, then the neural network approxi-
mating the solution to the PDE will have polynomial in the input dimension number of parameters. We
then extend these results for a family of nonlinear elliptic PDEs by adopting the Barron norm of the func-
tion as the complexity measure. Here the results show that under certain conditions the Barron norm of
the solution will have a polynomial dependence on the input dimension.

This part of the thesis are based on the following papers:

* Tanya Marwah, Zachary C. Lipton, and Anderj Risteski. “Parametric Complexity Bounds for Ap-
proximating PDEs with Neural Networks”. In Advances in Neural Information Processing Systems,
2021.

* Tanya Marwah, Zachary C. Lipton, Jianfeng Lu, and Anderj Risteski. “Neural Network Approxi-
mations of PDEs Beyond Linearity: A Representational Perspective”. In International Conference
on Machine Learning, 2023.

1.2 EmMPIRICAL RESULTS

In this part we look into the empirical aspects of using machine learning and deep learning for model-
ing PDEs and explores the architectural design space of neural networks for approximating PDEs. First
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we study the effects of utilizing appropriate inductive biases in the design of neural network architec-
tures for approximating steady-state PDEs. Taking inspiration from classical numerical approaches of
fast-converging Newton-like iterative schemes, our results show the benefits of very deep, but heavily
weight-tied architectures as the appropriate architectural design choice for steady-state PDEs. We then
study the benefits of explicitly maintaining memory for modeling time-dependent PDEs and introduce a
framework that we refer to Memory Neural Operator (MemNO) which builds upon state space models
and neural operators to effectively model memory. This effect more pronounced under scenarios of par-
tial observability such as low-resolution grids and noise. We also shed light to how existing benchmarks
are too simple and can often result in incomplete conclusions in the field. Finally, we will see some of our
recent efforts towards building large multiphysics foundation models.

This part of the thesis are based on the following papers:

* Tanya Marwah, Ashwini Pokle, J. Zico Kolter, Zachary C. Lipton, Jianfeng Lu and Andrej Ris-
teski. “Deep Equilibrium Based Neural Operators for Steady-State PDEs”. In Advances in Neural
Information Processing Systems, 2023.

* Ricard Buitrago Ruiz, Tanya Marwah, Albert Gu, and Andrej Risteski. “On the Benefits of Mem-
ory for Modeling Time-Dependent PDEs”. In International Conference on Learning Representa-
tions, 2025.

* Junhong Shen, Tanya Marwah and Ameet Talwalkar. “UPS: Towards foundation models for pde
solving via cross-modal adaptation”. In Transactions of Machine Learning, 2024.

1.3 GRAPHS

In the final part of the thesis we take a detour and study Graph Neural Networks (GNNs) both from
architectural and representational perspectives. This is driven by the need to study and design architec-
tures capable of handling heterogeneous data—data sampled from irregular geometry, meshes, or other
scientific datasets such as molecules. First, we introduce Chimera, a unified framework that mathemat-
ically generalizes state space models to incorporate the topological structure of data in a principled way.
Chimera is topology aware and does not require any additional heuristics such as position encoding to
incorporate the graph structure of the underlying data. Finally, we theoretically study and empirically val-
idate the benefits of architectures that maintain and update edge embeddings when it comes to modeling
graph structured data. We show that architectures that maintain edge embeddings almost always improve
on their node-based counterparts—frequently significantly so in topologies that have “hub” nodes.

This part of the thesis are based on the following papers:

¢ Aakash Sunil Lahoti*, Tanya Marwah*, Ratish Pudupully, Albert Gu. “Chimera: State Space Mod-

els Beyond Sequences”. In Submission.

* Dhruv Rahotgi, Tanya Marwah, Zachary C. Lipton, Jianfeng Lu, Ankur Moitra and Andrej Ris-
teski. “Towards Characterizing the Value of Edge Embeddings in Graph Neural Networks”. Iz
Submission.
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2 PARAMETRIC COMPLEXITY BOUNDS FOR
APPROXIMATING PDEs wiTH NEURAL
NETWORKS

Abstract: Recent experiments have shown that deep networks can approximate solutions to high-dimensional
PDE;, seemingly escaping the curse of dimensionality. However, questions regarding the theoretical basis for
such approximations, including the required network size remain open. In this paper, we investigate the rep-
resentational power of neural networks for approximating solutions to linear elliptic PDEs with Dirichlet
boundary conditions. We prove that when a PDE’s coefficients are representable by small neural networks,
the parameters required to approximate its solution scale polynomially with the input dimension d and pro-
portionally to the parameter counts of the coefficient networks. To this end, we develop a proof technique that
simulates gradient descent (in an appropriate Hilbert space) by growing a neural network architecture whose
iterates each participate as sub-networks in their (slightly larger) successors, and converge to the solution of
the PDE. We bound the size of the solution showing a polynomial dependence on d and no dependence on
the volume of the domain.

2.1 INTRODUCTION

A partial differential equation (PDE) relates a multivariate function defined over some domain to its par-
tial derivatives. Typically, one’s goal is to solve for the (unknown) function, often subject to additional
constraints, such as the function’s value on the boundary of the domain. PDEs are ubiquitous in both
the natural and social sciences, where they model such diverse processes as heat diftusion [Crank and
Nicolson, 1947, Ozisik et al., 2017], fluid dynamics [Anderson and Wendt, 1995, Temam, 2001], and fi-
nancial markets [Black and Scholes, 1973, Ehrhardt and Mickens, 2008]. Because most PDEs of interest
lack closed-form solutions, computational approximation methods remain a vital and an active field of
research [Ames, 2014]. For low-dimensional functions, dominant approaches include the finite differ-
ences and finite element methods [LeVeque, 2007], which discretize the domain. After partitioning the
domain into a mesh, these methods solve for the function value at its vertices. However, these techniques
scale exponentially with the input dimension, rendering them unsuitable for high-dimensional problems.

Following breakthroughs in deep learning for approximating high-dimensional functions in such diverse
domains as computer vision [Krizhevsky et al., 2012, Radford et al., 2015] and natural language pro-
cessing [Bahdanau et al., 2014, Devlin et al., 2018, Vaswani et al., 2017b], a burgeoning line of research
leverages neural networks to approximate solutions to PDEs. This line of work has produced promising
empirical results for common PDEs such as the Hamilton-Jacobi-Bellman and Black-Scholes equations

6
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[Han et al., 2018, Grohs et al., 2018, Sirignano and Spiliopoulos, 2018]. Because they do not explicitly
discretize the domain, and given their empirical success on high-dimensional problems, these methods
appear not to suffer the curse of dimensionality. However, these methods are not well understood the-
oretically, leaving open questions about when they are applicable, what their performance depends on,
and just how many parameters are required to approximate the solution to a given PDE.

Over the past three years, several theoretical works have investigated questions of representational power
under various assumptions. Exploring a variety of settings, Kutyniok et al. [2019], Grohs et al. [2018],
and Jentzen et al. [2018], proved that the number of parameters required to approximate a solution to a
PDE exhibits a less than exponential dependence on the input dimension for some special parabolic PDEs
that admit straightforward analysis. Grohs and Herrmann [2020] consider elliptic PDEs with Dirichlet
boundary conditions. However, their rate depends on the volume of the domain, and thus can have an
implicit exponential dependence on dimension (e.g., consider a hypercube with side length greater than
one).

In this paper, we focus on linear elliptic PDEs with Dirichlet boundary conditions, which are prevalent
in science and engineering (e.g., , the Laplace and Poisson equations). Notably, linear elliptic PDEs define
the steady state of processes like heat diffusion and fluid dynamics. Our work asks:

Question. How many parameters suffice to approximate the solution to a linear elliptic PDE up to a speci-
fred level of precision using a neural network?

We show that when the coefficients of the PDE are expressible as small neural networks (note that PDE
coefficients are functions), the number of parameters required to approximate the PDE’s solution is pro-
portional to the number of parameters required to express the coefficients. Furthermore, we show that
the number of parameters depends polynomially on the dimension and does not depend upon the vol-
ume of the domain.

2.2 OVERVIEW OF RESULTS

To begin, we formally define linear elliptic PDEs.

Definition 1 (Linear Elliptic PDE [Evans, 1998]). Linear elliptic PDEs with Dirichlet boundary condition
can be expressed in the following form:

(Lu)(z) = (—div(AVu) + cu)(x) = f(x), Vo € Q,
u(z) =0,z € 09,

where Q0 C RY 45 a bounded open set with a boundary ). Further, forallx € Q, A : Q@ — R>?is4
matrix-valued function, s.t. A(x) = 0,and c: Q — R, s.t. c(x) > 0.7

We refer to A and c as the coefficients of the PDE. The divergence form in Definition 1 is one of two
canonical ways to define a linear elliptic PDE [Evans, 1998] and is convenient for several technical reasons

"Here, div denotes the divergence operator. Given a vector field F : R? — R%, div(F) = V- F = Zle ‘35 :

7
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(see Section 2.4). The Dirichlet boundary condition states that the solution takes a constant value (here

0) on the boundary 0f2.

Our goal is to express the number of parameters required to approximate the solution of a PDE in terms
of those required to approximate its coefficients A and c. Our key result shows:

Theorem (Informal). Ifthe coefficients A, c and the function f are approximable by neural networks with

at most N parameters, the solution u* to the PDE in Definition 1 is approximable by a neural network with
O(poly(d)N ) parameters.

This result, formally expressed in Section 2.5, may help to explain the practical efficacy of neural net-
works in approximating solutions to high-dimensional PDEs with boundary conditions [Sirignano and
Spiliopoulos, 2018, Li et al., 2020a]. To establish this result, we develop a constructive proof technique
that simulates gradient descent (in an appropriate Hilbert space) through the very architecture of a neural
network. Each iterate, given by a neural network, is subsumed into the (slightly larger) network repre-
senting the subsequent iterate. The key to our analysis is to bound both (i) the growth in network size
across consecutive iterates; and (ii) the total number of iterates required.

2.3 Prior WORK

Among the first papers to leverage neural networks to approximate solutions to PDEs with boundary
conditions are Lagaris et al. [1998], Lagaris et al. [2000], and Malek and Beidokhti [2006]. However,
these methods discretize the input space and thus are not suitable for high-dimensional input spaces.
More recently, mesh-free neural network approaches have been proposed for high-dimensional PDEs
[Han etal., 2018, Raissi et al., 2017, 2019], achieving impressive empirical results in various applications.
Sirignano and Spiliopoulos [2018] design a loss function that penalizes failure to satisfy the PDE, training
their network on minibatches sampled uniformly from the input domain. They also provide a universal
approximation result, showing that for sufficiently regularized PDEs, there exists a multilayer network
that approximates its solution. However, they do not comment on the complexity of the neural network
or how it scales with the input dimension. Khoo et al. [2017] also prove universal approximation power,
albeit with networks of size exponential in the input dimension. Recently, Grohs et al. [2018], Jentzen
et al. [2018] provided a better-than-exponential dependence on the input dimension for some special
parabolic PDEs, for which the simulating a PDE solver by a neural network is straightforward.

Several recent works [Bhattacharya et al., 2020, Kutyniok et al., 2019, Li et al., 2020b,a] show (experi-
mentally) that a single neural network can solve for an entire family of PDEs. They approximate the map
from a PDE’s parameters to its solution, potentially avoiding the trouble of retraining for every set of
coefficients. Among these, only Kutyniok et al. [2019] provides theoretical grounding. However, they
assume the existence of a finite low-dimensional space with basis functions that can approximate this
parametric map—and it is unclear when this would obtain. Our work proves the existence of such maps,
under the assumption that the family of PDEs has coefficients described by neural networks with a fixed
architecture (Section 2.7).



2 Parametric Complexity Bounds for Approximating PDEs with Neural Networks

In the work most closely related to ours, Grohs and Herrmann [2020] provides approximation rates
polynomial in the input dimension d for the Poisson equation (a special kind of linear elliptic PDE)
with Dirichlet boundary conditions. They introduce a walk-on-the-sphere algorithm, which simulates
a stochastic differential equation that can be used to solve a Poisson equation with Dirichlet boundary
conditions (see, e.g., Oksendal [2013]’s Theorem 9.13). The rates provided in Grohs and Herrmann
[2020] depend on the volume of the domain, and thus depend, implicitly, exponentially on the input
dimension d. Our result considers the boundary condition for the PDE and is independent of the volume
of the domain. Further, we note that our results are defined for a more general linear elliptic PDE, of
which the Poisson equation is a special case.

2.4 NOTATION AND DEFINITIONS

We now introduce several key concepts from PDEs and some notation. For any open set Q C R, we
denote its boundary by 92 and denote its closure by Q2 := Q U 9. By C°(£2), we denote the space
of real-valued continuous functions defined over the domain 2. Furthermore, for k& € N, a function g
belongs to C*(€2) if all partial derivatives 9*g exist and are continuous for any multi-index a, such that
|| < k. Finally, a function g € C*(Q) if g € C*(Q) forall k € N. Next, we define several relevant
function spaces:

Definition 2. Foranyk € NU {oo}, CE(Q) :={g: g € C*(Q),supp(g) C Q}.

Definition 3. Fora domain Q, the function space L*(Y) consists of all functions g : Q@ — R, s.t. || g2 <
1

oo where ||gll2 = ([, |9()|*dx) 2. This function space is equipped with the inner product

<gah>2:/§2g(x)h(:l:)d:z:.

Definition 4. For a domain ) and a function g : Q@ — R, the function space L>(Q) is defined analo-
gously, where ||| L) = inf{c > 0 : |g(x)| < cforalmostall x € Q}.

Definition 5. Fora domain Q and m € N, we define the Hilbert space H™ () as
H™Q):=1{g9:Q—=R:0% € L*(Q), Yast. |a] <m}

Furthermore, H™ (SY) is equipped with the inner product, (g, h) gm o) = ngm Jo(0%9)(0“h)dx and
the corresponding norm

1
2

lgllzmey = | > 10%9l72@)

laj<m

Definition 6. The closure of C§°(S2) in H™(Y) is denoted by H* (12).
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Informally, H*(€2) is the set of functions belonging to H™(£2) that can be approximated by a sequence
of functions ¢, € C§°(£2). This also implies that if a function g € H{*(2), then g(x) = 0 for all
x € Of). This space (particularly with m = 1) is often useful when analyzing elliptic PDEs with Dirichlet
boundary conditions.

Definition 7 (Weak Solution). Given the PDE in Definition 1, if f € 2, then a function u : € — R
solves the PDE in a weak sense if u € H} () and for allv € Hy(Q), we have

/(AVU - Vv + cuv)dr = / fvdx (2.1)
Q Q

Theleft hand side of Equation 2.1is also equal to { Lu, v)o forallu, v € H () (see Lemma27), whereas,
following the definition of the 2 norm, the right side is simply (f, v),. Having introduced these pre-
liminaries, we now introduce some important facts about linear PDEs that feature prominently in our
analysis.

Proposition 1. For the PDE in Definition 1, if f € 2 the following hold:
1. The solution to Equation Equation 2.1 exists and is unique.

2. The weak solution is also the unique solution of the following minimization problem:

1
u* = argmin J(v) := argmin{—(Lv, V)2 — (f, v>2}. (2.2)
veHL(Q) veri(@) L2

This proposition is standard (we include a proof in the Appendix, Section 10.1.1 for completeness) and
states that there exists a unique solution to the PDE (referred to as u*), which is also the solution we get
from the variational formulation in Equation 2.2. In this work, we introduce a sequence of functions
that minimizes the loss in the variational formulation.

Definition 8 (Eigenvalues and Eigenfunctions, Evans [1998]). Given an operator L, the tuples (X, ©)$2,,
where \; € Rand p; € Hy () are (eigenvalue, eigenfunction) pairs that satisfy Ly = \p, forall x € (L.
Since p € Hy (), we know that joq = 0. The eigenvalue can be written as

)\i = mf <LU,U>2

) (2.3)
weXs |[|ulf3

where X; = span{p1,...,0:i}" = {u € H(Q) : (u,j)a = 0 V) € {1, ,i}}and 0 <
M < Ay < .. Furthermore, we define by @y, the span of the first k eigenfunctions of L, i.e, @y :=
span{y, -+, @}

We note that since the operator L is self-adjoint and elliptic (in particular, L™ is compact), the eigen-
values are real and countable. Moreover, the eigenfunctions form an orthonormal basis of Hy (€2) (see
Evans [1998], Section 6.5).

10
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2.5 MAIN RESULT
Before stating our results, we provide the formal assumptions on the PDEs of interest: Assumptions:

1. Smoothness: We assume that 92 € C°. We also assume that the coefficient A €  — R4*4
is a symmetric matrix-valued function, i.e., A = (a;;(z)) and a;;(z) € L>(N) foralli,j € [d]
and the function ¢ € L*(2) and ¢(x) > ¢ > Oforallz € 2. Furthermore, we assume that
a;j, ¢ € C°. We define a constant

C:: 2d2 ]. aa a7 oo aa oo .
2+ e s 0%, o, s [0l

Further, the function f € 2isalso in C*° and the projection of f onto span{epy, - - - , ¢ } which
we denote fipan satisfies for any multi-index cv: ||0% f — 0% fopanl2 < €span-

2. Ellipticity: There exist constants M/ > m > 0 such that, forallz € Qand § € R4,

d
mlg)* < ay(2)&Gg < Mg

,j=1

3. Neural network approximability: There exist neural networks A and & with N4, N, € N pa-

rameters, respectively, that approximate the functions A and ¢, i.e., |4 — /NlH L) < €4 and

| — &) < € for small e4,¢. > 0. We assume that for all u € H{ () the operator L
defined as,

Lu = —divy(AVu) + éu. (2.4)

is elliptic with (\;, $;)22, (eigenvalue, eigenfunction) pairs. We also assume that there exists a
neural network f,, € C° with Ny € N parameters such that for any multi-index a, ||0% f —
0% fun|l2 < €nn. By X, we denote the set of all (infinitely differentiable) activation functions used
by networks A, ¢, and fan. By 2, we denote the set that contains all the n-th order derivatives of
the activation functions in 23, Vn € Ny

Intuitively, ellipticity of L in a linear PDE Lu = f is analogous to positive definiteness of a matrix
Q € R%in alinear equation Qx = k, where z, k € R?.

In (iii), we assume that the coefficients A and ¢, and the function f can be approximated by neural net-
works. While this is true for any smooth functions given sufficiently large N4, N, Ny, our results are
most interesting when these quantities are small (e.g. subexponential in the input dimension d). For
many PDEs used in practice, approximating the coefficients using small neural networks is straightfor-
ward. For example, in heat diffusion (whose equilibrium is defined by a linear elliptic PDE) A(z) defines
the conductivity of the material at point x. If the conductivity is constant, then the coefficients can be
written as neural networks with O(1) parameters.

%Since 92 € C'™ and the functions a;;, cand f are all in C', it follows from Nirenberg [1955] (Theorem, Section S) the
eigenfuntions of L are also C°°. Hence, the function fspan is in C°° as well.

11
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The part of assumption (i) that stipulates that f is close to fipan can be thought of as a smoothness condi-

(Luau)a _ [[Vull2
ful2 = ull2 2

so eigenfunctions corresponding to higher eigenvalues tend to exhibit a higher degree of spikiness. The

reader can also think of the eigenfunctions corresponding to larger k as Fourier basis functions corre-
sponding to higher frequencies.

tionon f. Forinstance, if L = — A (the Laplacian operator), the Dirichlet form satisfies

Finally, in (i) and (iii), while the requirement that the function pairs (f, fun) and (f, fspan) are close not
only in their values, but their derivatives as well is a matter of analytical convenience, our key results do
not necessarily depend on this precise assumption. Alternatively, we could replace this assumption with
similar (but incomparable) conditions: e.g., we can also assume closeness of the values and a rapid decay
of the L? norms of the derivatives. We require control over the derivatives because our method’s gradient
descent iterations involve repeatedly applying the operator L to f—which results in progressively higher
derivatives.

We can now formally state our main result:

Theorem 1 (Main Theorem). Consider a linear elliptic PDE satisfying Assumptions (i)-(i1z), and let u* €
Hg () denote its unique solution. If there exists a neural network ug € Hg () with Ny parameters, such
that ||[u* — uo|l2 < R, for some R < oo, then for every T € N such thar T <
neural network wr with size

1 .
W’ th€l"€ exists a

O(d*"(No + Na) + T(Ny + N))

such that ||u* — upl|ly < €+ € where

- - \NT
AL — A
€ = = s
A+ A1
~ €span d ||f||2 * 0
€= )‘\’1 + Ny =0 + 0|u*||s + (max{1, T2Cn})T | €span + €nn +4( 1+ P MAFll2 ),
andn = ﬁ, 0 = max{%‘, %} Furthermore, the activation functions used in ur belong to the set

YUY U{p} where p(y) = y* forall y € R is the square activation function.

This theorem shows that given an initial neural network ug € H}(2) containing Ny parameters, we
can recover a neural network that is € close to the unique solution ©*. The number of parameters in u,
depend on how close the initial estimate wuy is to the solution u*, and Ny. This results in a trade-off,
where better approximations may require more parameters, compared to a poorer approximation with
fewer parameters.

Note that e — 0asT — 00, while € is a “bias” error term that does not go to 0 as 7" — oo. The
first three terms in the expression for € result from bounding the difference between the solutions to the
equations Lu = f and Lu = fspan> Whereas the third term is due to difference between f and f,, and
the fact that our proof involves simulating the gradient descent updates with neural networks. Further, if
the constant ( is equal to 0 then the error term €, will also be 0, in which case the term § will equal € 4 /.

12
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The fact thate := (f\\k+il > R comes from the fact that we are simulating 7" steps of a gradient descent-
k

like procedure on a strongly convex loss. The parameters 5\k and 5\1 can be thought of as the effective
Lipschitz and strong-convexity constants of the loss. Finally, to give a sense of what 12 looks like, we show

in Lemma 1 that if uy is initialized to be identically zero then R < %

Lemma 1. Ifu, = 0,

Proof. Given that uy is identically 0, the value of R in Theorem 1 equals ||u* — ug||2 = ||u*||2 Using the
inequality in (2), we have,

. (Lu*, u*)
||U Hg > )\—1

1
S )\_1< 7U*>2
1
< v

= w72 < )\—Ilf||2 N
1

We make few remarks about the theorem statement:

Remark 1. While we state our convergence results in 2 norm, our proof works for the Hy (Q2) norm as welll.
This is becanse in the space defined by the top-k eigenfunctions of the operator L, 2 and H} (Q) norm are
equivalent (shown in Proposition 13). Further, note that even though we have assumed that u* € Hy () is
the unique solution of (2.1) from the boundary regularity condition, we have that u* € H*(Q) (see Evans
[1998], Chapter 6, Section 6.3). This ensures that the solution u* is twice differentiable as well.

Remark 2. 70 get a sense of. t/oe scale of Ny and Ny, when L = — A (the Laplacian operator), the eigenvalue

A= infuema NVl — Ly pere C,, is the Poincaré constant (see Theorem 14 in Appendix). For
€HY(Q) ] c pp
geometrically well behaved sets ) (e.g. convex sets with a strongly convex boundary, like a sphere), C, is even

dimension-independent. Further from the Weyl’s law operator (Evans [1998], Section 6.5) we have

d/2 d
lim Ak = (2m)
k—oo kK vol(Q)a(d)

where au(d) is the volume of a unit ball in d dimensions. So, if vol(Q) > 1/a(d), Ny, grows as O(k*4),
which is a constant so long aslog kL*(2)d.

2.6 PROOF OF MAIN RESULT

First, we provide some intuition behind the proof, via an analogy between a uniformly elliptic operator
and a positive definite matrix in linear algebra. We can think of finding the solution to the equation

13
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Lu = f foran elliptic L as analogous to finding the solution to the linear system of equations Qz = k,
where () isa d x d positive definite matrix, and  and k are d-dimensional vectors. One way to solve such
a linear system is by minimizing the strongly convex function ||Qz — b||? using gradient descent. Since
the objective is strongly convex, after O(log(1/€)) gradient steps, we reach an e-optimal point in an 5
sense.

Our proof uses a similar strategy. First, we show that for the operator L, we can define a sequence of func-
tions that converge to an e-optimal function approximation (in this case in the 2 norm) after O(log(1/¢)
steps—similar to the rate of convergence for strongly convex functions. Next, we inductively show that
each iterate in the sequence can be approximated by a small neural network. More precisely, we show
that given a bound on the size of the ¢-th iterate u;, we can, in turn, upper bound the size of the (¢ + 1)-
th iterate 1,41 because the update transforming u; to 141 can be simulated by a small neural network
(Lemma 7). These iterations look roughly like 141 <= w; —n(Lu; — f), and we use a “backpropagation”
lemma (Lemma 8) which bounds the size of the derivative of a neural network.

2.6.1 DEFINING A CONVERGENT SEQUENCE

The rough idea is to perform gradient descent in 2 [Neuberger, 2009, Faragé and Kardtson, 2001, 2002]
to define a convergent sequence whose iterates converge to ©* in 2 norm (and following Remark 1, in
H é (€2) as well). However, there are two obstacles to defining the iterates as simply u; 1 <— u; —n(Lu; —
f): (1) L is unbounded—so the standard way of choosing a step size for gradient descent (roughly the
ratio of the minimum and maximum eigenvalues of L) would imply choosing a step size 7 = 0, and (2)
L does not necessarily preserve the boundary conditions, so if we start with u; € H}(€2), it may be that
Lu; — f does not even lie in H} ().

We resolve both issues by restricting the updates to the span of the first £ eigenfunctions of L. More
concretely, as shown in Lemma 2, if a function u in span{y, - - - , ¢ }, then the function Lu will also
lie in span{¢y, - - - , ¢k }. We also show that within the span of the first k eigenfunctions, L is bounded
(with maximum eigenvalue \j), and can therefore be viewed as an operator from span{ey, - - - , ¢}
to span{ey, - - - , ¢ }. Further, we use fspan instead of f in our updates, which now have the form
U1 = U — N(Luy — fspan)- Since fipan belongs to span{gpl, < pr ) forauginspan{py, - -+, pr}
the next iterate u; 1 will now remain in span{ey, - - , @k }. Continuing the matrix analogy, we can

choose the usual step size of 7 = SYE + " . Precisely, we show

Lemma 2. Let L be an elliptic operator. Then, for all v € Py, it holds:
L Lv € span{py, -+, @i}

2. Mlollz < (L, v)e < Mol

3 (=)ol < R

Proof. Writingu € span{y, -+, ¢rfasu = ) dip; whered; = (u, ;)2, wehave Lu = Zle Aid;p;.
Therefore Lu € ® g and Lu lies in Hg (§2), proving (1.).

14
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Since v € Py, we use the definition of eigenvalues in (2.3) to get,

(Lv,v)s < (Lv,v)s

[v]]2 o vl
= (Lv,v)2 < Aelvll3

=\

and similarly

(Lv,v)s > inf (Lv,v)s
[v]l2 v vl
— (L, v)s > Mlv]3

L) . Note if ¢ is an eigenfunction of L with

)\k+)\172)\
A+

In order to prove (2.) let us first denote L := (I — )\ki)\l

corresponding eigenvalue A, it is also an eigenfunction of L with corresponding eigenvalue

Hence, writingu € ®p asu = Zle d;p;, where d; = (u, ;), we have

2

Mo+ A — 20\ 2
<max| ——
) ick /\k + )\1

P+ A — 2

Lul} =
|| U“H2 >\k+A1

d;p; iPi (2.5)

i=1
By the orthogonality of {¢; }¥_;, we have
k

2
= & =|lul;
2

i=1

iPi

Since)\1 S )\2 S )\k,wehave)\k—f—)\l—Q/\i Z Al—)\kand/\k+/\1—2)\ < )\k—)\l,SO

2
Ak + A1 — 2X\;] < Ap — Aq. This implies maxiek<%> < <ii+x ) Plugging this back in

Equation 2.5, we get the claim we wanted.

In fact, we will use a slight variant of the updates and instead set u; 41 Uy — n(Lu fspan) as the
iterates of the convergent sequence, where fspan is the projections of f onto P k- This sequence satisfies
two important properties: (1) The convergence point of the sequence and u*, the solution to the original
PDE, are not too far from each other; (2) The sequence of functions converges exponentially fast. In
Section 2.6.2, we will see that updates defined thusly will be more convenient to simulate via a neural
network.

The first property is formalized as follows:

Lemma 3. Assume that @*__ is the solution to the PDE Lu = fspan, where fspan : HY(Q) — Ris

span
the projections of f onto . Given Assumptions (i)-(1iz), we have |[u* — @ < € such that ¢ =

span ||2

€span 5 Hf”? _ L 1 _ €A €c
=+ S 0| Ul wherey = 5 o and 0 = maxq 4, € .

15
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The proof for Lemma 3 is provided in the Appendix (Section 10.2.1). Each of the three terms in the final
error captures different sources of perturbation: the first term comes from approximating f by fspan; the
second term comes from applying Davis-Kahan [Davis and Kahan, 1970] to bound the “misalignment”
between the eigenspaces span{¢ps, - - - , ) } and Py (hence, the appearance of the eigengap between the
k and (k 4 1)-st eigenvalue of L™'); the third term is a type of “relative” error bounding the difference
between the solutions to the PDEs Lu = fspan and Lu = fspan.

The “misalignment” term can be characterized through the following lemma:

Lemma 4 (Bounding distance between fypan and fspan). Given Assumptions (i)-(iii)and denoting the
projection of f onto P by fpan we have:

171120
v—=9

||fspan - fspan”2 S (26)

where § = max{e—A, 6—}.
m?’ ¢

Proof. Let us write fipan = Zle fipi where f; = (f, ¢;)2. Further, we can define a function fspan S
® ¢ such that fspan = Zf:l fz@z such that fl - <f7 951>2

If Pog := Zf:1<g, ©i)atpi and P.g = Zf:1<g, ©;)2p; denote the projection of a function ¢ onto

span{py, -+, @k} and P, from Lemma 28, we have:
) k
Hfspan - fspanHQ = Z<f7 901‘>290i - <f7 951>2¢l
i=1 2
= |[Fer = it
<P — Bl £l
)
< 7
<1l
whereyzA—lk— )\kil,andézmax{%‘,%}. ]

The main technical tool for bounding the difference between the operators L and L can be formalized
through the lemma below. Note, the “relative” nature of the perturbation is because L and L are not
bounded operators.

Lemma 5 (Relative operator perturbation bound). Consider the operator L defined in Equation 2.4, then
Sforallu € Hg(Q2) we have the following:

1 (L — L)u,u) < 6(Lu,u)

2. ((L‘li — Du,u)y < 8ul)3

16
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where § = max{ Al %C}
Proof.

(L= Ly, u) = /Q<(A — AV Y+ (6 o) dr

< (max s = Agllimo ) IV + 11~ cllmco ul}
< callVul + ol

Further, note that

(Lu,u) = / AVu - Vu + cu’dx
Q
> m||Vull; + ¢llull3

Using the inequality % > min{ 7, g} from Equation 2.7 and Equation 2.8, we have

WNVM@+GW%:>mm{m_C}

ealVull3 + ellull3 ~

?

€A €E¢

Hence this implies that 3
(L= L)u,u) < d6(Lu,u)

€A &

where § = max{m, s } proving part (1.).

Further, for part (2.) we have forallu € Hj (),

(L — L)u,u)y < 6{Lu,u)s
— ((LL™' = I)Lu, u)y < §(Lu,u),
— ((LL™' = D, u)y < 6(v,u)y
— ((LL Yv,u)y < (14 6)(v,u)y
where v = Lu. Therefore using Equation 2.10 the following holds for all u € H}(€2),

(LL™Y)u,uhz < (1+6)|ull3

HON (u, (L7 Lyu)s < (14 6)|Jull3

(
(2) 17 2
= (L7 L — Iu,u)s < dlull3

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

where we use the fact that the operators Land L™ are self-adjoint to get (1) and then bring the appro-

priate terms to the LHS in (2).

17
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The second property of the sequence of functions is that they converge exponentially fast. Namely, we
show:

*

~ - N span
Jspan> where fspan € P, and the operator L satisfies the conditions in Lemma 2. For any ug € H, LQ)
such that ug € g, we define the sequence

Lemma 6 (Convergence of gradient descentin L?). Ler it denote the unigue solution to the PDE Lu =

2 ~ ~
Upq1 < Up — 5\1 n 5\k (Lut - fspan) (t € N) (212)

where forallt € N, u, € H (). Then foranyt € N, we bave

~ ~ t—1
~ k — )\1 ~
”ut - u’;pan”Q S <Xk + :\1> ||U[) o u:panHz

The proofis essentially the same as the the analysis of the convergence time of gradient descent for strongly
convex losses. Namely, we have:

Proof. Given thatug € H}(Q) and ug € ® the function Lug € H} () and Lug € @ as well (from
Lemma 2).

As fspan € ®y, all the iterates in the sequence will also belong to H L(©Q) and will lie in the Py

Now at a step ¢ the iteration looks like,

2 (~ ~
Uu =Up — % — | Lu; — fs an)
t+1 )\k T )\1 t f P
~% 2 T ~ %
U1 — Ugpan = I= S\k + 5\1L (Ut B uSpan>

Using the result from Lemma 2, part 3. we have,

i e — A i
||ut+1 - u:panH? S (5\ + 5\ > ”ut - u:pan”z
k 1

~ ~ t
_ M — A1 _
- Hut+1 - u§pan|’2 < (Xk I 5\1> HUO - uspanHQ

This finishes the proof. O

Combining the results from Lemma 3 and Lemma 6 via triangle inequality, we have:

HU’* - uTH2 < HU’* - ﬂ:pan||2 + ”ﬂ’:pan - uT||2

18
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and the first term on the RHS subsumes the first three summands of € defined in Theorem 1.

2.6.2 APPROXIMATING ITERATES BY NEURAL NETWORKS

In Lemma 6, we show that there exists a sequence of functions (2.12) which converge fast to a function
close to u*. The next step in the proof is to approximate the iterates by neural networks.

The main idea is as follows. Suppose first the iterates u 1 = uy — n(f/ut — fspan) are such that fspan is ex-
actly representable as a neural network. Then, the iterate 1, can be written in terms of three operations
performed on u;, a and f: taking derivatives, multiplication and addition. Moreover, if g is representable
as a neural network with IV parameters, the coordinates of the vector Vg can be represented by a neu-
ral network with O(N) parameters. This is a classic result (Lemma 8), essentially following from the
backpropagation algorithm. Finally, addition or multiplication of two functions representable as neural
networks with sizes N1, Ny can be represented as neural networks with size O(N; + N3) (see Lemma 9).

Using these facts, we can write down a recurrence upper bounding the size of neural network approxi-
mation 41, denoted by @41, in terms of the number of parameters in 7, (which is the neural network
approximation to u;). Formally, we have:

Lemma 7 (Recursion Lemma). Given the Assumptions (1)(1i1), consider the update equation

. . 2 =
Upy1 < Ut — m (Lut - fnn) (2.13)

Ifatstept, Uy RY — R isa neural network with N, parameters, then the function Uy is a neural network
with O(d*(Na + Ni) + Ny + N + N.) parameters.

Proof. Expand the update @y 41 < Uy — 7 (f/&t - fnn) as follows:

d

d d
Gy 1 g — 1) (Z Qi 0y + <Z a,.aij> Oty + iy — fnn> .

ij=1 j=1 \i=1

Using Lemma 8, 0;;1, 01, and 0;a;; can be represented by a neural network with O(N;), O(N;) and
O(Ny) parameters, respectively. Further, 0;d;;0;u and @;;0;;u can be represented by a neural network
with O(N4 + N;) parameters, and ¢1; can be represented by a network with O(N; + N..) parameters,
from Lemma 9. Hence ;11 can be represented in O(d?(N + N;) + Ny + N+ N;) parameters. Note
that, throughout the entire proofs O hides independent constants. O

Combining the results of Lemma 6 and Lemma 7, we can get a recurrence for the number of parameters
required to represent the neural network

Neyt < d*Ny+d*Na+ Ny + Nj + N,
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Unfolding this recurrence, we get Ny < d*T Ny + dfﬁ Il Ng+T(Ng)+ Ne).

The formal lemmas for the different operations on neural networks we can simulate using a new neural
network are as follows:

Lemma 8 (Backpropagation, Rumelhartetal. [1986]). Consider nenral network g : R™ — Ruwith depth
I, N parameters and differentiable activation functions in the set {0, }{-,. There exists a neural network of
size O(1+ N) and activation functions in the set {o;, o} }iL | that calculates the gradient % foralli € [m).

Lemma 9 (Addition and Multiplication). Given nenral networks g : €@ — R, h : Q — R, with N,
and Ny, parameters respectively, the operations g(x) + h(x) and g(x) - h(x) can be represented by neural
networks of size O(N, + Ny,), and square activation functions.

Proof. For Addition, there exists a network h containing both networks f and g as subnetworks and an
extra layer to compute the addition between their outputs. Hence, the total number of parameters in

such a network will be O(Ny + Nj).

For Multiplication, consider the operation f(z) - g(z) = 3 ((f(z) + g(x))? — f(x)? — g(z)?). Then
following the same argument as for addition of two networks, we can construct a network A containing

both networks and square activation function. O

While the representation result in Lemma 9 is shown using square activation, we refer to Yarotsky [2017]
for approximation results with ReLU activation. The scaling with respect to the number of parameters
in the network remains the same.

Finally, we have to deal with the fact that fspan is not exactly a neural network, but only approximately
so. The error due to this discrepancy can be characterized through the following lemma:

Lemma 10 (Error using fun). Consider the update equation in Equation 2.13, where fuy is a neural net-

. . . . A ¢
work with Ny. Then the neural network Uy approximates the function w such that ||u, — G| < L) where
(t)

€nn 25
)
O <(max{17 t*neC})! (espan + € + 4(1 + m) /\Z||f]|2>)
€A e _ 1 . .
where 6 = max{ } vl vy and o is a multi-index.

The proof for the lemma is deferred to Section 10.2.2 of the Appendix. The main strategy to prove this
lemma involves tracking the “residual” non-neural-network part of the iterates. Precisely, forevery ¢ € N,
we will write u; = Uy + 74, s.t. Uy is a neural network and bound ||7¢|. {1 }72, is defined such that

Up = Uo,
U1 = Uy — (Lut fnn>
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2 Parametric Complexity Bounds for Approximating PDEs with Neural Networks

Correspondingly, as 7, = u; — Uy, we have:

7’0:0,

reor = (I —nL)ry — 7

Unfolding the recurrence, we have 1, = S0 (I —nL)Dr, which reduces the proof to bounding || (1 —
L)@z

2.7 APPLICATIONS TO LEARNING OPERATORS

A number of recent works attempt to simultaneously approximate the solutions for an entire family of
PDEs by learning a parametric map that takes as inputs (some representation of) the coefhicients of a
PDE and returns its solution [Bhattacharya et al., 2020, Li et al., 2020b,a]. For example, given a set of
observations that {a;, u; } é-\f:l, where each a; denotes a coefficient of a PDE with corresponding solution
u;, they learn a neural network G such that for all j, u; = G(a;). Our parametric results provide useful
insights for why simultaneously solving an entire family of PDEs with a single neural network G is possible

in the case of linear elliptic PDEs.

Consider the case where the coefficients a; in the family of PDEs are given by neural networks with a
fixed architecture, but where each instance of a PDE is characterized by a different setting of the weights
in the models representing the coefficients. Lemma 7 shows that each iteration of our sequence (2.12)
constructs a new network containing both the current solution and the coefficient networks as subnet-
works. We can view our approximation as not merely approximating the solution to a single PDE but to
every PDE in the family, by treating the coefficient networks as placeholder architectures whose weights
are provided as inputs. Thus, our construction provides a parametric map between the coefficients of an
elliptic PDE in this family and its solution.

2.8 CONCLUSION AND FUTURE WORK

We derive parametric complexity bounds for neural network approximations for solving linear elliptic
PDEs with Dirichlet boundary conditions, whenever the coefficients can be approximated by are neural
networks with finite parameter counts. By simulating gradient descent in function spaces using neural
networks, we construct a neural network that approximates the solution of a PDE. We show that the
number of parameters in the neural network depends on the parameters required to represent the coef-
fcients and has a poly(d) dependence on the dimension of the input space, therefore avoiding the curse
of dimensionality.

An immediate open question is related to the tightening our results: our current error bound is sensitive
to the neural network approximation lying close to span{ ¢y, - - - , ¢ } which could be alleviated by re-

3The reason we require that fyy, is close to f not only in the Lg sense but also in terms of their higher order derivatives is
since L) involves 2¢-order derivatives of r to be bounded at each step.
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2 Parametric Complexity Bounds for Approximating PDEs with Neural Networks

laxing (by adding some kind of “regularity” assumptions) the dependence of our analysis on the first &
eigenfunctions. Further, the dependencies in the exponent of d on R and & in parametric bound may
also be improvable. Finally, the idea of simulating an iterative algorithm by a neural network to derive a
representation-theoretic result is broadly applicable, and may be a fertile ground for further work, both
theoretically and empirically, as it suggest a particular kind of weight tying.

22



3 BENEFITS OF DEPTH IN NEURAL
APPROXIMATIONS OF PDEs

Abstract A wave of experimental papers have recently demonstrated the promise of deep nenral networks for
approximating the solutions to bigh-dimensional Partial Differential Equations (PDEs). Recently, several
theoretical works have addressed some attendant expressivity problems (e.g., conditions under which such
solutions might escape the curse of dimensionality). However, a number of questions remain open, including
whether approximating the solution to classical PDE5 really requires that networks be deep. In this paper, we
focus on benefits of depth, showing that even for approximating simple linear PDEs with constant boundary
conditions, depth can provide significant advantages. Our analysis addresses the Helmboltz family Au +
k*m*u = 0,k € R with zero boundary condition, proving that approximating the solution with networks

with less than \/10g k layers requires O(2V'°5 ") \_sized networks. Our paper sets work on the theory of deep
learning in dialogue with the nascent neural PDE literature, Our paper shows utilizes results from deep
learning theory to show that neural network solutions to even simple PDEs may often lie amont the set of
functions characterized by by depth separation.

3.1 INTRODUCTION

By now, the broad success of neural network methods for producing approximate solutions to high-
dimensional learning problems, e.g., those arising in in computer vision [Krizhevsky et al., 2012, Si-
monyan and Zisserman, 2014, He et al., 2016], and natural language processing [Bahdanau et al., 2014,
Devlin et al., 2018]. More recently, a burgeoning line of research has successfully applied neural net-
works to approximate solutions to partial differential equations (PDEs) [Yu et al., 2017, Raissi et al.,
2017]. PDEs are multivariate equations that define the relation of a function to its partial and are often
used to model important scientific and social phenomena such as wave scattering [Bendali and Lemrabet,
1996], fluid dynamics [Anderson and Wendt, 1995] and the financial markets [Black and Scholes, 1973,
Ehrhardt and Mickens, 2008]. Recent empirical work, including Yu et al. [2017], Raissi et al. [2017],
Han et al. [2018], Grohs and Herrmann [2020], Moseley et al. [2020] have introduced scores of difter-
ent architectures to approximate solutions of various PDEs. These papers demonstrate that for many
families of PDEs such as the Hamilton-Jacobi-Bellman (H]JB) and Black-Scholes equations (for exam-
ple, Han et al. [2018] solve a 1000 dimensional HJB equation) neural networks are superior to classical

grid-based methods.

However, unlike classical domains like images and text, where the architecture design is guided by strong
intuitions about structural properties of the domain data, it is still unclear how neural network architec-
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3 Benefits of Depth in Neural Approximations of PDEs

tures should be chosen when applied to PDEs—though some recent works Li et al. [2020a], Marwah
et al. [2021] suggest that a deep architecture with blocks that have some form of weight-tying may be
appropriate.

On the theoretical front, our understanding of the representational capabilities of neural networks in the
context of PDE solvers is still nascent. Earlier works such as Sirignano and Spiliopoulos [2018] use univer-
sal approximation to show the existence of neural networks that approximate the solutions to parabolic
PDEs. Works like Grohs and Herrmann [2020], Marwah et al. [2021] focused on exhibiting examples of
PDE families for which neural networks can avoid the curse of dimensionality. Finally, Chen etal. [2021]
characterized the Barron norms of solutions to PDEs, which are intimately tied to the size of shallow net-
works required to approximate them.

On the other hand, the limitations of neural network-based approaches to PDEs are not well understood.
More broadly, concerning the representational power of neural networks, seminal works by Telgarsky
[2016] and Eldan and Shamir [2016] proved that there exist functions that can be approximated by small
deep networks, but not small shallow ones.

In this paper, we observe that these tools for understanding the benefit of depth in neural networks can
be naturally applied to understand the need for deep architectures for PDEs—even for exceedingly simple
types of PDEs and boundary conditions.

Precisely, we focus on the Helmholtz family of PDEs Au + k*7?u = 0,k € R—an exceedingly sim-
ple one-parameter family of /inear PDEs, with zero Dirichlet boundary conditions. We show that for
approximating the solutions to such PDEs with a shallow network requires that the size of each layer is
large. Precisely, we show a network with less than /log(k) layers necessitates that the network is of size

O(2V"°e(®)) By standard results on approximating trigonometric functions [Perekrestenko et al., 2018],
this dependence on k is nearly tight—in the one-dimensional setting, a network with O(log(k)) layers
of size O(1) can approximate the solution to the Helmholtz PDE.

We note that Helmholtz equations are independently of interest in many domains: they arise as a time-
independent form of the wave equation in problems associated with electromagnetic wave scattering,
seismology, and acoustics. Developing efficient numerical algorithms for Helmholtz equations has been
an active area of research, including those in the high frequency regime (k > 1), such as the celebrated
fast multipole method [Cheng et al., 2006] and fast directional multilevel method [Engquist and Ying,
2007]. Asaresult, thereis also considerable interest in developing neural network based solution methods
[Khoo and Ying, 2019, Wang et al., 2020].

3.2 OVERVIEW OF RESULTS

We will focus on the following one-parameter family of /inear PDEs:
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3 Benefits of Depth in Neural Approximations of PDEs

Definition 9 (Helmholtz PDE). A4 Helmboltz PDE with Dirichlet boundary condition takes the following
form:!

{Au +K*7?u=0, VYreD G3.1)

u(z) =0 Vo € 0D
whereu : R4 — R. Here, D is a bounded open set with boundary OD.

In_ this work, we focus on the case where the domain D is a d-dimensional hypercube, that is D= [0, 1]d
(D := D U 0D). In this case a solution to the PDE in Definition 9 takes the following form:

d
u*(z) = Hsin(kﬂrxi)
= (3.2)
subject to Z k? = k?

Specifically, when d = 1, we have:
uy(x) = sin(kmx) (3.3)

We will show that:

Theorem (Informal). A ReLU nenral network with depth O ( log(k‘)) that approximates a solution to
the Helmboltz equation in Equation 3.2 has size Q(2V16®),

Our proof proceeds by first establishing the lower bound for the one-dimensional case, and then general-
izing it to the multi-dimensional case. In the one-dimensional case, we leverage the fact that the solution
is highly oscillatory—namely, changes sign frequently. This allows us to estimate the error arising from
regions where the approximating neural network f and u} have opposite sign. In the case d > 1, we re-
duce the problem to a one-dimensional one by only tracking the error in one of the dimensions—coupled
with the fact that the ©* factorizes over the individual dimensions.

We note that the dependence on £ in the result is almost tight: by results from Perekrestenko etal. [2018],
in the case of d = 1, a deep network with depth and size O(log(k)) can approximate the solution of
Equation 3.3.

3.3 RELATED WORK

Over the past few years there has been a growing line of work that utilizes neural networks to parameter-
ize the solution to a PDE. Works such as Weinan et al. [2017], Yu et al. [2017], Sirignano and Spiliopou-
los [2018], Raissi et al. [2017] achieved impressive results on a variety of different applications and have

d 8%f
i=1 9z7"

"Here, A is the Laplacian operator. For a twice differentiable function f : R? — R, Af = Y
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demonstrated the empirical efficacy of neural networks in solving high dimensional PDEs. This is a great
and promising direction for solving PDEs since erstwhile dominant numerical approaches like the finite
differences and finite element methods [LeVeque, 2007] depend primarily upon discretizing the input
space, hence limiting their use for problems on low dimensional input space.

Several recent work look to theoretically analyse these neural network based approaches for solving PDEs.
Mishra and Molinaro [2020] look at the generalization properties of physics informed neural networks.
InLuetal. [2021] show the generalization analysis for the Deep Ritz method for elliptic equations like the
Poissoin equation and Lu and Lu [2021] extends their analysis to the Schrodinger eigenvalue problem.

In addition to analyzing the generalization capabilities of the neural networks, theoretical analysis into
their representational capabilities has also gained a lot of attention. Khoo et al. [2021] show the existence
of a network by discretizing the input space into a mesh and then using convolutional NN, where the
size of the layers is exponential in the input dimension. Sirignano and Spiliopoulos [2018] provide a
universal approximation result, showing that for sufficiently regularized PDEs, there exists a multilayer
network that approximates its solution. However, they do not comment on the complexity of the neural
network, how it scales with the input dimension and also how to design such a network. In Jentzen
etal. [2018], Grohs and Herrmann [2020], Hutzenthaler et al. [2020] show that provided a better-than-
exponential dependence on the input dimension for some special parabolic PDEs, based on a stochastic
representation using the Feynman-Kac Lemma, thus limiting the applicability of their approach to PDEs
that have such a probabilistic interpretation. Moreover, their results avoid the curse of dimensionality
only over domains that with unit volume (for example a hypercube with side length one). Furthermore,
their construction does not provide any insight into architectural choices such as the depth of the neural
network.

In Marwah etal. [2021] the authors show that for an elliptic PDE’s coefficients are approximable by small
neural networks with at most NV, then for a sufficiently smooth solution, the neural network that approx-
imates the solution avoids the curse of dimensionality and has a O(poly(dN)). Their analysis suggests
that a certain weight-tied network architecture can be useful for approximating solutions to PDEs. In
Chen et al. [2021] extends this analysis to the Barron space and shows that if the coefficients are in Bar-
ron spaces [Barron, 1993]. While these works show important representation theoretic results, they do
not discuss the types of architectures that would enable the approximation of the solutions.

In Lietal. [2020a,b] the authors show (experimentally) that an entire family of different types of PDEs,
such as elliptic, parabolic PDES, can be approximated by a single neural network. They approximate a
map from a PDE’s parameters to its solution and avoid the need for retraining for each set of coefficient.
Furthermore, they show that construction of such a network follows an iterative architecture whereby
each layer of the network is a function of the previous layer and a kernel operator. This paper does provide
some key insights into architectures that could be useful for designing neural networks that approximate
the solution/family of PDEs. However, they do not mention how many layers these networks would
need or what the size of each layer should be.

Our work proves that for neural networks approximating solutions to a Helmholtz PDE (Definition 9)
depth is key, and show that deep neural networks with O(log(k)) depth and size O(1). Furthermore, we

show that shallow neural networks with less than +/log(k) would need Q(2V'°8)) sized networks.
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3.4 MAIN RESULT
Definition 10 (ReLU Network). An L-layer ReLU network is a function
v wpo(...o(wliz+b)...)+bg.
where o(x) = max{0, x}. The size of a neural network is the total number of nodes in the network.

‘We now state our main result:

Theorem 2 (Depth Lower Bound). Consider the PDE in Definition 9 with solution u* defined by Equa-
tion 3.2. Furthermore, let kuyax = max{ky, ko, -+ ,ka}. Then, for any ReLU network f : R* — R

with depth less than \/10g(| kmax | ) and size less than 2V '°8Wkmax)) e pae,

* 1 *
/ () — f(@)lde > Sl o,
[0,1]d 2

We remark on several aspects of the above statement.

ReEMARK 1:  The error on the left-hand-size is the [; error in approximating u* by f. The right hand
side has a natural scaling by the /; norm of the function u* we are approximating.

REMARK 2:  While the proof of the above theorem relies on the highly oscillatory nature of the solution
of the PDE, the coefficients of the PDE itself are exceedingly simple: in fact they are constant—as are
the boundary conditions. This is particularly relevant in light of recent theoretical work providing upper
bounds on the necessary size to approximate the solution of a PDE as a function of the size of the networks
required to approximate the coeflicients of the PDE [Marwah et al.,, 2021, Chen et al., 2021]. These
result suggest that from the point of view of neural network approximation, PDEs whose coefficients are
approximable by small networks are easier to represent by neural networks. Our lower bound show that
even for PDEs that are easy in this sense, a very deep network is needed.

REMARK 3:  In this paper we consider a fully connected network with ReLU activation function. How-
ever, as mentioned in Hornik et al. [1990] and Telgarsky [2017] one can approximate a neural network
with one choice of nonlinearity via a (comparably sized) neural network with another choice of nonlin-
earity, under very mild conditions on the nonlinearities. Crucially, this simulation only increases the size
by a dimension-independent factor, and keeping the depth separation same. However, we note that the
effect of using other architectures like convolutional neural networks are outside the scope of current
work.

The proof for the above theorem is provided in Section 3.5. Moreover, the dependence on k is nearly
optimal. Namely, in the case d = 1, a result by Perckrestenko et al. [2018] for approximating trigono-
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metric functions can be directly applied to conclude that a network of depth and size O(log k) suffices
to approximate u*. Precisely:

Theorem 3 (Depth Upper Bound, Theorem 4.1 in Perekrestenko et al. [2018]). Consider the function
uy, which is the solution to the Helmboltz PDE in Definition 9 for d = 1. There exists a neural network
[+ R = Rwith ReLU activation function with depth O((log(1/€)? + log(k)) and width O(1) such
that

sup [u”(z) — f(z)[ <€
z€[0,1]

We note that the gap between the lower and upper bound (O(v/log k) vs O(log k)) is expected, as such
gaps in our understanding of depth separation for neural networks also exist outside of the context of
PDE:s [Telgarsky, 2016].

3.5 PROOF OF THEOREM 2

The main intuition for the proof follows that from Telgarsky [2016]. A function with many oscillations
will be poorly approximated by a network with fewer oscillations. We further use the fact that a deep
neural network can represent a function with more oscillations (relative to the number of parameters)
than its shallow counterpart, which will have fewer oscillations.

We begin the proof by stating two ingredients from Telgarsky [2016].

First, we lower bound the distance between two functions roughly by counting the number of times they
change sign in one dimension. Precisely, consider that the function u} : [0, 1] — R partitions the set D
into intervals Z,+ such that for each interval f(z) = 1[f(z) > 0] is constant. Therefore, the number
of times the function f changes sign is given by | Zy|. We show that if a function f changes sign a much
fewer number of times than u}, i.e., |Z|L?*(€2)|Zy:| then it will poorly approximate the function uj.
Precisely:

Lemma 11 (Lemma 3.1 in Telgarsky [2016]). Letuf : R — Rand f : R — R be given functions, and
denote

1[u} > 0],
1[f >0].

Then we have,
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Next, we state a result that relates the number of layers and size of a neural network with the number of
sign changes of the function.

Lemma 12 (Number of sign changes, Lemma 3.2 in Telgarsky [2016]). Let g be a ReLU network with
L layers with widths (my, ma, . . ., my) that partitions the domain D into L, intervals. If m = 1T m,,

then .
2m
Z,| < (T)

Given Lemma 11 and Lemma 12 we now show the result for the lower bound on the error for the one-
dimensional case.

Lemma 13 (Depth lower bound in one dimension). Consider the function uj : R — R, the solution to
the Helmbholtz PDE (Definition 9) for d = 1. Let f be a ReLU network with L layers with L < +/log(k)

and size of each layer less than 2V 12(%)  Then we have:

T

| lite) - s@lde > 5
0.1 2

Proof. Let Ay: (U) denote the area under the curve defined by the function u} calculated over the set U.

Note that forallU € Z,, the area of the curve uj (A, (U)) will be the same and can be calculated as the
following,

Ay (U) = /U sin(knz)da

= / sin(kmx)dx
[,

#]

1 1

- (1= 2
lm( cos(km k)>
2

"k

Since f is a ReLU network with less than \/log(| k|) — 2 layers and less than 2V log(Lk]=2) nodes in each

layer, using the result from Lemma 12 we have that the total number of sign changes of f is bounded as:
o . oy/le(lk]—2) | V2
< (2R

< gostrn-2 _ K]

4

2

Here we have used the fact that VT <1
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Therefore, by Lemma 11 and Lemma 12 we can lower bound the error between the solution 7 and f as:

/|sm (krz) — f(2)|dx
= > /\sm (kmx) — f(x)|dx

UL,
> Z / | sin(krz)|1[Vz € U : @ (z) # f(z)]dx
UET, s
2 / |sin(krz)|1[Ve € U : @l (z) # f(x)]dx
> % Z Ve € U+ i(x) # f()
U€L,s

Z 2 |I | 1_2‘If|
_kﬂ' 2 ‘Iu’f’

@ k] +1 k)
Sy = (1 (k) +1>)

o Lk +1
- 2km
1
>
~ 27
Where we get (7) from Lemma 11 and we use the fact that LkLJil < lin (44). [

We now extend the proof for Lemma 13 for the d dimensional case and complete the proof for Theorem 2.

Proof for Theorem 2. Let © = (21,22, - , %) be a d-dimensional vector. Furthermore, will denote
byCILi = ($1> i1, Tig1, 'xd)~

We wish to lower bound the following error:

[ e = e

d
= [ Lsinthm) — f@)laa
) j=1
= / / |Hsm (kima;) — f(z)|dvidz_; (3.4)
[0,1]9-1 Jx;

€0,1] ;=
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Consider a fixed value for the coordinates other than thei-thone,ie. € ; = (c1,- -+, ¢i—1, Cig1, -+, Ca)
and define f(x;) := f(c; x;) and [ [j=1 sin(k;mc;) =: C. Hence, we wish to lower bound the following
i

error,

/ Oz - F(wi)|dzs (35)

From the proof of Lemma 13, we know that if the network f has less than /log(k;) — 2 layers of size
less than 2V1°8(*1)=2 then the error in Equation 3.5 can be lower bounded as the following:

x C
/ |C'sin(k;ma;) — f(x;)|de; > 1] (3.6)
z;€[0,1] 27
Substituting Equation 3.6 into Equation 3.4 we have,
d
/ / [T sin(kima:) — £ () dasda
0,141 Ja;€0,1] G4
/ / |C'sin(kyra;) — f(z)|da;da_;
0,191 Ja;€[0,1]
C
> / i
[0 1}d 1 27T
1 d
= — sin(k;mz;)|dx_;
27 [0,1]d—1 gl_[l ! !
JF
1
> sin(k;ma;)|de_;
27 [0,1]d—1 H !
= -l
~ o i
where (1) follows from sin(x) < 1. O

3.6 CoNCLUSION AND FUTURE WORK

In this paper, we explore the role of depth in neural network architectures used to approximate PDEs.
We show that in order to approximate the solution of linear Helmholtz PDE, a network with number

of layers less than O(y/log(k)) would required layers of size O(2V log(k)) _which is nearly tight in the

one-dimensional case, as a network of depth and size O(log(k)) suffices.

Exploring the limitations of neural networks when applied to PDE solvers is a wide open area — an
immediate open question is to extend our lower bounds to more restricted classes of PDEs, e.g. elliptic
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and parabolic PDEs. Studying more fine-grained architectural aspects (e.g. weight tieing, as suggested by
results in Li et al. [2020a], Marwah et al. [2021]) seems also a promising direction for further work.
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4 NEURAL NETWORK APPROXIMATIONS OF
PDEs BEYOND LINEARITY: A
REPRESENTATIONAL PERSPECTIVE

Abstract: A burgeoning line of research leverages deep neural networks to approximate the solutions to
high dimensional PDEs, opening lines of theoretical inquiry focused on explaining how it is that these mod-
els appear to evade the curse of dimensionality. However, most prior theoretical analyses have been lim-
ited to linear PDEs. In this work, we take a step towards studying the representational power of neural
networks for approximating solutions to nonlinear PDEs. We focus on a class of PDEs known as non-
linear elliptic variational PDEs, whose solutions minimize an Euler-Lagrange energy functional £(u) =
Jo Lz, u(z), Vu(z)) — f(x)u(x)dx. We show that if composing a function with Barron norm b with
partial derivatives of L produces a function of Barron norm at most BbP, the solution to the PDE can

be e-approximated in the L? sense by a function with Barron norm O ((dB L)max{p log(1/e).p log(l/E)}). Bya

classical result due to Barron [1993], this correspondingly bounds the size of a 2-layer neural network needed
to approximate the solution. Treating p, €, By, as constants, this quantity is polynomial in dimension, thus
showing neural networks can evade the curse of dimensionality. Our proof technique involves neurally sim-
ulating (preconditioned) gradient in an appropriate Hilbert space, which converges exponentially fast to the
solution of the PDE, and such that we can bound the increase of the Barron norm at each iterate. Our results
subsume and substantially generalize analogous prior results for linear elliptic PDEs over a unit hypercube.

4.1 INTRODUCTION

Scientific applications have become one of the new frontiers for the application of deep learning [Jumper
etal., 2021, Tunyasuvunakool etal., 2021, Senderby etal., 2020]. PDEs are a fundamental modeling tech-
niques, and designing neural networks-aided solvers, particularly in high-dimensions, is of widespread
usage in many scientific domains [Hsich et al., 2019, Brandstetter et al., 2022]. One of the most com-
mon approaches for applying neural networks to solve PDEs is to parametrize the solution as a neural
network and minimize a variational objective that represents the solution [Sirignano and Spiliopoulos,
2018, Yuetal., 2017]. The hope in doing so is to have a method which computationally avoids the “curse
of dimensionality”—i.e., that scales less than exponentially with the ambient dimension.

To date, neither theoretical analysis nor empirical applications have yielded a precise characterization
of the range of PDEs for which neural networks-aided methods outperform classical methods. Active
research on the empirical side [Han et al.,, 2018, Weinan et al., 2017, Li et al., 2020a,b] has explored
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several families of PDEs, e.g., Hamilton-Bellman-Jacobi and Black-Scholes, where neural networks have
been demonstrated to outperform classical grid-based methods. On the theory side, a recent line of works
[Marwah et al., 2021, Chen et al., 2021, 2022] has considered the following fundamental question:

For what families of PDES, can the solution be represented by a small neural network?

The motivation for this question is computational: fitting the neural network (by minimizing some ob-
jective) is at least as expensive as the neural network required to representit. Specifically, these works focus
on understanding when the approximating neural network can be sub-exponential in size, thus avoiding
the curse of dimensionality. However, to date, these results have only been applicable to /inear PDEs.

In this paper, we take the first step beyond such work, considering a non/inear family of PDEs and study
nonlinearvariational PDEs. These equations have the form —divy (0v, L(x, v, Vu))+0, L(x,u, Vu) =
f and are a (very general) family of nonlinear Euler-Lagrange equations. Equivalently, the solution to the
PDE is the minimizer of the energy functional £(u) = [, (L(x, u(X), Vu(x)) — f(x)u(x))dz. This
paradigm is very general: it originated with Lagrangian formulations of classical mechanics, and for dif-
ferent L, a variety of variational problems can be modeled or learned [Schmidt and Lipson, 2009, Cran-
mer et al., 2020]. These PDEs have a variety of applications in scientific domains, e.g., (non-Newtonian)
fluid dynamics [Koleva and Vulkov, 2018], meteorology [Weller et al., 2016], and nonlinear diffusion
equations [Burgers, 2013].

Our main result is to show that when the function L has “low complexity’, so does the solution. The notion
of complexity we work with is the Barron norm of the function, similar to Chen et al. [2021], Lee et al.
[2017]. This is a frequently used notion of complexity, as a function with small Barron norm can be
represented by a small, two-layer neural network, due to a classical result [Barron, 1993]. Mathematically,
our proof techniques are based on “neurally unfolding” an iterative preconditioned gradient descent in
an appropriate function space: namely, we show that each of the iterates can be represented by a neural
network with Barron norm not much worse than the Barron norm of the previous iterate—along with
showing a bound on the number of required steps.

Importantly, our results go beyond the typical non-parametric bounds on the size of an approximator
network that can be easily shown by classical regularity results of the solution to the nonlinear variational
PDEs [De Giorgi, 1957, Nash, 1957, 1958] along with universal approximation results [Yarotsky, 2017].

4.2 OVERVIEW OF RESULTS
Let Q2 := [0, 1]? be a d-dimensional hypercube and let 92 denote its boundary.

We first define the energy functional whose minimizers are represented by a nonlinear variational PDE—
i.e., the Euler-Lagrange equation of the energy functional.
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Definition 11 (Energy functional). Forall v : Q — R such that u|lsq = 0, we consider an energy
functional of the following form:

E£(u) = /Q (L(m, w(z), Vu(z)) — f(x)u(x)) da, (41)

where L - Q x R x R — R and there exist constants 0 < X\ < A such that forevery x € S) the function
L(z,-,+) : R x R — R is smooth and convex, i.e.,

dlag([oa Ald]) < v%y,z)L(ma Y, Z) < dlag([Aa Ald]) (42)
forall (y,z) € R x R

Further, we assume that the function f : Q — R is such that || |12y < o0o. Note that without loss of
generality’ we assume that X < 1/C,, (where C, is the Poincare constant defined in Theorem 14).

The minimizer u* of the energy functional & exists and is unique. The proof of existence and uniqueness
is standard (following essentially along the same lines as Theorem 3.3 in Ferndndez-Real and Ros-Oton
[2020]), and is stated in the following Lemma (with the full proof provided in Section 11.4.1 of the Ap-
pendix for completeness).

Lemmal4. Ler L : ) x R x R? — R be the function as defined in Definition 11. Then the minimizer
of the energy functional & exists and is unigue.

Writing down the condition for stationarity, we can derive a (nonlinear) elliptic PDE for the minimizer
of the energy functional in Definition 11..

Lemma15. Leru* : Q — R be the unique minimizer for the energy functional in Definition 11. Then for
all o € H(Q), u* satisfies the following condition:

DE[u](p)

S~

(OvuL(z,u, Vu)Ve + 0, L(x,u, Vu)p — fo)dz (4.3)
Q
p— O’

where dE[u)(p) denotes the directional derivative of the energy functional calculated at w in the direction
of . Thus, the minimizers of the energy functional satisfy the following PDE with Dirichlet boundary
condition:

DE(u)

= —divg(Ovu L(z,u, Vu)) + 0, L(z,u, Vu) = f (4.4)

forallx € Qandu(x) = 0,V € 0S) Here divy denotes the divergence operator.

ISince M is a lower bound on the strong convexity constant. If we choose a weaker lower bound, we can always ensure

A< 1/C,
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The proof for the Lemma can be found in Appendix 11.4.2. Here —divy (0, L(V-)) and 0, L(x, -, V)
are operators that acts on a function (in this case u).>

Our goal is to determine if the solution to the PDE in Equation 4.4 can be expressed by a neural network
with a small number of parameters. In order do so, we rely on the concept of a Barron norm, which
measures the complexity of a function in terms of its Fourier representation. We show that if composing
with the function partial derivatives of the function L increases the Barron norm of u in a bounded
fashion, then the solution to the PDE in Equation 4.4 will have a bounded Barron norm. The motivation
for using this norm is a seminal paper [Barron, 1993], which established that any function with Barron
norm C' can be e-approximated by a two-layer neural network in the L? sense by a 2-layer neural network
with size O(C? /), thus evading the curse of dimensionality if C'is substantially smaller than exponential
in d. Informally, we will show the following result:

Theorem 4 (Informal). Given the function L in Definition 11, such that composing a function with Barron
norm b with Ov, L or O, L produces a function of Barron norm at most BrUP for some constants By, p > 0.
Then, Ne > 0, the minimizer of the energy functional in Definition 11 can be e-approximated in the L*
sense by a function with Barron norm

O ((dBL)maX{p log(1/5)7plog<1/€)}) ‘

As a consequence, when €, p, By, are thought of as constants, we can represent the solution to the Euler-
Lagrange PDE Equation 4.4 by a polynomially-sized network, as opposed to an exponentially sized net-
work, which is what we would get by standard universal approximation results and using regularity re-
sults for the solutions of the PDE.

We establish this by neurally simulating a preconditioned gradient descent (for a strongly-convex loss) in
an appropriate Hilbert space, and show that the Barron norm of each iterate—which is a function—is
finite, and at most polynomially bigger than the Barron norm of the previous iterate. We get the final
bound by (i) bounding the growth of the Barron norm at every iteration; and (ii) bounding the number
of iterations required to reach an e-approximation to the solution. The result in formally stated in Sec-
tion 4.5.

4.3 RELATED WORK

Over the past few years there has been a growing line of work that utilizes neural networks to parameter-
ize the solution to a PDE. Works such as Weinan et al. [2017], Yu et al. [2017], Sirignano and Spiliopou-
los [2018], Raissi et al. [2017] achieved impressive results on a variety of different applications and have
demonstrated the empirical efficacy of neural networks in solving high dimensional PDEs. This is a
greatand promising direction for solving high dimensional PDEs since erstwhile dominant numerical ap-

2For a vector valued function F : R% — R< we will denote the divergence operator either by divy £ or by V - F', where
divy F =V - F=Y1 2L
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proaches like the finite differences and finite element methods [LeVeque, 2007] depend primarily upon
discretizing the input space, hence limiting their use for problems on low dimensional input space.

Several recent works look into the theoretical analysis into their representational capabilities has also
gained alotof attention. Khoo etal. [2021] show the existence of a network by discretizing the input space
into a mesh and then using convolutional NN, where the size of the layers is exponential in the input di-
mension. Sirignano and Spiliopoulos [2018] provide a universal approximation result, showing that for
sufficiently regularized PDEs, there exists a multilayer network that approximates its solution. Jentzen
etal. [2018], Grohs and Herrmann [2020], Hutzenthaler et al. [2020] show that provided a better-than-
exponential dependence on the input dimension for some specific parabolic PDEs, based on a stochastic
representation using the Feynman-Kac Lemma, thus limiting the applicability of their approach to PDEs
that have such a probabilistic interpretation.

These representational results can be further be utilized towards analyzing the generalization properties of
neural network approximations to PDE solutions. For example, Lu et al. [2021] show the generalization
analysis for the Deep Ritz method for elliptic equations like the Poisson equation and Lu and Lu [2021]
extends their analysis to the Schrodinger eigenvalue problem. Furthermore, Mishra and Molinaro [2020]
look at the generalization properties of physics informed neural networks for a linear operators or for
non-linear operators with well-defined linearization.

Closest to our work is a recent line of study that has focused on families of PDEs for which neural net-
works evade the curse of dimensionality—i.e. the solution can be approximated by a neural network
with a subexponential size. In Marwah et al. [2021] the authors show that for elliptic PDEs whose co-
efficients are approximable by neural networks with at most N parameters, a neural network exists that
e-approximates the solution and has size O(d'°%(1/9) N'). Chen et al. [2021] extends this analysis to ellip-
tic PDEs with coefficients with small Barron norm, and shows that if the coefficients have Barron norm
bounded by B, an e-approximate solution exists with Barron norm at most O(d'*3Y/¢) B). The work by
Chen et al. [2022] derives related results for the Schrédinger equation on the whole space.

As mentioned, while most of previous works show key regularity results for neural network approxima-
tions of solution to PDEs, most of their analysis is limited to simple /zzear PDEs. The focus of this paper
is towards extending these results to a family of PDEs referred to as nonlinear variational PDEs. This par-
ticular family of PDEs consists of many famous PDEs such as p—Laplacian (on a bounded domain) and
is used to model phenomena like non-Newtonian fluid dynamics and nonlinear diffusion processes. The
regularity results for these family of PDEs was posed as Hilbert’s XIX"" problem. We note that there are
classical results like De Giorgi [1957] and Nash [1957, 1958] that provide regularity estimates on the so-
lutions of a nonlinear variational PDE of the form in Equation 4.4. One can easily use these regularity es-
timates, along with standard universal approximation results Yarotsky [2017] to show that the solutions
can be approximated arbitrarily well. However, the size of the resulting networks will be exponentially
large (i.e. they will suffer from the curse of dimensionality)—so are of no use for our desired results.
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4.4 NOTATION AND DEFINITION

In this section we introduce some key concepts and notation that will be used throughout the paper.
For a vector z € R? we use ||z||2 to denote its £ norm. C>(€Q) is the set of function f : Q@ — R
that are infinitely differentiable. For a function F'(z, y, ) of multiple variables we use V, F'(x, y, 2) and
0, F (z,y, 2) to denote the (partial) derivative w.r.t the variable  (we drop the subscript if the function
takes in only a single variable). Similarly, A, denotes the Laplacian operator where the derivatives are
taken w.r.t € R?% With a slight abuse of notation, if a function L : 2 x R x R? — R takes functions
u and Vu as input, we will denote the partial derivatives w.r.t second and third set of coordinates as,
Oy L(x,u, Vu) and Oy, L(x, u, Vu), respectively.

We also define some important function spaces and associated key results below.

Definition 12. For a vector valued function g : R — R we define the LP(Q) norm forp € [1,00) as

d 1/p
9/l e () = (/ﬂZlgz‘(l‘)lpdx) :

Forp = 00 we have
191l 2 () = max[|gil < 0,
Definition 13. For a domain Q, the space of functions H} () is defined as,

Hi(Q):={g: Q= R:geL*N),
Vg € L*(), glon = 0}.

The corresponding norm for H} (Y) is defined as, | g| i@ = V920
Finally, we will make use of the Poincaré inequality throughout several of our results.

Theorem 5 (Poincaré inequality, Poincaré [1890]). Forany domain © C R which is open and bounded,
there exists a constant Cy, > 0 such that for all u € Hj(©)

ullr20) < CpllVullr2e).-
This constant can be very benignly behaved with dimension for many natural domains—even dimension
independent. One such example are convex domains [Payne and Weinberger, 1960], for which C,, <
m2diam(Q2). Furthermore, for Q = [0, 1]%, the value of C), can be explicitly calculated and is equal to

1/7%d. Thisis a simple calculation, but we include it for completeness as the following lemma (proved
in Section 11.4.3):

Lemma 16. For the domain Q) := [0, 1]%, the Poincare constant is equal to —.
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4.41 BARRON NORMS

For a function f : [0, 1] — R the Fourier transform is defined as,

flw) = (x)e 2" dr,  we N, (4.5)
[0,1]¢

where N is the set of vectors with natural numbers as coordinates. The inverse Fourier transform of a
function is defined as,

fla)y=>Y" e f(uw) (4.6)

weNd

The Barron norm is an average of the norm of the frequency vector weighted by the Fourier magnitude

[F(@)].

Definition 14 (Spectral Barron Norm, [Barron, 1993]). Let I define a set of functions defined over €} =
(0, 1]% such that f(w) and w f (w) are absolutely summable, i.c.,

Fz{f:Q—)R:Z|f(w)|<oo,

weNd

& Y llwlol fw)l < OO}

weNd

Then we define the spectral Barron norm || - || g as

s = D 1+ [lwll2)lf (w)I-

weNd

The Barron norm can be thought of as an L, relaxation of requiring sparsity in the Fourier basis—which
is intuitively why it confers representational benefits in terms of the size of a neural network required. We
refer to Barron [1993] for a more exhaustive list of the Barron norms of some common function classes.

The main theorem from Barron [1993] formalizes this intuition, by bounding the size of a 2-layer network
approximating a function with small Barron norm:

Theorem 6 (Theorem 1, Barron [1993]). Let f € T such that || f||py < C and i be a probability

measure defined over C). There exists a; € R b; € Rand ¢; € R such that Ele les| < 2C, there exists
a function fi(x) = Zle cio(al x + b;), such that we have,

2 c?

@) = h@)utan) -

Here o denotes a sigmoidal activation function, i.e, lim,_,, 0(v) = 1 and lim,_,_ o(z) = 0.
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Note that while Theorem 6 is stated for sigmoidal activations like sigmoid and tanh (after appropriate
rescaling), the results are also valid for ReLU activation functions, since ReLU(z) — ReLU(x — 1) is
in fact sigmoidal. We will also need to work with functions that do not have Fourier coefficients beyond
some size (i.e. are band limited), so we introduce the following definition:

Definition 15. We will define the set vy as the set of functions whose Fourier coefficients vanish outside a
bounded ball, that is

Fw={f:Q—>R:se feTl,
& Yw, ||ws > W, f(w) = 0}

Finally, as we will work with vector valued functions, we will also define the Barron norm of a vector-
valued function as the maximum of the Barron norms of its coordinates:

Definition 16. For a vector valued function g : Q@ — R% we define || g||5) = max; ||g; 5-

4.5 MaIN RESULT
Before stating the main result we introduce the key assumption.

Assumption 1. The function L in Definition 11 can be approximated by a function L : @ x R xR — R
such that there exists a constant e, € [0, \) forallx € Qandu € Hy(Q) defineq = (z,u(x), Vu(x)) €
QxR xR?

sup [|0uL(q) — duL(q)l2 < ellu()ll2,
q

and, sup [|0vul(q) = Ovul(q)]l2 < evllu(z)]l2,
q

Furthermore, we assume that L issuch that forall g € Hy (), we baveL(z,9,Vg) € Hy(Q),L(z,g,Vyg)
I and for all x € Q

10uL(z, 9, Vg)llse) < BLlgli5

(4.7)
and, |0vuL(x, 9,V 9)ll5@) < BillgllFa):

for some constants By > 0, and p. > 0. Finally, if g € Uy then 0,L(z,9,Vg) € Uyw and
Ovul(z,9,Vg) € Tyow foraky > 0.

We refer to Remark 4 for an example of how the conditions in the assumption manifest for a linear elliptic
PDE.

This assumption is fairly natural: it states that the function L is such that its partial derivatives w.r.t u

and Vu can be approximated (up to €1,) by a function L with partial derivatives that have the property
that when applied to a function g with small Barron norm, the new Barron norm is not much bigger
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than that of g. The constant p specifies the order of this growth. The functions for which our results
are most interesting are when the dependence of By on d is at most polynomial—so that the final size of
the approximating network does not exhibit curse of dimensionality. For instance, we can take L to be a
multivariate polynomial of degree up to P: we show in Lemma 23 the constant By is O(d”) (intuitively,
this dependence comes from the total number of monomials of this degree), whereas p and k are both

O(P).
With all the assumptions stated, we now state our main theorem,

Theorem 7 (Main Result). Consider the nonlinear variational PDE in Equation 4.4 which satisfies As-
sumption 1 and let uv* € Hy(SY) denote the unique solution to the PDE. If ug € Hy(SY) is a function such
that wy € Ty, then for all sufficiently small € > 0, and

o 28m0) —E(W) 1
T"Me ) )“(—ﬂ

there exists a function ur € H)(Q) such that up € T (opp, v, with Barron norm ||ur||gq) bounded by

(1 + 2k Wo(2mked + 1) Bz ) (1 + 0l flls@))" 7

- (mae{1, uolfy ). 4

Furthermore ur satisfies ||ur — u*|| gy ) < € + € where,

. €R T
f< (100 4GP e+ A)) — 1)),
where R = HU*HH(}(Q) + %8(1&0) dﬂd?] = W.

Remark I: The function ug can be seen as an initial estimate of the solution, that can be refined to an
estimate w7, which is progressively better at the expense of a larger Barron norm. A trivial choice could
be 1y = 0, which has Barron norm 1, and which by Lemma 17 would result in £ (ug) < Af|u*|| %II(Q).

0

Remark 2: The final approximation error has two terms, and note that 7" goes to infinity as € tends to
zero and is a consequence of the way w7 is constructed — by simulating a functional (preconditioned)
gradient descent which converges to the solution to the PDE. € stems from the approximation that we
make between L and L, which grows as T" increases — it is a consequence of the fact that the gradient
descent updates with Land L progressively drift apartas 7" — oo.

Remark 3: As in the informal theorem, if we think of p, A, X, C,y, k, ||uo || 8() as constants, the theorem

implies that u* can be e-approximated in the L? sense by a function with Barron norm O ((dB L)max{p log(1/€),plos/ }> .

41



4 Newural Network A [pproximations of PDEj5 Beyond Linearity: A Represmmtz'ondl Perspective

Therefore, combining results from Theorem 8 and Theorem 6 the total number of parameters required
to e—approximate the solution u* by a 2—layer neural network is

O (12 (dBL)2max{plog(l/e)@log(l/e)}) |
€

Remark 4: The theorem recovers (and vastly generalizes) prior results which bound the Barron norm of
linear elliptic PDEs like Chen et al. [2021] over the hypercube. In these results, the elliptic PDE takes
the form that for all u € HJ(Q), —divx(AVu) + cu = f and the functions A : R? — R and
¢ : R? — Raresuch that Vo € Q, A(z) is positive definite and ¢(z) is non-negative and bounded.
Further, the functions A and c are assumed to have bounded Barron norm. To recover this setting from
our result, consider choosing

1 1
Lz, u(w), Vu(e)) := 5(Vu(@)) " Ax)(Vu(x)) + Se(@)u(x)?,
For this L, we have 0%, L(z, u(z), Vu(z)) = A(x) and 9> L(z, u(x), Vu(z)) = ¢(z). The conditions
in Equation 4.2 in Definition 1 require that A < A(z) < Aand 0 < ¢(z) < A, which match the
conditions on the coefficients A and cin Chen et al. [2021].

Further, by a simple application of Lemma 21, one can show, || Oy, L(z, u, Vu) || g) < &*||Alls@ l|ulls@),
and ||0, L(z,u, Vu)| 5y < || Aol 5@) and therefore satisfy Equation 4.7 in Assumption 1 with
Bj = max{d®||A||sw, l|c|ls) } and p = 1. Plugging these quantities in Theorem 8, we recover the
exact same bound from Chen et al. [2021].

4.6 PROOF OF MAIN RESULT

The proof will proceed by “neurally unfolding” a preconditioned gradient descent on the objective £ in
the Hilbert space H; (£2). This is inspired by previous works by Marwah et al. [2021], Chen et al. [2021]
where the authors show that for a linear elliptic PDE, an objective which is quadratic can be designed. In
our case, we show that £ is “strongly convex” in some suitable sense — thus again, bounding the amount
of steps needed.

More precisely, the result will proceed in two parts:

1. First, we will show that the sequence of functions {u, }{°, where uyy1 < w,—n(I—A,) " dE (uy)
can be interpreted as performing preconditioned gradient descent, with the (constant) precondi-
tioner (I — A,)~!. We show that in some appropriate sense (Lemma 17), £ is strongly convex in
Hg (€2) — thus the updates converge at a rate of O(log(1/¢)).

2. We then show that the Barron norm of each iterate u;, 1 can be bounded in terms of the Barron
norm of the prior iterate u;. We show this in Lemma 20, where we show that given Assumption

p . . .
L, [|te+1]| @) can be bounded as O(d||u||5q))- By unrolling this recursion we show that the

Barron norm of the e-approximation of u* is of the order O(d”" ||uq I5(q) where T are the total
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steps required for e-approximation and ||uo||(q) is the Barron norm of the first function in the
iterative updates.

We now proceed to delineate the main technical ingredients for both of these parts.

4.6.1 CONVERGENCE RATE OF SEQUENCE

The proof to show the convergence to the solution ©* is based on adapting the standard proof (in finite
dimension) for convergence of gradient descent when minimizing a strongly convex function f. Recall,
the basic idea is to Taylor expand f(x + ) ~ f(z) + Vf(x)"6 + O(]|6]|?). Taking & = nV f(x), we
lower bound the progress term 7|V f () ||* using the convexity of f, and upper bound the second-order
term 7)?||V f(2)||? using the smoothness of f.

We follow analogous steps, and prove that we can lower bound the progress term by using some appro-
priate sense of convexity of £, and upper bound using some appropriate sense of smoothness of £, when
considered as a function over Hj (€2). Precisely, we show:

Lemma 17 (Strong convexity of € in Hy). If €, L are as in Definition 11, we have

L Yu,v € Hy(Q) : (DE(u),v) 2 = [o(—divi(dvuL(z,u, Vu)) + dy(x,u, Vu))vde =
Jo OvuL(z,u, Vu) - Vo + 0, L(z,u, Vu)v dz.

2. Yu,v € H}(Q) : Mu— UHHl(Q) (DE(u) — DE(v),u—v) 20y < (1+C’§)A||u—v||fq&(m

3. Yu,v € HY(Q) : ’\HVUH%Q(Q) + (DE(u) — f,v)r2) < E(u+v) —E(u) < (DE(u) —
frohne + Vol

< E(u) - Eu) < PR — |2

4. Yu € Hi(Q) : 3|ju— u*HlQLI01 1 ()

(V)
Part 1 is a helpful way to rewrite an inner product of a “direction” v with DE(u)—it is essentially a
consequence of integration by parts and the Dirichlet boundary condition. Part 2 and 3 are common
proxies of convexity and smoothness: they are ways of formalizing the notion that &£ is strongly convex
has “Lipschitz gradients”, when viewed as a function over H;(f2). Finally, Part 4 is a consequence of
strong convexity, capturing the fact that if the value of £ (u) is suboptimal, © must be (quantitatively) far
from w*. The proof of the Lemma can be found in Appendix 11.1.1.

When analyzing gradient descent in (finite dimensions) to minimize a loss function &, the standard con-
dition for progress is that the inner product of the gradient with the direction towards the optimum is
lower bounded as (DE(u), u* — u)r2(q) > ofju — U*H%Q(Q) (we have L?(Q) inner product vs Hj (2)
norm). From Parts 2 and 3 of Lemma 17 one can readily see that the above condition is only satisfied
“with the wrong norm”: i.e. we only have (D& (u), u* —u) 12(q) > afju —u* H%,I(Q). Moreover, since in
0
general, || Vgl 12(q) can be arbitrarily bigger than ||| 12(q), there is no way to upper bound the H(£2)
norm by the L?(£2) norm.
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We can fix this mismatch by instead doing preconditioned gradient, using the fixed preconditioner (1 —
A,)~ L. Towards that, the main lemma about the preconditioner we will need is the following one:

Lemma 18 (Norms with preconditioning). Forallu € Hg () we have
1 = 82) V- Vil = 17 = Aa) ™ Agadl ey < ullz0
2. (1 = Ay) Ml ey < lullzz@
3 (I = Ap) tu,u) 2y > ﬁ((—Ax)’lu,sz(Q).

The first part of the lemma is a relatively simple consequence of the fact that A, and V, “commute”,
thus can be re-ordered, and the second part that the operator (I — A,)™" only decreases the H}(£2)
norm. The latter lemma can be understood intuitively as (/ — A,) ' and A, ! act as similar operators on
eigenfunctions of A, with large eigenvalues (the extra I does not do much) — and are only different for
eigenfunctions for small eigenvalues. However, since the smallest eigenvalue is lower bounded by 1/C,,

their gap can be bounded.

Combining Lemma 17 and Lemma 18, we can show that preconditioned gradient descent exponentially
converges to the solution to the nonlinear variational PDE in 4.4.

Lemma 19 (Convergence of Preconditioned Gradient Descent). Let u* denote the unique solution to the
PDE in Definition 4.4 For all t € N, we define the sequence of functions

uppr =g = (I = Ay)TH(DE(uy) — f). (4.9)
wheren = W. Ifug € H}(SY), then affter t iterations we bave,
)\6
E(up1) — E(u") < (1 - W) (E(uo) — E(u")).
The complete proof for convergence can be found in Section 11.1.3 of the Appendix.

Therefore, using the result from Lemma 17 part 4, i.e., ||us — u*||§13 @ < 2(E(uy) — E(u*)), we have

[y —U*||12L15(Q)

2 A6 ! N
<2 (1 _ m) (E(uo) — E(u")).

and |jur — u*||§{5(9) < eafter T steps, where,

T> 10%%/25(”))/@(1_(%). (4.10)

1+CP)IOA5
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4.6.2 BOUNDING THE BARRON NORM

Having obtained a sequence of functions that converge to the solution ©*, we bound the Barron norms
of the iterates. We draw inspiration from Marwah etal. [2021], Lu et al. [2021] and show that the Barron
norm of each iterate in the sequence increases the Barron norm of the previous iterate in a bounded fash-
ion. Note that in general, the Fourier spectrum of a composition of functions cannot easily be expressed
in terms of the Fourier spectrum of the functions being composed. However, from Assumption 1 we
know that the function L can be approximated by L such that v, L(z, v, Vu) and 9, L(z, u, Vu) in-
creases the Barron norm of u in a bounded fashion. Thus, if we instead of tracking the iterates in Equa-
tion 11.16 we track .

Upyr = U — n(1 — A>_1Dg(ﬁt)- (4.11)

we can derive the following result (the proof is deferred to Section 11.3.1 of the Appendix):

Lemma 20. For the updates in Equation 4.11, if Uy € Dy, then for alln € (0,n] we have i1 € Ty w,
and the Barron norm ||ty11| |8y can be bounded as follows,

(1 4 n2rked + 1) BL(27 W)™ ) ||l 50y + 1l f ) -

The proof consists of using the result in Equation 4.7 about the Barron norm of composition of a func-
tion with L, as well as counting the increase in the Barron norm of a function by any basic algebraic op-
eration, as established in Lemma 21. Precisely we show:

Lemma 21 (Barron norm algebra). If g, g1, g2 € I, then the following set of results hold,
e Addition: || g1 + 92|82y < g1l + 92180 -
* Multiplication: ||g1 - 92|y < |91l [92]|B0)
* Derivative: if h € Uy fori € [d] we have ||0;9||3) < 20W||g]8)-
* Preconditioning: if g € T, then ||(I — A) gz < |l9llse-

The proof for the above lemma can be found in Appendix 11.3.4. It bears similarity to an analogous
result in Chen et al. [2021], with the difference being that our bounds are defined in the spectral Barron
space which is different from the definition of the Barron norm used in Chen et al. [2021]. Other than
preconditioning, the other properties follow by a straightforward calculation. For preconditioning, the
main observation is that (I — A)~! acts as a diagonal operator in the Fourier basis—thus the Fourier
coefficients of (I — A)~'h can be easily expressed in terms of those of /.

Expanding on the recurrence in Lemma 21 we can bound the Barron norm of the function uy after T
iterations as:
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Lemma 22. Given the updates in Equation 4.11 and function uy € 'y, with Barron norm ||uo |5«
then after T iterations we have g € T (orp yryy, and ||uol| () s bounded by,

((1 + n2nk Wo(2mkd + 1) Bj) (1 + 77||f||B(Q))>pt+p%1

. (maX{l, ||U0||g(g)}) )

Finally, we exhibit a natural class of functions that satisfy the main Barron growth property in Equa-
tions 4.7. Precisely, we show (multivariate) polynomials of bounded degree have an effective bound on p

and BL:

i=1"1

Lemma 23. Let f(x) = 3_, ,<p (Aa I1¢ xai> where o is a multi-index and v € R% If g : R —
R® is such that g € Ty, then we have f o g € T py and the Barron norm can be bounded as || f ogllaw) <

1/2
(L jarcr 14al?) gl

Hence if L is a polynomial of degree P then using the fact that for a functions g : € — R such that
g € 'y, from Lemma 21 max{| 9|/ s, | VgllB) } < 27W | g|(0)> we will have

IL(z, g, VQ)HB(Q)
1/2

< d""? Z |Aa’2 (QWW)PHQHQQ)-

Using the derivative result from Lemma 21, the constants in Assumption 1 will take the following values
1/2
By = dPl2(2nW) P+ (zm'a' SP |Aa|2) ,andr = 27WP.

Finally, since we are using an approximation of the function L we will incur an error at each step of the
iteration. The following Lemma shows that the error between the iterates u; and the approximate iterates
U increases with £. The error is calculated by recursively tracking the error between wu; and i, for each ¢
in terms of the error at ¢ — 1. Note that this error can be controlled by using smaller values of 7.

Lemma 24. LerL : R? — R be the function satisfying the properties in Assumption 1 and we have

E(u) = /QL(x,u(x),Vu(x)) — f(x)u(x) dz
and E(u) :/QL(:E,u(:v),Vu(:E)) — f(z)u(x)dx.

Forn € (0

N .
) T, 1) consider the sequences,

U1 = ug — n(I — A)TDE(uy),
and, Uy = Ty — n(I — A)TLDE (uy)
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then forallt € N and denoting R = ||[u*|| g2 (o) + +&(uo) we have,

e — el g3

< GLGLJFRA ((1 +n(1+Cy)*(er, + A)))t — 1)

47 CONCLUSION AND FUTURE WORK

In this work, we take a representational complexity perspective on neural networks, as they are used to
approximate solutions of nonlinear elliptic variational PDEs of the form —divy(Ov,L(z, u, Vu)) +
Oy L(z,u, Vu) = f. We prove that if L is such that composing partial derivatives of L with function of
bounded Barron norm increases the Barron norm in a bounded fashion, then we can bound the Barron
norm of the solution ©* to the PDE—potentially evading the curse of dimensionality depending on the
rate of this increase. Our results subsume and vastly generalize prior work on the linear case [Marwah
etal,, 2021, Chen etal,, 2021] when the domain is a hypercube. Our proof consists of neurally simulating
preconditioned gradient descent on the energy function defining the PDE, which we prove is strongly
convex in an appropriate sense.

There are many potential avenues for future work. Our techniques (and prior techniques) strongly rely
on the existence of a variational principle characterizing the solution of the PDE. In classical PDE litera-
ture, these classes of PDEs are also considered better behaved: e.g. proving regularity bounds is much eas-
ier for such PDEs [Ferndndez-Real and Ros-Oton, 2020]. There are many non-linear PDEs that come
withouta variational formulation for which regularity estimates are derived using non-constructive meth-
ods like comparison principles. It is a wide open question to construct representational bounds for any
interesting family of PDEs of this kind. It is also a very interesting question to explore other notions of
complexity—e.g. number of parameters in a (potentially deep) network like in Marwah et al. [2021],
Rademacher complexity, among others.
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EMPIRICAL VALIDATION AND LARGE MODELS
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S DEEP EQUILIBRIUM BASED NEURAL
OPERATORS FOR STEADY-STATE PDEs

Abstract: Data-driven machine learning approaches are being increasingly used to solve partial differen-
tial equations (PDEs). They have shown particularly striking successes when training an operator, which
takes as input a PDE in some family, and outputs its solution. However, the architectural design space, es-
pecially given structural knowledge of the PDE family of interest, is still poorly understood. We seck to rem-
edy this gap by studying the benefits of weight-tied neural network architectures for steady-state PDEs. To
achieve this, we first demonstrate that the solution of most steady-state PDEs can be expressed as a fixed point
of a non-linear operator. Motivated by this observation, we propose FNO-DEQ, a deep equilibrium vari-
ant of the FNO architecture that directly solves for the solution of a steady-state PDE as the infinite-depth
fixed point of an implicit operator layer using a black-box root solver and differentiates analytically through
this fixed point resulting in O(1) training memory. Our experiments indicate that FNO-DEQ-based ar-
chitectures outperform FNO-based baselines with 4 X the number of parameters in predicting the solution to
steady-state PDEs such as Darcy Flow and steady-state incompressible Navier-Stokes. Finally, we show FNO-
DEQ is more robust when trained with datasets with more noisy observations than the FNO-based baselines,
demonstrating the benefits of using appropriate inductive biases in architectural design for different neural
network based PDE solvers. Further, we show a universal approximation result that demonstrates that FNO-
DEQ can approximate the solution to any steady-state PDE that can be written as a fixed point equation.

5.1 INTRODUCTION

Partial differential equations (PDEs) are used to model a wide range of processes in science and engineer-
ing. They define a relationship of (unknown) function and its partial derivatives. Most PDEs do not ad-
mit a closed form solution, and are solved using a variety of classical numerical methods such as finite el-
ement [LeVeque, 2007], finite volume [Moukalled et al., 2016], and spectral methods [Kopriva, 2009,
Boyd, 2001]. These methods are often very computationally expensive, both as the ambient dimension
grows, and as the desired accuracy increases.

This has motivated a rapidly growing area of research in data-driven approaches to PDE solving. One
promising approach involves learning neural solution operators [Chen and Chen, 1995, Lu et al., 2019,
Bhattacharya et al., 2021, Li et al., 2020b], which take in the coefficients of a PDE in some family and
output its solution—and are trained by examples of coefficient-solution pairs.

While several architectures for this task have been proposed, the design space—in particular taking into
account structural properties of the PDEs the operator is trained on—is still largely unexplored. Most
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present architectures are based on “neuralizing” a classical numerical method. For instance, Li et al.
[2020a] take inspiration from spectral methods, and introduce FNO: a trained composition of (parametrized)
kernels in Fourier space. Brandstetter et al. [2022] instead consider finite-difference methods and gener-
alize them into (learnable) graph neural networks using message-passing.

Our work focuses on families of PDEs that describe the steady-state of a system (that is, there is no time
variable). Namely, we consider equations of the form:

L(a(z),u(z)) = f(x), Vo €, (5.1)

wherew :  — R% g : Q — R% and f : Q — R% are functions defined over the domain €2, and L is
a (possibly non-linear) operator. This family includes many natural PDE families like Poisson equations,
electrostatic equations, and steady-state Navier-Stokes.

We take inspiration from classical numerical approaches of fast-converging Newton-like iterative schemes
[LeVeque, 2007, Faragd and Kardtson, 2002] to solve steady-state PDEs, as well as recent theoretical
works for elliptic (linear and non-linear PDEs) [Marwah et al., 2021, Chen et al., 2021, Marwah et al.,
2022] to hypothesize that very deep, but heavily weight-tied architectures would provide a useful archi-
tectural design choice for steady-state PDEs.

In this paper, we show that for steady state equations it is often more beneficial to weight-tie an existing
neural operator, as opposed to making the model deeper—thus increasing its size. To this end, we in-
troduce FNO-DEQ), a new architecture for solving steady-state PDEs. FNO-DEQ is a deep equilibrium
model (DEQ) that utilizes weight-tied FNO layers along with implicit differentiation and root-solvers
to approximate the solution of a steady-state PDE. DEQs are a perfect match to the desiderata laid out
above: they can be viewed alternately as directly parameterizing the fixed points of some iterative process;
or by explicitly expanding some iterative fixed point solver like Newton’s or Broyden’s method as an in-

finitely deep, weight-tied model.

Such an architecture has a distinct computational advantage: implicit layer models eftectively backpropa-
gate through the infinite-depth network while using only constant memory (equivalent to a single layer’s
activations). Empirically, we show that for steady-state PDEs, weight-tied and DEQ based models per-
form better than baselines with 4 x the number of parameters, and are robust to training data noise. In
summary, we make the following contributions:

* We show the benefits of weight-tying as an effective architectural choice for neural operators when

applied to steady-state PDEs.

* We introduce FNO-DEQ), a FNO based deep equilibrium model (DEQ) that uses implicit layers
and root solving to approximate the solution of a steady-state PDE. We further attest to the empir-
ical performance of FNO-DEQ by showing that it performs as well as FNO and its variants with
4 x number of parameters.
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* We show that FNO-DEQ and weight tied architectures are more robust to both input and obser-
vation noise, thus showing that weight-tying is a useful inductive bias for architectural design for
steady-state PDEs.

* By leveraging the universal approximation results of FNO [Kovachki et al., 2021a] we show that
FNO-DEQ based architectures can universally approximate the solution operator for a wide vari-
ety of steady-state PDE families.

* Finally, we create a dataset of pairs of steady-state incompressible Navier-Stokes equations with
different forcing functions and viscosities, along with their solutions, which we will make public
as a community benchmark for steady-state PDE solvers.

5.2 RELATED WORK

Neural network based approaches for solving PDEs can broadly be divided into two categories. First are
hybrid solvers [Bar-Sinai et al., 2019, Kochkov et al., 2021, Hsieh et al., 2019] which use neural networks
in conjunction with existing numerical solvers. The main motivation is to not only improve upon the
existing solvers, but to also replace the more computationally inefficient parts of the solver with a learned
counter part. Second set of approaches are full machine learning based approaches that aim to leverage
the approximation capabilities of neural networks [Hornik et al., 1989] to directly learn the dynamics of
the physical system from observations.

Hybrid solvers like Hsich et al. [2019] use a neural network to learn a correction term to correct over an
existing hand designed solver for a Poisson equation, and also provide convergence guarantees of their
method to the solution of the PDE. However, the experiments in their paper are limited to linear el-
liptic PDEs. Further, solvers like Bar-Sinai et al. [2019] use neural networks to derive the discretiza-
tions for a given PDE, thus enabling the use of a low-resolution grid in the numerical solver. Further-
more, Kochkov etal. [2021] use neural networks to interpolate differential operators between grid points
of alow-resolution grid with high accuracy. This work specifically focuses on solving Navier-Stokes equa-
tions, their method is more accurate than numerical techniques like Direct Numerical Simulation (DNYS)
with a low-resolution grid, and is also 80 x more faster. Brandstetter et al. [2022] introduced a message
passing based hybrid scheme to train a hybrid solver and also propose a loss term which helps improve
the stability of hybrid solvers for time dependent PDEs. However, most of these methods are equation
specific, and are not easily transferable to other PDEs from the same family.

The neural network based approach that has recently garnered the most interest by the community is
that of the operator learning framework [Chen and Chen, 1995, Kovachki et al,, 2021b, Lu et al., 2019,
Li et al., 2020a, Bhattacharya et al., 2021], which uses a neural network to approximate and infinite di-
mensional operator between two Banach spaces, thus learning an entire family of PDEs at once. Luetal.
[2019] introduces DeepONet, which uses two deep neural networks, referred to as the branch net and
trunk net, which are trained concurrently to learn from data. Another line of operator learning frame-
work is that of neural operators Kovachki et al. [2021b]. The most successful methodology for neural
operators being the Fourier neural operators (FNO) [Li et al., 2020a]. FNO uses convolution based in-
tegral kernels which are evaluated in the Fourier space. Future works like Tran et al. [2021] introduce ar-
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chitectural improvements that enables one to train deeper FNO networks, thus increasing their size and
improving their the performance on a variety of (time-dependent) PDEs. Moreover, the success of Trans-
formers in domains like language and vision has also inspired transformer based neural operators in works
like Li et al. [2022], Hao et al. [2023a] and Liu et al. [2022]. Theoretical results pertaining to the neural
operators mostly include universal approximation results Kovachki et al. [2021a], Lanthaler et al. [2022]
which show that architectures like FNO and DeepONet can indeed approximate the infinite dimension
operators.

In this work, we focus on steady-state equations and show the benefits of weight-tying in improving the
performance of FNO for steady-state equations. We show that instead of making a network deeper and
hence increasing the size of a network, weight-tied FNO architectures can outperform FNO and its vari-
ants 4 x its size. We further introduce FNO-DEQ, a deep equilibrium based architecture to simulate an
infinitely deep weight-tied network (by solving for a fixed point) with O(1) training memory. Our work
takes inspiration from recent theoretical works like Marwah et al. [2021], Chen et al. [2021], Marwah
et al. [2022] which derive parametric rates for some-steady state equations, and in fact prove that neural
networks can approximate solutions to some families of PDEs with just poly(d) parameters, thus evad-
ing the curse of dimensionality.

5.3 PRELIMINARIES
We now introduce some key concepts and notation.

Definition 17 (L*(2; RY)). For a domain Q we denote by L*(2; RY) the space of square integrable func-
tions g+ Q@ — R such that | g|| 2y < 00, where ||g]| 2y = (Jiy Il9(x)|2,dz) ">,

5.3.1 NEURAL OPERATORS

Neural operators [Lu et al,, 2019, Li et al., 20204, Bhattacharya et al., 2021, Patel et al., 2021, Kovachki
et al., 2023] are a deep learning approach to learning solution operators which map a PDE to its solu-
tion. Fourier Neural Operator (FNO) [Li et al., 2020a] is a particularly successful recent architecture
parametrized as a sequence of kernel integral operator layers followed by non-linear activation functions.
Each kernel integral operator layer is a convolution-based kernel function that is instantiated through
a linear transformation in Fourier domain, making it less sensitive to the level of spatial discretization.

Specifically, an L-layered FNO Gy : R% — R% with learnable parameters 0, is defined as
Gyp:=QoL;oL;, y0---0Ly0P (5.2)

where P : L2(Q;R™) — L*R%;R%)and Q : L*(R%;R%) — L*(R%;R%) are projection
operators, and £; : L*(R%; R%) — L?(R%; R™) for | € [L] is the I FNO layer defined as,

Li(v) = oWy + by + Ki(wr))). (5.3)
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Here o is a non-linear activation function, W/, by are the [*" layer weight matrix and bias terms. Finally
I, is the [t integral kernel operator which is calculated using the Fourier transform as introduced in Li
et al. [2020a] defined as follows,

ICI(’UZ) = Fﬁl(Rl : (./T"’Ul))(l') Vo € Q, (54)

where F and F ! are the Fourier transform and the inverse Fourier transform, with R; representing
the learnable weight-matrix in the Fourier domain. Therefore, ultimately, the trainable parameters 6 is a

collection of all the weight matrices and biases, i.e, 6 := {W;, b;, R, - -+, Wy,b1, R1 }.

5.3.2 EQUILIBRIUM MODELS

Equilibrium models [Liao et al., 2018, Bai et al., 2019, Revay et al., 2020, Winston and Kolter, 2020]
compute internal representations by solving for a fixed point in their forward pass. Specifically, consider
a deep feedforward network with L layers :

SliH1] — fg[Z] (z[’],x) fort=0,...,L—1 (5.5)

where x € R"™ is the input injection, 2l e R": is the hidden state of 7" layer with 20 = 0, and

(y] : R™% X7y R™: is the feature transformation of 7" layer, parametrized by 6. Suppose the above
model is weight-tied, ze., f, il _ fo, Vi,and lim; . fo (z["]; x) exists and its value is z2*. Further, assume
that for this 2*, it holds that fy(2*; ) = 2*. Then, equilibrium models can be interpreted as the infinite-

depth limit of the above network such that f9°(2*; z) = 2*

Under certain conditions', and for certain classes of fy°, the output z* of the above weight-tied net-
work is a fixed point. A simple way to solve for this fixed point is to use fixed point iterations, ze., re-
peatedly apply the update 21 = f;(21%; 2) some fixed number of times, and backpropagate through
the network to compute gradients. However, this can be computationally expensive. Deep equilibrium
(DEQ) models [Bai et al., 2019] explicitly solve for z* through iterative root finding methods like Broy-
den’s method [Broyden, 1965], Newton’s method, Anderson acceleration [Anderson, 1965]. DEQs use
implicit function theorem to directly differentiate through the fixed point z* at equilibrium, thus requir-
ing constant memory to backpropagate through an infinite-depth network:

0z I_@fg(z*;m) OS2 a)
o0 0z* 00

(5.6)

Computing the inverse of Jacobian can quickly become intractable as we deal with high-dimensional fea-
ture maps. One can replace the inverse-Jacobian term with an identity matrix z.e., Jacobian-free [Fung
et al., 2022] or an approximate inverse-Jacobian [Geng et al., 2021] without affecting the final perfor-
mance. There are alternate formulations of DEQs [Winston and Kolter, 2020] that guarantee existence

"The fixed point can be reached if the dynamical system is globally contractive. This is usually not true in practice for most
choices of fy, and divergence is possible.

ZBai et al. [2019] state that fy needs to be stable and constrained. In general, by Banach’s fixed point theorem, global con-
vergence is guaranteed if fy is contractive over its input domain.
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of a unique equilibrium point. However, designing fy for these formulations can be challenging, and in
this work we use the formulation by Bai et al. [2019].

5.4 PROBLEM SETTING
We first formally define the system of steady-state PDEs that we will solve for:

Definition 18 (Steady-State PDE). Given a bounded open set Q) C R, a steady-state PDE can be written
in the following general form.:

L(a(z),u(z)) = f(z), Vo € Q (5.7)

Here L is a continuous operator, the function u € L? (Q; ]Rd") is the unknown function that we wish to solve
foranda € L* (Q; Rd“) collects all the coefficients describing the PDE, and f € L* (Q; R4 ) is a function
independent of u. We will, for concreteness, assume periodic boundary conditions, i.e. ¥z € N Vx € Q
we have u(x + z) = u(z). (Equivalently, Q := T = [0, 271]% can be identified with the torus.)’ Finally,
we will denote u* : () — R as the solution to the PDE.

Steady-state models a system at stationarity, e, when some quantity of interest like temperature or ve-
locity no longer changes over time. Classical numerical solvers for these PDEs include iterative methods
like Newton updates or conjugate gradient descent, typically with carefully chosen preconditioning to
ensure benign conditioning and fast convergence. Furthermore, recent theoretical works [Marwah et al.,
2021, Chenetal.,, 2021, Marwah etal., 2022] show that for many families of PDEs (e.g., steady-state ellip-
tic PDEs that admit a variational formulation), iterative algorithms can be efficiently “neuralized”, that
is, the iterative algorithm can be represented by a compact neural network, so long as the coefficients of
the PDE are also representable by a compact neural network. Moreover, the architectures constructed in
these works are heavily weight-tied.

We will operationalize these developments through the additional observation that all these iterative
schemes can be viewed as algorithms to find a fixed point of a suitably chosen operator. Namely, we can

design an operator G : L?(Q; R%™) x L?(Q; R%) — L*(; R%) * such thatu* = G(u*, f)and alot of

common (preconditioned) first and second-order methods are natural ways to recover the fixed points u*.

Before describing our architectures, we introduce two components that we will repeatedly use.

3This is for convenience of exposition, our methods can readily be extended to other boundary conditions like Dirichet,
Neumann etc.

“We note that the choice of defining the operator with the forcing function f is made for purely expository purposes the
operator G can be defined as G : L2(Q; R%) x L2(Q; R%) — L2(Q;R%) as well.
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Definition 19 (Projection and embedding layers). A projection and embedding layer, respectively P :
L2(Q;R%*) x L2(Q; RY) — L2(R%; R%) x L2(R%; R¥) and Q : L*(R%; R¥) — L2(R%; R%),
are defined as
Plo, f) = (a (W}D% n bg;>) , a(W}Pf + b§3)>),
Q(v) = a(Wou + bg)

where W) € Rtwxdv W) ¢ Rbrxde 1o, € RE*de gnd b)) 52 € R% b € R,

Definition 20 (Input-injected FNO layer). An input-injected FNOlayer L : L?(R%; R%)x L*(R%; R%™) —
LX(R%; R™) is defined as

L(v,g):=g+c(Wv+b+F R . (Fv)). (5.8)
where W € R&>*dv b € R® and R® € R forall k € [K) are learnable parameters.

Note the difference between the FNO layer specified above, and the standard FNO layer Equation 5.3 is
the extra input g to the layer, which in our architecture will correspond to a projection of (some or all) of
the PDE coefficients. We also note that this change to the FNO layer also enables us to learn deeper FNO
architectures, as shown in Section 9.8. With this in mind, we can discuss the architectures we propose.

WEIGHT-TIED ARCHITECTURE I: WEIGHT-TIED FNO  The first architecture we consider is a weight-
tied version of FNO (introduced in Section 5.3), in which we repeatedly apply (M times) the same trans-
formation in each layer. More precisely, we have:

Definition 21 (FNO Weight-Tied). We definc a M times weight-tied neural operator G} as,

GY =QoBloBlo...oBLoP

M times

such that: P, Q are projection and embedding layers as in Definition 19an B : L?(R%; R% ) x L*(R%; R%™) —
L*(R4; R%) isan L-layer FNO block, i.e, BX = L0L] 0L _90Ly whereforalll € [L], L;(-, P(f))
7 is an input-injected FNO block as in Definition 20.

WEIGHT-TIED ARCHITECTURE II: FNO-DEQ  In cases where we believe a weight-tied G§' converges
to some fixed point as M — 00, unrolling Géw for a large M requires a lot of hardware memory for
training: training the model requires one to store intermediate hidden units for each weight-tied layer for
backpropagation, resulting in a O (/) increase in the amount of memory required.

To this end, we use Deep Equilibrium models (DEQs) which enables us to implicitly train Gy := limp;_,00 Géw
by directly solving for the fixed point by leveraging black-box root finding algorithms like quasi-Newton

>We are abusing the notation somewhat and denoting by P( f) the second coordinate of P, which only depends on f.
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methods, [Broyden, 1965, Anderson, 1965]. Therefore we can think of this approach as an infinite-depth
(or infinitely unrolled) weight-tied network. We refer to this architecture as FNO-DEQ.

Definition 22 (FNO-DEQ). Given P, Q and B" in Definition 21, FNO-DEQ is trained to parametrize
the fixed point equation B (v*, P(f)) = v* and outputs u* = Q(v*).

Usually, itis non-trivial to differentiate through these black-box root solvers. DEQs enable us to implicitly
differentiate through the equilibrium fixed point efficiently without any need to backpropagate through
these root solvers, therefore resulting in O(1) training memory.

5.5 EXPERIMENTS
Network architectures. We consider the following network architectures in our experiments.

FNO: We closely follow the architecture proposed by Li et al. [2020a] and construct this network by
stacking four FNO layers and four convolutional layers, separated by GELU activation [Hendrycks and
Gimpel, 2016]. Note that in our current set up, we recover the original FNO architecture if the input to
the I layer is the output of (I — 1)™ layer z.e., v; = By_1 (v;_1).

Improved FNO (FNO++ ): The original FNO architecture suffers from vanishing gradients, which
prohibits it from being made deeper [Tran et al., 2021]. We overcome this limitation by introducing
residual connections within each block of FNO, with each FNO block B; comprising of three FNO layers
Lie, B, =L} oL} oL’ and threeconvolutional layers, where L is defined in Equation 5.8.

Weight-tied network (FNO-WT): This is the weight-tied architecture introduced in Definition 21,
where we initialize vo(x) = 0 forall x € €.

FNO-DEQ: As introduced in Definition 22, FNO-DEQ is a weight-tied network where we explicitly
solve for the fixed point in the forward pass with a root finding algorithm. We use Anderson acceleration
[Anderson, 1965] as the root solver. For the backward pass, we use approximate implicit gradients [Geng
etal., 2021] which are light-weight and more stable in practice, compared to implicit gradients computed
by inverting Jacobian.

Note that both weight-tied networks and FNO-DEQs leverage weight-tying but the two models differ in
the ultimate goal of the forward pass: DEQs explicitly solve for the fixed point during the forward pass,
while weight-tied networks trained with backpropagation may or may-not reach a fixed point [Anil et al.,
2022]. Furthermore, DEQs require O(1) memory, as they differentiate through the fixed point implic-
itly, whereas weight-tied networks need to explicitly create the entire computation graph for backpropa-
gation, which can become very large as the network depth increases. Additionally, FNO++ servesasanon
weight-tied counterpart to a weight-tied input-injected network. Like weight-tied networks, FNO++
does not aim to solve for a fixed point in the forward pass.

Experimental setup. We test the aforementioned network architectures on two families of steady-state
PDEs: Darcy Flow equation and steady-state Navier-Stokes equation for incompressible fluids. For ex-
periments with Darcy Flow, we use the dataset provided by Li et al. [2020a], and generate our own dataset
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for steady-state Navier-Stokes. For more details on the datasets and the data generation processes we refer
to Sections 12.2.1 and 12.2.2 of the Appendix. For each family of PDE, we train networks under 3 dif-
ferent training setups: clean data, noisy inputs and noisy observations. For experiments with noisy data,
both input and observations, we add noise sampled from a sequence of standard Gaussians with increas-

ing values of variance {N(0, (¢2)) }21,", where M is the total number of Gaussians we sample from.

We set 0 = Oand 02, = 03,4 < 1/r, where r is the resolution of the grid. Thus, the training data
includes equal number of PDEs with different levels of Gaussian noise added to their input or observa-
tions. We add noise to training data, and always test on clean data. We follow prior work [Li etal., 2020b]
and report relative Ly norm between ground truth ©* and prediction on test data. The total depth of all
networks besides FNO is given by 65 + 4, where B is the number of FNO blocks. Each FNO block
has 3 FNO layers and convolutional layers. In addition, we include the depth due to P, Q, and an addi-
tional final FNO layer and a convolutional layer. We further elaborate upon network architectures and

loss functions in in 12.1.

5.5.1 Darcy FLow

For our first set of experiments we consider stationary Darcy Flow equations, a form of linear elliptic PDE
with in two dimensions. The PDE is defined as follows,

—V - (a(x)Vu(z)) = f(x), z € (0,1)?
5 (5.9)
u(z) =0 x € 0(0,1).
Note that the diffusion coefficienta € L>(€2)(2; R, ), i.e., the coefficients are always positive, and f €
L*(Q; R%) is the forcing term. These PDEs are used to model the steady-state pressure of fluids flowing
through a porous media. They can also be used to model the stationary state of the diftusive process with
u(x) modeling the temperature distribution through the space with @ defining the thermal conductivity
of the medium. The task is to learn an operator Gy : L?(Q; R™) x L?(;R%) — L?(; R%) such
that u* = Gy(u*, a).

We report the results of our experiments on Darcy Flow in Table 12.5. The original FNO architecture
does not improve its performance with increased number of FNO blocks B. FNO++ with residual con-
nections scales better but saturates at around 4 FNO blocks. In contrast, FNO-WT and FNO-DEQ with
just asingle FNO block outperform deeper non-weight-tied architectures on clean data and on data with
noisy inputs. When observations are noisy, FNO-W'T and FNO-DEQ outperform FNO++ with a simi-
lar number of parameters, and perform comparably to FNO++ with 4 X parameters.

We also report results on shallow FNO-DEQ, FNO-WT and FNO++ architectures. An FNO block in
these shallow networks has a single FNO layer instead of three layers. In our experiments, shallow weight-
tied networks outperform non-weight-tied architectures including FNO++ with 7 parameters on clean
data and on data with noisy inputs, and perform comparably to deep FNO++ on noisy observations. In
case of noisy observations, we encounter training instability issues in FNO-DEQ. We believe that this
shallow network lacks sufficient representation power and cannot accurately solve for the fixed point
during the forward pass. These errors in fixed point estimation accumulate over time, leading to incorrect
values of implicit gradients, which in turn result in training instability issues.
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Test error |

Architecture  Parameters #Blocks O;ax —0 (O—I%’lax)i — 0.001 (Urgnax)t — 0.001
FNO 2.37M 1 0.0080 =+ Se-4 0.0079 =+ 2e-4 0.0125 =+ 4e-5
FNO 415M 2 0.0105 =+ Ge-4 0.0106 =+ 4e-4 0.0136 = 2e-5
FNO 7.71M 4 0.2550 £ 2e-8 0.2557 + 8e-9 0.2617 £ 2e-9
FNO++ 2.37M 1 0.0075 + 2e-4 0.0075 &+ 2e-4 0.0145 + 7e-4
FNO++ 415M 2 0.0065 =+ 2e-4 0.0065 = 9e-5 0.0117 £ Se-S
FNO++ 7. 71M 4 0.0064 =+ 2e-4 0.0064 = 2e-4 0.0109 =+ Se-4
S-FNO++ 1.78M 0.66 0.0093 £ Se-4 0.0094 & 7e-4 0.0402 =+ 6e-3
FNO-WT 2.37M 0.0055 t1e-4 0.0056 =+ 5¢e-5 0.0112 &+ 4e-4
FNO-DEQ 2.37M 0.0055 £ 1e-4 0.0056 £ 7e-5 0.0112 + 4e-4
S-FNO-WT 1.19M 0.33 0.0057 &£ 3e-5 0.0057 &£ 5e-5 0.0112 =+ le-4
S-FNO-DEQ 1.19M 0.33 0.0056 =+ 4e-5 0.0056 =+ 5e-5 0.0136 + 0.011

Table 5.1: Results on Darcy flow: clean data (Col 4),noisy inputs (Col 5) and noisy observations (Col 6) with max
variance of added noise being (02, )" and (02, )?, respectively. Reported test error has been averaged
on three different runs with seeds 0, 1, and 2. Here, S-FNO++, S-FNO-WT and S-FNO-DEQ are shallow
versions of FNO++, FNO-WT and FNO-DEQ respectively.

5.5.2 STEADY-STATE NAVIER-STOKES EQUATIONS FOR INCOMPRESSIBLE FLOW

We consider the steady-state Navier-Stokes equation for an incompressible viscous fluid in the vorticity
form defined on a torus, i.e., with periodic boundary condition,

z €N
z €

u-Vw =vAw + f, (5.10)

V-u=0
where 2 := (0,27)% and u : Q — R?is the velocity and w : @ — Rwherew = V x u,v € R,
is the viscosity and f : Q0 — R is the external force term. We learn an operator Gy : L*(2;R%) x
L2(Q;RY) — L*(Q; R™), such that u* = Gy(u*, f). We train all the models on data with viscosity
values v = 0.01 and v = 0.001, and create a dataset for steady-state incompressible Navier-Stokes,
which we will make public as a community benchmark for steady-state PDE solvers.

Results for Navier-Stokes equation have been reported in Table 5.2 and Table 5.3. For both values of
viscosity, FNO-DEQ outperforms other architectures for all three cases: clean data, noisy inputs and
noisy observations. FNO-DEQ is more robust to noisy inputs compared to non-weight-tied architec-
tures. For noisy inputs, FNO-DEQ matches the test-error of noiseless case in case of viscosity 0.01 and
almost matches the test-error of noiseless case in case of viscosity 0.001. We provide additional results for
noise level 0.004 in Appendix 12.5. FNO-DEQ and FNO-WT consistently outperform non-weight-tied
architectures for higher levels of noise as well.

In general, DEQ-based architectures are slower to train (upto ~2.5 X compared to feedforward networks
of similar size) as we solve for the fixed point in the forward pass. However, their inductive bias provides
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performance gains that cannot be achieved by simply stacking non-weight-tied FNO layers. In general,
we observe diminishing returns in FNO++ beyond 4 blocks. Additionally, training the original FNO
network on more than 4 FNO blocks is challenging, with the network often diverging during training,
and therefore we do not include these results in the paper.

Test error |

02, =0  (02,) =000l (o2,.) =0.001

max max max

Architecture Parameters #Blocks

FNO 2.37M 1 0.184 £ 0.002 0.218 £ 0.003 0.184 £ 0.001
FNO 4.15M 2 0.162 = 0.024 0.176 = 0.004 0.152 £ 0.005
FNO 7.71IM 4 0.157 £ 0.012 0.187 £ 0.004 0.166 £ 0.013
FNO++ 2.37M 1 0.199 £ 0.001 0.230 = 0.001 0.197 £ 0.001
FNO++ 4.15M 2 0.154 £ 0.005 0.173 £ 0.003 0.154 = 0.006
FNO++ 7.71IM 4 0.151 £ 0.003 0.165 £ 0.004 0.149 £+ 0.003
FNO-WT 2.37M 1 0.123 + 0.004 0.129 + 0.004 0.124 + 0.005
FNO-DEQ 2.37M 1 0.123 £ 0.005 0.129 £ 0.004 0.123 £ 0.006

Table 5.2: Results on incompressible steady-state Navier-Stokes (viscosity=0.001): clean data (Col 4), noisy inputs
(Col 5) and noisy observations (Col 6) with max variance of added noise being (02, )" and (02,,,. )",

respectively. Reported test error has been averaged on three different runs with seeds 0, 1, and 2.

Test error |

Architecture Parameters #Blocks ‘71211 =0 (‘71211 ax)i — 0.001 (Ufn ax)t — 0.001
FNO 2.37M 1 0.181 £ 0.005 0.186 £ 0.003 0.178 £+ 0.006
FNO 415SM 2 0.138 +£ 0.007 0.150 £+ 0.006 0.137 £ 0.012
FNO 7.71M 4 0.152 4+ 0.006 0.163 £+ 0.002 0.151 £+ 0.008
FNO++ 2.37M 1 0.188 £+ 0.002 0.207 £ 0.004 0.187 £+ 0.003
FNO++ 41SM 2 0.139 £+ 0.004 0.153 £+ 0.002 0.140 = 0.005
FNO++ 7.71M 4 0.130 £+ 0.005 0.151 £ 0.004 0.128 + 0.009
FNO-WT 2.37M 1 0.089+0.004 0.089 £ 0.003 0.089 £ 0.004

FNO-DEQ 2.37M 1 0.085 + 0.005 0.090 £+ 0.003 0.087 £+ 0.007

Table 5.3: Results on incompressible steady-state Navier-Stokes (viscosity=0.01): clean data (Col 4), noisy inputs

(Col 5) and noisy observations (Col 6) with max variance of added noise being (02,,.,.)¢ and (02,,,)%,

respectively. Reported test error has been averaged on three different runs with seeds 0, 1, and 2.

5.6 UNIVERSAL APPROXIMATION AND FAST CONVERGENCE OF
FNO-DEQ

Though the primary contribution of our paper is empirical, we show (by fairly standard techniques) that
FNO-DEQ is a universal approximator, under mild conditions on the steady-state PDEs. Moreover, we
also show that in some cases, we can hope the fixed-point solver can converge rapidly.
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As noted in Definition 18, we have 2 := T¢. We note that all continuous function f € L?();R)
and [, |f(z)|dz < oo can be written as, f(z) = > eiw"w f  where {f,,} cna are the Fourier
coefficients of the function f. We define as L% (€2) as the space of functions such that forall f € L3,()
with Fourier coefficients that vanish outside a bounded ball. Finally, we define an orthogonal projection

operator Iy : L?(Q2) — L% (1), such that for all f € L*(2) we have,

fo =Tn(f) = sz(Z fwe””T“> = Y feeme (5.11)

weN? [wlloo <N

That is, the projection operator Il takes an infinite dimensional function and projects it to a finite
dimensional space. We prove the following universal approximation result:

Theorem 8. Let u* € L*(9; Rd”) define the solution to a steady-state PDE in Definition 18, Then there
exists an operator G = L*(Q; R4) x L2(Q; RY) — L*(Q; R™) such that, v* = G(u*, f). Furthermore,
foreverye > O thereexistsan N € Nsuch that for compact sets K,, C L*(Q;R%™) and K; C L*(; R%r)
there exists a neural network G : L3, (Q; R%™) x L4 (Q;RY) — L3(Q; R™) with parameters 0, such
that,

sup ||u" — Go(IIyu*, IIn f) || L2() < €.
UEKu;fer

The proof for the above theorem is relatively straightforward and provided in Appendix 12.3. The proof
uses the fact that u* is a fixed-point of the operator G(u, ) = u — (L(u) — f), allowing us to use the
the results in Kovachki et al. [2021a] that show a continuous operator can be approximated by a network
as defined in Equation 5.2. Note that the choice of G is by no means unique: one can “universally ap-
proximate” any operator G(u, ) = u — A(L(u) — f), for a continuous operator A. Such a G can be
thought of as a form of “preconditioned” gradient descent, for a preconditioner A. For example, a New-
ton update has the form G(u, f) = v — L'(u) "' (L(u) — f),where L : L*(Q; R%) — L*(Q;R%)

is the Frechet derivative of the operator L.

The reason this is relevant is that the DEQ can choose to universally approximate a fixed-point equation
for which the fixed-point solver it is trained with also converges rapidly. As an example, the following
classical result shows that under Lax-Milgram-like conditions (a kind of strong convexity condition),
Newton’s method converges doubly exponentially fast:

Lemma 25 (Farag6 and Kardtson [2002], Chapter 5). Consider the PDE defined Definition 18, such
thatd, = d, = dy = 1. such that L'(u) defines the Frechet derivative of the operator L. If for all
u,v € L*(Q;R) we have | L' (u)v| r2(0) > M|v||r2@) and | L' (u) — L' (v) || 2(0) < A|lu—v|| 120 for
0 < X < A < o0, then for the Newton update, up i — ug— L' (u) " (L(ug) — f), withug € L*($; R),

there exists an € > 0, such that ||up — u*||12q) < €if T > log <log(%)/log <AHL(+—2J”IIL2(Q>>> :

For completeness, we include the proof of the above lemma in the Appendix (Section 12.4). We note
that the conditions of the above lemma are satisfied for elliptic PDEs like Darcy Flow, as well as many
variational non-linear elliptic PDEs (e.g., those considered in Marwah et al. [2022]). Hence, we can
expect FNO-DEQs to quickly converge to the fixed point, since they employ quasi-Newton methods like
Broyden and Anderson methods [Broyden, 1965, Anderson, 1965].
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6 ON THE BENEFITS OF MEMORY FOR
MoDELING TIME-DEPENDENT PDESs

Abstract:  Data-driven techniques have emerged as a promising alternative to traditional numerical
methods. For time-dependent PDEs, many approaches are Markovian—the evolution of the trained system
only depends on the current state, and not the past states. In this work, we investigate the benefits of using
memory for modeling time-dependent PDEs: that is, when past states are explicitly used to predict the fu-
ture. Motivated by the Mori-Zwanzig theory of model reduction, we theoretically exhibit examples of simple
(even linear) PDEs, in which a solution that uses memory is arbitrarily better than a Markovian solution.
Additionally, we introduce Memory Neural Operator (MemINO), a neural operator architecture that com-
bines recent state space models (specifically, S4) and Fourier Neural Operators (FNOs) to effectively model
memory. We empirically demonstrate that when the PDEs are supplied in low resolution or contain observa-
tion noise at train and test time, MemNO significantly outperforms the baselines without memory—uwith
up to 6 reduction in test ervor. Furthermore, we show that this benefit is particularly pronounced when
the PDE solutions have significant high-frequency Fourier modes (e.g., low-viscosity fluid dynamics) and we
construct a challenging benchmark dataset consisting of such PDEs.

6.1 INTRODUCTION

Time-dependent partial differential equations (PDEs) are central to modeling various scientific and physi-
cal phenomena, necessitating the design of accurate and computationally efficient solvers. Recently, data-
driven approaches based on neural networks [Li et al., 2021b, Lu et al., 2019] have emerged as an attrac-
tive alternative to classical numerical solvers, such as finite element and finite difference methods [LeV-
eque, 2007]. Classical approaches are computationally expensive in high dimension and struggle with
PDEs which are sensitive to initial conditions. Learned approaches can often negotiate these difficulties
better, at least for the PDE family they are trained on.

One example of a data-driven approach is learning a neural solution operator, which for a time-dependent
PDE learns to predict future states based on previous ones [Li et al., 2021a, 2022]. Recent works [Tran
et al,, 2023, Lippe et al., 2023b] suggest that optimal performance across various PDE families can be
achieved by conditioning the models only on the immediate past state—i.e., treating the system as Marko-
vian. In contrast, other works propose architectures that explicitly use memory of past states [Li et al.,

2021a, 2022, Hao et al., 2024a]. None of these works elucidate whether and when modeling memory is
helpful.
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In this work, we demonstrate that when the solution of the PDE is only partially observed (e.g. observed
at low resolution), explicitly modeling memory can be beneficial. Partial observability is natural in many
practical settings. This could be due to limited resolution of the measurement devices collecting the data,
inherent observational errors in the system, or prohibitive computational difficulty in generating high-
quality synthetic data. This can lead to significant information loss, particularly in systems like turbulent
flows [Pope, 2001] or shock formation in fluid dynamics [Christodoulou, 2007], where PDEs change
abruptly in space and time. In such situations, classical results from dynamical systems (Mori-Zwanzig
theory), suggest that the system becomes strongly non-Markovian.

More precisely, Mori-Zwanzig theory [Mori, 1965, Zwanzig, 1961, Ma et al., 2018] is an ansatz to under-
stand the evolution of a subspace of a system (e.g., the span of the £ largest Fourier components). Un-
der certain conditions, this evolution can be divided into a Markovian term (the evolution of the chosen
subspace under the PDE), a memory term (which is a weighted sum of the values of all previous iterates
in the chosen subspace), and an “unobservable” term, which depends on the values of the initial condi-
tions orthogonal to the selected subspace.

The main focus of this paper is studying when explicitly modeling this memory term is useful. We give
an example of a very simple (in fact, linear) PDE where we show theoretically that the solution which
takes into account the memory term can be arbitrarily better than the Markovian solution. We also pro-
vide a way to operationalize the Mori-Zwanzig formalism by introducing Memory Neural Operator
(MemNO), a neural operator architecture that combines the Fourier Neural Operator (FNO) [Li et al.,
2021a, Tran et al., 2023] to model the spatial dynamics of the PDE, and the S4 state space model [Gu
etal,, 2022b, 2023] to maintain a compressed representation of the past states. We show that MemNO
outperforms its Markovian (memoryless) counterpart in PDEs observed on low resolution grids or with
observation noise —achieving up to 6 less test error. Our contributions are as follows:

* We identify a setting in which explicitly modeling memory is helpful: namely, when there is a com-
bination of lossy observations of the solution of the PDE (e.g., due to limited resolution or obser-
vation noise) and significant contributions from high-frequency Fourier modes in the solution.

* Eveninsimple (in fact, linear) PDEs, we theoretically show the memory term can resultin a solution
that is (arbitrarily) closer to the correct solution, compared to the Markovian approximation —in
particular when the operator describing the PDE “mixes” the observed and unobserved subspace.

* Across several families of one-dimensional and two-dimensional PDEs, we empirically demon-
strate that when the input is supplied on a low-resolution grid, or contains observation noise, neu-
ral operators with memory outperform Markovian operators by a significant margin. More pre-
cisely, to operationalize memory, we introduce MemNO, a neural operator architecture combin-
ing Fourier Neural Operators (FNOs) and S4, which achieves the best performance across several
Markovian and memory baselines.

* We observe that many current benchmarks for PDE solvers predominantly include PDEs in which
there is little contribution from high-frequency Fourier modes. Consequently, we construct more
challenging datasets where the solutions have significant high-frequency modes, which we believe
will be of broader significance to the community beyond testing the effects of memory— especially
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given recent meta-studies suggesting many current PDE benchmarks are too easy [McGreivy and
Hakim, 2024].

6.2 RELATED WORK

Data-driven neural solution operators [Chen and Chen, 1995, Bhattacharya et al., 2021, Lu et al., 2019,
Kovachki et al., 2023] have emerged as the dominant approach for approximating PDEs, given their
ability to model multiple families of PDEs at once, and their computational efficiency at inference time.
Many architectures have been proposed to improve their performance across different families of PDEs:
Lietal. [2021a] introduced the Fourier Neural Operator (FNO), a resolution invariant architecture that
uses a convolution-based integral kernel evaluated in the Fourier space; Tran etal. [2023] later introduced
the Factorized FNO (FFNO) architecture, which builds upon and improves the FNO architecture by
adding separable spectral layers and residual connections; Cao [2021] proposed a Transformer method
with linear attention over the spatial sequence; other recent works have used U-Net-based architectures
[Gupta and Brandstetter, 2023, Rahman et al., 2023].

Focusing on memory, Tran et al. [2023] performed ablations that suggest the Markov assumption is op-
timal and outperforms models that use the history of past timesteps as input. Lippe et al. [2023b] per-
formed a similar study for long rollouts of the PDE solution and concluded the optimal performance is
indeed achieved under the Markovian assumption. We show that these findings can be replicated only
when the resolution of the observation grid is high. On the other hand, we show that MemNO effec-
tively models memory to achieve much superior performance than Markovian operators in low resolu-
tion, while not dropping performance in the high resolution case.

Our work is motivated by the Mori-Zwanzig formalism [Zwanzig, 1961, Mori, 1965] which shows that a
partial observation of the current state of the system can be compensated using memory of past states. Ma
etal. [2018] also study the effects of memory, but when modeling the dynamics of a single PDE by a neural
architecture. The authors draw parallels to the Mori-Zwanzig equations and LSTM [Hochreiter and
Schmidhuber, 1997] to model the dynamics of the £ largest Fourier components of a time-dependent 1-D
Kuramoto-Sivashinsky and 2-D shear flow equations, for a single PDE. However, in our work, we study
the benefits of memory in neural operator settings, i.c., we have a single model that learns the dynamics
of an entire family of PDE at once, and also show conditions under which not maintaining memory can
result in arbitrarily large errors.

6.3 PRELIMINARIES

In this section, we introduce several definitions, as well as background on the Mori-Zwanzig formalism
as applied to our setting.
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6.3.1 ParTIAL DIFFERENTIAL EQUATIONS (PDES)

Definition 23 (Space of square integrable functions). For integers d, V and an open set 2 C RY, we
define L*(Q;RY') as the space of square integrable functions w : Q — RY such that ||u||12 < oo, where

lullz = (f, lu(z)2dz) .

Definition 24 (Restriction). Given a function v : Q@ — RY and a subset A C Q, we denote u| 4 as the
restriction of u to the domain A, i.e. u|s : A — RY.

The general form of the PDEs we consider in this paper will be the following:

Definition 25 (Time-Dependent PDE). For an open set Q C R and an interval [0,T] C R, a Time-
Dependent PDE is the following expression:

ou

E(t, x) = Llu](t, ), Vi e [0,T],z € Q, (6.1)
u(0,z) = up(x), Vo €, (6.2)
B[ubd(t) = O, YVt € [O,T]

where L : L? (Q; RV) — L? (Q; Rv) is a differential operator in x which is independent of time, ug(x) €
L? (Q; RV) and B is an operator defined on the boundary of 0S), commonly referred to as the boundary

condition.
Finally, we will frequently talk about a grid of a given resolution:

Definition 26 (Equispaced grid with resolution f). LetQ = [0, L] An equispaced grid with resolution
[ in Q is the following set S C R%:

f
We will also denote by |S| the number of points in S.

In our theory and experiments, we will work with periodic boundary conditions. For completeness, we
give a precise definition of periodic boundary conditions for the PDE defined in Definition 25:

Definition 27 (Periodic Boundary Conditions). Fora PDE given by Definition 25 with Q) = [0, L]%, we
define the periodic boundary conditions as the condition:

U(xlf" 1,0, Tpqr, - 'xd) = u(%, T 7$k—17L7$k+17"'$d)

forall (x1, -+ ,Tp—1,Tpy1, - ,2r) €0, L] L andallk = 1,--- | d.
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6.3.2 MORI-ZWANZIG FORMALISM

The Mori-Zwanzig formalism [Zwanzig, 2001] considers the setting in which an equation is known for
a full system, but only a part of it is observed. It leverages the knowledge of past states of a system to
compensate for the loss of information that arises from the partial observation of the current state. In our
work, partial observation can refer to observing the solution at a discretized grid in space or only observing
the Fourier modes up to a critical frequency. In the context of time-dependent PDEs, the Mori-Zwanzig
principle is formalized as the Nakajima-Zwanzig equation [Nakajima, 1958].

We will give an overview of the Nakajima-Zwanzig equation and set up the notation for the rest of the
paper. Assume we have a PDE as in Definition 25. Let P : L2(;RY) — L?*(Q;RY) be a linear
projection operator. We define @ = I — P, where [ is the identity operator. In our setting, for the PDE
solution at timestep t u, € L?(Q;RY'), P[w,] is the part of the solution that we observe and Q[uy] is the
unobserved part. Thus, the initial information we receive for the system is P[ug]. Applying P and Q to
Equation 6.1 and using v = Pu] + Qlu], we get:

%P[u] (t,x) = PLu|(t,x) = PLPu](t, z) + PLO[u](t, x) (6.4)
%Q[u](t,x) — QL[ul(t x) = OLP[](L,2) + OLO] (1, 7) (65)

Solving for 6.5 yields Q[u](t, x) = fot exp QL(t — s)QLPu|(s, z)ds + et Qlup](t, z).

Plugging into 6.4, we obtain a Generalized Langevin Equation [Mori, 1965] for P|u]:

273[u] (t,x) = PLPu|(t,x) + PL /t exp(QL(t — 5))QLP[u(s, x)ds + PLe% " Qug](t, )

ot
(6.6)

We will refer to the first summand on the right hand side of Equation 6.6 as the Markovian term be-
cause it only depends on P[u](t, z), the second summand as the memory term because it depends on
Plu](s,z) for 0 < s < t, and the third summand as the unobserved residual as it depends on Q[uy]
which is never observed.

Since Equation 6.6 is exact, it is equivalent to solving the full system. The term that is typically most
difficult to compute is the memory term, and many methods to approximate it have been proposed.

In the physics literature, some techniques include a perturbation expansion of the exponential exp( QL (t —
s)) [Breuer and Petruccione, 2002], or approximations using operators defined in P [L2 (Q; RV)} [Shi
and Geva, 2003, Zhang etal., 2006, Montoya-Castillo and Reichman, 2016, Kelly et al., 2016]. In the c/as-
sical numerical PDE solver literature, the memory term has been approximated by leveraging the struc-
ture of the orthogonal dynamics of the P semi-group [Gouasmi et al., 2017], and the Mori-Zwanzig for-
malism has been applied to a variety of fluid dynamics PDEs [Parish and Duraisamy, 2017]. In the ma-
chine learning literature, Ma et al. [2018] develop the equations for the case when the operator P keeps
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only the k largest Fourier modes, and designed a hybrid approach where the memory term was approx-
imated with an LSTM [Hochreiter and Schmidhuber, 1997]. In this work, we consider a single neural
operator that learns the temporal (e.g. memory) and spatial dynamics of a PDE at once.

6.4 THEORETICAL MOTIVATION FOR MEMORY: A SIMPLE EXAMPLE

In this section, we provide a simple, but natural example of a (linear) PDE, along with (in the nomencla-
ture of Section 6.3.2) a natural projection operator given by a Fourier truncation measurement operator,
such that the memory term in the generalized Langevin equation (GLE) can have an arbitrarily large im-
pact on the quality of the calculated solution. We will work with periodic functions over [0, 27| which
have a convenient basis:

Definition 28 (Basis for 27-periodic functions). 4 function f : R — R is 2m-periodic if f (x + 2m) =
f(x). We can identify 2m-periodic functions with functions over the torus T = {e' : § € R} C C by the
map f(e*) = f(x). Note that {€""},,cz, is a basis for the set of 2m-periodic functions.

We will define the following measurement operator:

Definition 29 (Fourier truncation measurement). The operator Py, : L*(T;R) — L*(T;R) acts on
f € LAT;R), fz) = Y00 ane™ asPi(f) = 2o__j ane™.

For notational convenience, we will also define the functions {e,, } .z, where e,,(z) := e~™® + ™2,
Now, we consider the following operator to define a linear time-dependent PDE:

Proposition 2. Let L : L*(T;R) — L*(T;R) bedefined as Lu(z) = —Au(x)+ B+ (e™™ +e™)u(x)
for B > 0. Then, we have:

Vi<neN, L(e,) =n’e,+Ble,_1 +e,11) & L(ey) =2Be

The crucial property of this operator is that it acts by “mixing” the n-th Fourier basis with the (n — 1)-th
and (n + 1)-th: thus information is propagated to both the higher and lower-order part of the spectrum.
Given the above proposition, we can easily write down the evolution of a PDE with operator £ in the

basis {e,, }nez:

Proposition 3. Let L be defined as in Proposition 2. Consider the PDE

0
au(t, x) = Lu(t, x)

u(0,2) = Y an(0)e,

n€Ng
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6 On the Benefits of Memory for Modeling Time-Dependent PDEs

Letu(t,x) = 3 N, ae,. Then, the coefficients al! satisfy:

0

Vi<neN, aag) =n2a® + B(agll + a§f>+1> (6.7)
0
aag’” — 2Bal" (6.8)

With this setup in mind, we will show that as B grows, the memory term in Equation 6.6 can have an
arbitrarily large effect on the calculated solution:

Theorem 9 (Effect of memory). Consider the operator L defined in Proposition 2, the Fourier truncation
operator P, and let Q = I — Py. Let u(0, x) have the form in Proposition 3 for B > 0 sufficiently large,

and let a!?) > 0,Vn > 0. Consider the memoryless and memory-augmented PDE;:

0

= = Pilu (6.9)

aUQ ¢

== P Luy + 7315/ exp QL(t — s)QLusy(s)ds (6.10)
0

with uy (0, z) = u2(0,x) = Pru(0, x). Then, uy and sy satisfy:

VL >0, [lur(t) = ua(t)l|z, 2 Btllua(t)]L, (6.11)

Vt > 0, [Jug(t) — us(t)||, = Btexp(vV2Bt) (6.12)

~J

Remark 3. Note that the two conclusions of the theorem mean that both the absolute difference, and the rel-
ative difference between the PDE including the memory term Equation 6.10 and not including the memory
term Equation 6.9 can be arbitrarily large as B, t — oo.

Remark 4. The choice of L is made for ease of calculation of the Markovian and memory term. Concep-

tually, we expect the solution to Equation 6.10 will differ a lot from the solution to Equation 6.9 if the action

of the operator L tends to “mix” components in the span of P and the span of Q.

Remark 5. If we solve the equation Su(t,z) = Lu(t, ) exactly, we can calculate that ||u(t)||, will

be on the order of exp(2Bt). This can be seen by writing the evolution of the coefficients of u(t) in the
Qo Qg

basis {e,}, which looks like: % ar | = O\ a1 | where O is roughly a tridiagonal Toeplitz operator

B 0

2
0= B (n+1)? B

. The largest eigenvalue of this operator can be shown to be on

B
0

the order of at least 2B (Equation 4 in Noschese et al. [2013]). The Markovian term results in a solution
of order exp(/2Bt) ( Equation 13.3 and Equation 13.4), which is multiplicatively smaller by a factor of
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exp((2 — V2 ) Bt). The result in this Theorem shows that the memory-based PDE Equation 6.10 results in

a multiplicative “first order” correction which can be seen by Taylor expanding exp(v/2Bt) ~ 1++/2Bt+
IWV2B)* 2+ ...

6.5 EXPERIMENTAL SETUP

6.5.1 DATASET GENERATION

PDEs WITH HIGH-FREQUENCY FOURIER MODES:  From the expression for the memory term in Equa-
tion 6.6 and the presence of high-frequency terms in the solution of the PDE of Theorem 9, we should
intuitively expect that memory will be most useful when the PDE solutions contain significant contribu-
tions from high-frequency Fourier modes'. Nevertheless, current benchmarks like PDEBench [ Takamoto
et al., 2023] rarely contain PDEs whose solutions have substantial high-frequency components, as we
quantitatively show in Appendix ??. A solution which predominantly contains low-frequency Fourier
modes can be accurately approximated by its Fourier truncation (Definition 29), so it can be represented
by a finite-dimensional space, which implies that the unobserved part of the solution (Q[u] in the nota-
tion of Section 6.3.2) should be small.

Therefore, we constructa new benchmark dataset which is specifically designed to contain PDEs in which
the high-frequency Fourier modes have substantial contribution. Specifically, we generate a benchmark
from solutions to the Kuramoto-Sivashinsky equation with low viscosity (Section 6.6.1). In the case of
Navier-Stokes (Section 6.6.2) and Burgers’ equation (Section ??), we directly take datasets from previous
works. Details on data generation procedure are provided in Appendix ?2.

DATASETS WITH DIFFERENT RESOLUTIONS: To construct our datasets, we first take discretized tra-
. . . o . o . HR

jectories of a PDE on a high resolution discretized spatial grid ST# C RY, ie. u(t) € RISl We then
produce datasets that consist of lower resolution versions of the above trajectories, i.e. on a grid S LR of
lower resolution f, and show the performance of models that were trained and tested at such resolution.
For 1-dimensional datasets, the discretized trajectory on S“ is obtained by cubic interpolation of the
trajectory in the highest resolution grid. In 2D, the discretized trajectory is obtained by downsampling.

6.5.2 TRAINING AND EVALUATION PROCEDURE

Task: Letu € C ([O, T]; L (Q; ]RV)) be the solution of the PDE given by Definition 25. Let S be an
equispaced grid in 2 with resolution f,and let 7 be another equispaced grid in [0, 7' with N; 41 points.
Given ug(z)|s, our goal is to predict u(t, x)|s for t € T using a neural operator.

"Note, this is meant to be an intuitive rule-of-thumb rather than a formal statement. In general, the “observation” operator
and the PDE will interact in complicated ways, but the combination of low-resolution grids and examining high-frequency
components in the Fourier basis seems to be very predictive in practice.
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Training objective: As is standard, we proceed by empirical risk minimization on a dataset of trajec-
tories. More specifically, given a loss function ¢ : (RISIRISI) — R, a dataset of training trajectories

(u(t, x)(i))i]\io, and parametrized maps G© : RISl — RIS! fort € T, we optimize:

N-1

Ny
0 = argming 1 3 - > ¢(ult. ). 6 [ul) 0] )
=0 t=1

Training and evaluation metric: Our training loss and evaluation metric is normalized Root Mean
Squared Error (n RMSE):

nRMSE(u(t, )]s, (t)) = Hu(ﬂﬂiﬂﬁ\?wz

)

where || - ||2 is the Euclidean norm in RIS,

Further details on training hyperparameters are given in Appendix 13.1.

6.5.3 ARCHITECTURE FRAMEWORK: MEMORY NEURAL OPERATOR

In this section we describe Memory Neural Operator (MemNO), a deep learning framework to incorpo-
rate memory into neural operators. Let NOP be a neural operator with L layers, and denote NOP [u]
the prediction of the solution of the PDE at time ¢. We will assume that this Neural Operator follows the
Markovian assumption, i.e. we can write:

NO®

tit1

[ug] = om0 lp0lp_10...0f0 Tin[NOS[uoﬂ, (6.13)

where ry, 1 RIS — RISIXho and ), : RISKh+1 5 RISI are projector operators; ; : RISIxh;
RISI*¥hi+1 gre parametrized layers; and h; is the dimension of the j-th hidden layer. Essentially, the so-
lution for each new timestep is obtained by applying the same L layers to the immediately previous pre-
dicted timestep.

Our goal is to define a network G that builds upon NOP and can incorporate memory. For this, we take
inspiration from the Mori-Zwanzig formalism summarized in Section 6.3.2. Comparing Equation 6.13
with Equation 6.6, we identify {7, o {;,_; o ... o £y with the Markov term which models the spatial dy-
namics. To introduce the memory term, we interleave an additional residual sequential layer M that acts
on hidden representations of the solution at previous timesteps. Concretely, the MemNO architecture
can be written as:

g§+1[u0] =T 0lp0...olp1oMolo..0lyory, QS[UO],QS_I[UO],...,UO ,
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where —1 < k < L isa chosen hyperparameter.” For notation, we will refer to v\ (#') € RI*I*hi a5 the
hidden representation at the j-th layer for a timestep ' < ¢;, and v (¢, z) € RM as the value of such
hidden representation at a spatial point x € S. Then, the spatial £; layers are understood to be applied
timestep-wise, i.e. £; [0V (¢;), ..., v ()] := [¢; [ ()], ..., £;[vV) (to)]], and analogously for 7, and
Tour- Thus, the £ layers still follow the Markovian assumption. The memory is introduced through M,
which is a sequential model that uses the history of the previous timesteps to predict the next one. For
computational efficiency, we consider a sequential model M : R — R thatis applied to each el-
ement of the spatial dimension |S| independently, i.e. foreachz € S, (M[v®(t;), ..., oW (to)]) (z) :=
M[v®(t;, 2), ..., 0% (to, z)]. We provide PyTorch pseudocode for this architecture in Appendix ?2.

Note that our MemNO framework can be combined with any existing neural operator layer ¢, and with
any (causal) sequential model M. Thus it provides a modular architecture design framework which we
hope can serve as a useful tool for practitioners.

6.5.4 INSTANTIATING THE MEMORY NEURAL OPERATOR FRAMEWORK: S4FFNO

For our experiments, we introduce S4 Factorized Fourier Neural Operator (S4FFNO), which instantiates
the MemNO framework by combining the Factorized Fourier Neural Operator (FFNO) [Tran et al,,
2023] as the Markovian neural operator and S4 [Gu et al., 2022b] as the sequential layer. We choose
S4 models over recurrent architectures like LSTM [Hochreiter and Schmidhuber, 1997] due to superior
performance in modeling long range dependencies [Gu et al., 2022b, Tay et al., 2020], ease of training,
and favorable memory and computational scaling with both state dimension and sequence length. An
ablation comparing S4 to LSTM and Transformers is provided in Appendix 13.2.

6.6 MEMORY HELPS IN LOW-RESOLUTION AND INPUT NOISE: A
CASE STUDY

In this section we present a case study for several PDEs of practical interest, showing that neural operators
with memory confer accuracy benefits when the data is supplied in low resolution or with observation
noise. We will use three Markovian baselines: The Galerkin Transformer (GKT) [Cao, 2021], the U-Net
Neural Operator (U-Net) [Gupta and Brandstetter, 2023], and the Factorized Fourier Neural Operator
(FFNO) [Tran etal., 2023]. For a memory-augmented baseline, we consider the Multi Input Factorized
Fourier Neural Operator (Multi input FFNO), which takes as input the last 4 timesteps of the solution
of the PDE to predict the next one, as proposed in the original FNO paper [Li et al., 2021a], yet using
the architectural design of FFNO. The architectural details for all the models are elaborated upon in
Appendix ??.

2k = L refers to inserting M after all the S layers, and k = —1 refers to inserting M as the first layer. In Appendix 13.2.2,
we show our experiments are not very sensitive to the choice of k.
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nRMSE |
Architecture Uses memory  Resolution KS Burgers’
r=007% vr=01 r=0125 v =0.001

GKT No 0.588 0.601 0.314 0.356
U-Net No 0.542 0.511 0.249 0.188
FFNO No 32 0.500 0.446 0.187 0.207
Multi Input FFNO Yes 0.364 0.308 0.092 0.099
S4FFNO (Ours) Yes 0.139 0.108 0.031 0.053
GKT No 0.401 0.120 0.016 0.349
U-Net No 0.147 0.062 0.022 0.171
FFNO No 64 0.107 0.033 0.004 0.146
Multi Input FFNO Yes 0.108 0.046  0.005 0.054
S4FFNO (Ours) Yes 0.036 0.011 0.004 0.037
GKT No 0.028 0.013 0.007 0.307
U-Net No 0.033 0.027  0.014 0.112
FFNO No 128 0.006 0.004 0.002 0.099
Multi Input FFNO Yes 0.057 0.052 0.023 0.028
S4FFNO (Ours) Yes 0.008 0.005 0.003 0.030

Table 6.1: nRMSE values at different resolutions for Burgers” and KS with different viscosities. S4FFNO achieves
up to 6x less error than its memoryless counterpart (FFNO) in KS at resolution 32. The final time of KS
is 2.5 seconds and it contains 25 timesteps. The final times of Burgers’ is 1.4 seconds and it contains 20
timesteps. For the prediction at time ¢, S4FFNO has access to the (compressed) memory of all previous
timesteps, whereas Multi Input FFNO takes as input the previous four timesteps. More details on train-
ing are given in Appendix 13.1, and on the Burgers’ experiment in Appendix ??2.

6.6.1 KURAMOTO-SIVASHINSKY EQUATION (1D): STUDY IN LOW-RESOLUTION

The Kuramoto-Sivashinsky equation (KS) is a nonlinear PDE that is used as a modeling tool in fluid
dynamics, chemical reaction dynamics, and ion interactions. Due to its chaotic behavior it can model
instabilities in various physical systems. For viscosity v € R, itis written as t; + Utly + Uy + Vllgzpe =
0. We generated datasets for KS at different viscosities and resolutions, and show the results in Table
6.1. At resolutions 32 and 64, the memory models (S4FFNO and Multi Input FFNO) outperform the
Markovian baselines. In particular, S4FFNO can achieve up to 6 less error than the best performing
Markovian Neural Operator (FFNO) and additionally 3 x less error than Multi Input FFNO. We note
that S4FFNO only has around 1% more parameters than FFNO (see Table ??).

By contrast, at resolution 128, FFNO has similar performance compared to S4FFNO, and it outperforms
Multi Input FENO. This is in agreement with other works which propose following the Markovian as-
sumption in neural operators [Tran etal,, 2023, Lippe et al., 2023b], where it is argued that incorporat-
ing previous timesteps as input is not necessary and can lead to difficulties in learning, as it seems to hap-
pen with Multi Input FFNO. By contrast, S4FFNO eftectively models memory when it is useful (reso-
lutions 32 and 64) without compromising performance at higher resolutions.
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In Figure 6.1 we show the performance of all models across a continuous range of resolutions. It can
be seen that there is a “cutoff” resolution at which memory models (i.e. S4FFNO) start outperforming
Markovian (i.e. FFNO) by a large margin. Very importantly, this cutoft resolution depends on the viscos-
ity, being around 76 when v = 0.075, 68 when v = 0.1, and 52 when v = 0.125. In the KS equation, a
lower viscosity leads to the appearance of higher frequencies in the Fourier spectrum (see second row of
Figure 6.1), which are not well captured at low resolutions. Thus, we identify the resolution relative to the
Fourier frequency spectrum of the solution as a key factor for the improved performance of MemNO over
memoryless neural operators. We provide a similar study on 1D Burgers equation in Appendix ?2.

We note that even if the initial condition does not contain high frequencies, in the KS equation high
frequencies will appear as the system evolves—indeed, this dataset was generated with initial conditions
whose maximum Fourier mode was 8.

10 KS, v=0.075. nRMSE vs Resolution 10 KS, v=0.1. nRMSE vs Resolution 10 KS, v=0.125. nRMSE vs Resolution
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Figure 6.1: (First row) nRMSE for several models in the KS dataset at different resolutions, where each column is
a different viscosity. The final time is 7" = 2.5s and there are N; = 25 timesteps. (Second row) A
visualization of the whole frequency spectrum at each of the 25 timesteps for a single trajectory in the
dataset. The spectrum is obtained with the ground truth solution at resolution 512.

6.6.2 NAVIER-STOKES EQUATION (2D): STUDY IN OBSERVATION NOISE

The Navier-Stokes equation describes the motion of a viscous fluid. Like in Li et al. [2021a], we consider
the incompressible form in the 2D unit torus, which is given by:

% +u(z,t) - Vw(z,t) = vAw(z, t) + f(z), z € (0,1)%te (0,7
V- u(z,t) =0, r € (0,1)%te(0,T]
w(x,0) = wy(z), x € (0,1)?
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Where w = V X w is the vorticity, wg € L?((0,1)% R) is the initial vorticity, v € R is the viscosity
coefficient, and f € L?((0,1)% R) is the forcing function. In general, the lower the viscosity, the more
rapid the changes in the solution and the harder it is to solve it numerically or with a neural operator. We
investigate the effect of memory when adding i.i.d. Gaussian noise to the inputs of our neural networks.
The noise is sampled i.i.d. from a Gaussian distribution A/ (0, 0), and then added to training and test
inputs. During training, for each trajectory a different noise (with the same o) is sampled at each iteration
of the optimization algorithm. The targets in training and testing represent our ground truth, and do
not contain added noise. In Figure 6.2a, we show the results for v = 1073 when adding noise levels from

Navier Stokes 2D, v = 10~3: nRMSE for FFNO and s4FFNO for several noise levels Navier Stokes 2D, v =10>: nRMSE for FFNO and s4FFNO for several noise levels.
—e— FFNO-2D —e— FFNO-2D
S4FFNO-2D S4FFNO-2D

nRMSE
nRMSE

1072 /// 1072 /

o Vv D 3 © 42 bv > © 2 D J o v D> 5J 'l 4 > 2 o " o \J
° 0-00 090 Qpb 0& 0-047 o° 0-0 Q’f) 0‘-”\/ & nf)b © 090 0?0 090 059 096’ Opb c\”} 0{7 0"’\’ x& mcv
Noise Std Noise Std

() v =1073,T = 165, N; = 32 (b)vy =107°,T = 3.2s, N; = 32

Figure 6.2: nRMSE of FFNO-2D and S4FFNO-2D trained on Navier-Stokes 2D with different noise standard
deviations o added to training and test inputs. Two configurations of viscosity v and final time 7" are
shown.

o = 0.0 (no noise) to 0 = 2.048. S4FFNO-2D outperforms FFNO-2D across most noise levels, and
the difference between the two is especially significant for noise levels beyond 0.128, where FFNO-2D is
around 50% higher than S4FFNO-2D (note the logarithmic scale). For this viscosity, adding small levels
of noise actually helps training, which was also observed in other settings in Tran etal. [2023]. Figure 6.2b
shows the same experiment performed with v = 107°. Again, S4FFNO-2D outperforms FFNO-2D
across most noise levels. FENO-2D losses are similarly around 50% higher for noise levels above 0.032.
In this viscosity, adding these levels of noise does not help performance.

6.6.3 RELATIONSHIP WITH FRACTION OF UNOBSERVED MODES

In this section, we provide a simple experiment to quantify the effect of the fraction of unobserved modes
on the performance of memory based models. Precisely, suppose u € L?(£2; RY) is the solution of a 1-
dimensional PDE at a certain timestep, and a,, for n € Z is its Fourier Transform. If we observe it at
a resolution f, we can only estimate its top L%J modes®. Thus, we define wy as the ratio of unobserved
modes at resolution f:

o Z|n|>L£J |a,|?

wp= e (6.14)
ZnEZ |a’n|2

3Thisis a consequence of the Nyquist—Shannon sampling theorem.
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Figure 6.3: Values of wy and the difference in nRMSE between FFNO and S4FFNO for different resolutions in
the KS experiment of Section 6.6.1 with v = 0.1. wy is averaged across all trajectories in the dataset and

across all timesteps.

wy is an approximate indicator of the amount of information that is lost when the solution of the PDE
is observed at resolution f. In practice, wy can be computed by approximating the a,, with the discrete
Fourier modes of the solution in the highest resolution available. We show that there is a positive cor-
relation between wy and the difference in nRMSE between FFNO and S4FFNO for the KS experiment
in Figure 6.3, and also the for Burgers’ experiments of Appendix ?? in Figure ??. This demonstrates the
benefits of memory as a way to compensate for missing information in the observations.

6.7 CONCLUSION AND FUTURE WORK

We study the benefits of maintaining memory while modeling time dependent PDE systems. When we
only observe part of the initial conditions (for example, PDEs observed on low-resolution or with input
noise), the system is no longer Markovian, and the dynamics depend on a memory term. Taking inspira-
tion from the Mori-Zwanzig formalism, we introduce MemNO, an architecture that combines Fourier
Neural Operators (FNO) to model the spatial dynamics of the PDE, and the S4 sequence model to in-
corporate memory of past states. Through our experiments on different 1D and 2D PDEs, we show that
the MemNO architecture outperforms the memoryless baselines, particularly when the solution to the
PDE has large components on high-frequency Fourier modes.

We present several avenues for future work. First, our experiments on observation noise are limited to
the setting where the input noise is i.i.d. Further, extending the experiments and observing the effects
of memory in more real-world settings (for example, with non-i.i.d. noise or in the presence of aliasing)
seems fertile ground for future work, and also necessary to ensure that the application of this method
does not have unintended negative consequences when broadly applied in society. Lastly, while we limit
our study of the effects of memory to FNO-based architectures, performing similar studies for differ-
ent architectures like Transformer based neural operators [Hao et al., 2023a] and diffusion based opera-
tors [Lippe et al., 2023b] is an interesting direction for future work.
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7 UPS: EFFICIENTLY BUILDING
FounpATION MODELS FOR PDE SOoLVING
VIA CROSS-MODAL ADAPTATION

Abstract: We present Unified PDE Solvers (UPS), a data- and compute-efficient approach to developing
unified neural operators for diverse families of spatiotemporal PDEs from various domains, dimensions,
and resolutions. UPS embeds different PDEs into a shared representation space and processes them using a
FNO-transformer architecture. Rather than training the network from scratch, which is data-demanding
and computationally expensive, we warm-start the transformer from pretrained LLMs and perform explicit
alignment to reduce the modality gap while improving data and compute efficiency. The cross-modal UPS
achieves state-of-the-art results on a wide range of 1D and 2D PDE families from PDEBench, outperforming
existing unified models using 4 times less data and 26 times less compute. Meanwbile, it is capable of few-
shot transfer to unseen PDE families and coefficients.

7.1 INTRODUCTION

Partial Differential Equations (PDEs) play a pivotal role in modeling and understanding real-world phe-
nomena, such as fluid dynamics and heat transfer. Although there exists a rich body of classical PDE
solvers [Boyd, 2001, LeVeque, 2007, Moukalled et al., 2016] that are effective and mathematically proven,
these solvers often incur substantial computational costs when used in practice, as they need to be re-run
every time a coefficient or boundary condition changes. This motivates the development of neural op-
erators [Li et al., 2020a, Chen and Chen, 1995, Lu et al., 2019], which use neural networks to approxi-
mate a solution map for a PDE family and can generalize to different initial/boundary conditions or co-
efhicients. While existing neural operators [Lippe et al., 2023a, Hao et al., 2023a, Marwah et al., 2023]
have demonstrated strong performance on various practical benchmarks [Takamoto et al., 2022, Gupta
and Brandstetter, 2022], most of them are designed to work with a single PDE family. Training a sepa-
rate model for each PDE family remains costly.

Several recent works, such as Subramanian et al. [2023], MPP [McCabe et al., 2023], and DPOT" [Hao
et al., 2024b], have taken initial steps towards developing foundation models for PDE solving, learning
unified operators that transfer across PDE families. These models are pretrained from scratch using ex-

tensive amounts of data and compute. For example, MPP is trained with over 80,000 PDE trajectories
on 8 NVIDIA H100 GPUs for 200,000 steps. Despite the development costs, the resulting models are

I'This work was done at the same time as ours.
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Figure 7.1: To adapt pretrained LLMs for PDE solving, UPS first transforms PDE of different dimensions, chan-
nels, and resolutions into a #nified representation (left panel). Then, the data is processed with a #ni-
fred architecture that integrates FNO layers, PDE metadata, and LLMs (right panel). The architecture
is trained in two stages. In stage 1, we pretrain the embedding network using a joint loss that simulta-
neously optimizes (i) the distribution similarity between PDE features and text embeddings to align the
modalities, and (ii) the prediction performance of extracted PDE features. In stage 2, we fine-tune the
entire model on a dataset that combines multiple families of spatiotemporal PDEs with varying domain
dimensions, initial/boundary conditions, and coefficients. UPS achieves competitive results with sig-
nificantly better sample-efficiency than existing methods.

limited in generalization ability—all existing unified models focus on pretraining with 2D PDEs. Finally,
as these models are developed using only PDE trajectories, they do not leverage meta information that
could help distinguish between various PDE families, such as the name of the family and the coefhicients.

We present Unified PDE Solvers (UPS), which learns unified neural operators for complex time-dependent
PDEs with improved efficiency and generalization ability. Unlike existing efforts that train models from
scratch, we propose a novel method to adapt pretrained Large Language Models (LLM:s) to PDE solv-
ing. This is inspired by the line of work that repurposes LLMs for scientific domains like mathemat-
ics [Lewkowycz et al., 2022], computational biology [Shen et al., 2023, Vinod et al., 2023, Joachimiak
etal., 2023], and chemistry [Bran etal., 2023, Shen et al., 2024]. These works not only show how LLMs
utilize both text and non-text information to solve scientific problems and transfer effectively to unseen
tasks, but also provide strong evidence that the general-purpose pretraining and inductive biases of LLMs
could substantially reduce the sample complexity needed for adaptation.

Concretely, UPS adapts pretrained LLMs to time-evolution operators that map the currentstate of a PDE
to its future state for general spatiotemporal PDEs (see Section 7.3 Equation 7.1 for definition) using two
key designs (see also Figure 7.1 and Section 7.3):

1. We propose a unified data representation scheme to align PDEs with varying dimensions and
physical quantities into the same feature space. Given the space and time discretization u =
{9:(x)}I_, where x € R? s the spatial variable and g;(x) is the state variable, UPS homogenizes
G:(x) from diverse PDEs into a shared “superspace” R xndmax here dyay is the maximum di-

mension of x among all PDEs considered, N is the superset of the physical quantities, and 7 is the

resolution. This framework of embedding lower-dimensional PDEs in a higher dimension enables
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UPS to model cross-dimensional PDEs simultaneously and distinguishes us from all existing uni-
fied operators, which do not consider low dimensional PDEs in 1D.

2. We employ a unified network architecture to predict g, (x) based on g;(x). To leverage pre-
trained LLMs, we design a three-way architecture that consists of (i) a FNO [Li et al., 2020a]
based embedding network to convert PDE data into resolution-invariant, sequential features; (ii)
an LLM body to process the PDE features and the text embeddings of the PDE metadata; and (iii)
a prediction network to generate the final output. Inspired by previous cross-modality adaptation
work [Shen etal., 2023], we employ a two-stage align-then-refine process for model training. How-
ever, we improve the align stage by using a joint loss that adds feature extraction on top of align-
ment to pretrain the embedding network. We improve the refine stage by fine-tuning on a collec-
tion of PDE tasks rather than a single task. Our enhanced workflow outperforms naive transfer
and previous cross-modal approaches, reducing both the data and compute needed for training.

By design, UPS can handle diverse PDE families, data dimensions, channels, and resolutions. More cru-
cially, by warm-starting with pretrained LLM weights and applying explicit alignment, UPS strikes a bal-
ance between effectiveness and efficiency—it achieves state-of-the-art performance across 9 datasets from
PDEBench [Takamoto et al., 2022] (7 in-distribution, 2 out-of-distribution), using about 20,000 train-
ing trajectories , a single A6000, 60,000 train steps, and under 100 GPU hours. This means that we
achieve better results than existing unified models using 4 times less data and 26 times less compute.

Beyond prediction accuracy, we confirm that UPS preserves key properties of neural operators, such as
grid- and resolution-invariance. We also show that UPS is compatible with a variety of LLM backbones,
including RoBERTa [Liu et al,, 2019], TS [Raffel et al., 2020b], and CLIP [Radford et al., 2021], and
demonstrates better performance when scaled to larger backbones. We believe that the model-agnostic
design of UPS offers a systematic approach to harnessing the advancements in LLMs for PDE solving,
and it takes a further step towards building generalized foundation models for more complex physical
systems efficiently. Code is available at https://github.com/sjunhongshen/Unified PDESolvers.

7.2 RELATED WORK

Recent years has seen a variety of neural-network-based methods for approximating PDE solutions. Hy-
brid solvers [Hsich et al., 2019, Bar-Sinai et al., 2019, Kochkov et al., 2021] apply classical solvers like finite
element/volumn methods [LeVeque, 2007, Moukalled et al., 2016] to a low-resolution grid and use neu-
ral networks to predict the correction terms. Others directly approximate the PDE solutions with neural
networks [Sirignano and DGM, 2017, Raissi et al., 2019, Khoo et al., 2021, Shen et al., 2022], using vari-
ational losses [Yu et al., 2018] or physical constraints defined by the PDE [Raissi et al., 2019, Bruna et al.,
2024]. Being mostly equation-specific, these methods can solve one PDE at a time. The learned models
do not apply to other PDEs in the same family, let alone other families.

A more general approach involves learning neural operators [Lu et al., 2019, Li et al., 2020a,b] which
approximate an infinite-dimensional operator between two functional spaces. For time-dependent PDEs,
aneural operator maps the current state of a PDE to the next state, with quantities like initial conditions
provided as input. Neural operators can be implemented using any architecture. For example, Fourier
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neural operator (FNO) [Li et al., 2020a] uses convolution-based integral kernels evaluated in the Fourier
space. Other works also use transformer models [Cao, 2021, Li et al., 2022, Hao et al., 2023a] or U-
Net [Lippe et al., 2023a]. Learning neural operators enables solving an entire family of PDE and they
can easily adapt to new parameterizations of a PDE without fine-tuning. However, the learned operators
cannot extend to different PDE families.

To facilitate operator transfer across PDE families, two recent works develop large pretrained models for
multiple physical systems: Subramanian et al. [2023] train FNOs on steady-state linear PDEs with peri-
odic boundary conditions; McCabe et al. [2023] design a new transformer architecture based on the axial
attention [Ho et al., 2020] and train it using various 2D non-linear, time-dependent PDEs. While these
methods show that a unified operator can outperform single-family operators, they are limited in two as-
pects. First, existing unified methods consider mainly 2D PDE:s for pretraining and evaluation. In con-
trast, UPS leverages a unified representation scheme to tackle both 1D and 2D PDEs. This method can
be also extended to any d-dimensional systems in theory. Second, existing methods pretrain large models
from scratch and necessitate extensive GPU resources and pretraining data, which can be prohibitive to
collect for high-dimensional complex PDEs. However, by adapting from pretrained LLMs and closing
the modality gap between text and PDE efficiently, UPS achieves competitive results using 4x less data
and 26x less compute.

Beyond the aforementioned works, DPOT [Hao et al., 2024b] was developed concurrently with our
work and presents an auto-regressive denoising strategy for pretraining. While DPOT has shown better
transferability to unseen PDE tasks than MPP, it shares the same limitations of focusing on 2D problems
for pretraining and requiring large amount of data and compute (8 A800 GPUs for 500,000 steps).

A final work that is related to ours is ORCA [Shen et al., 2023], which proposes a general workflow for
adapting pretrained language/vision transformers to non-text/vision inputs. While ORCA uses PDEBench
in its evaluation, it is not tailored to PDE solving and requires adapting a separate model for every dataset.
The resulting models are not grid- or resolution-invariant, which are key properties of neural operators
and achieved by UPS. Moreover, by learning from multiple PDEs and sharing knowledge across families,
UPS obtains significantly better empirical results than ORCA.

7.3 METHODOLOGY

Our goal is to train unified neural operators for spatiotemporal PDEs with varying domain dimensions,
coefficients, initial and boundary conditions. These PDEs could model a range of quantities that evolve
over time, from scalars (e.g., pressure, density) to vectors (e.g., velocity). To achieve this, we propose UPS,
which consists of a unified way to represent the PDE and a LLM-based network to model them.
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7.3.1 UNIFIED DATA REPRESENTATION
We model PDEs that follow the general form:
og(t,x) ([ _ dg(t,x) 0g(t,x)
at _L<g(t7x)7 ax ) 8X2 y T
u(0,x) = uo(x) B(g(t,y)) = h(y)

(7.1)

where x € Q C R? is the spatial variable, g : [0, 7] x © — R is a time-varying function defined over
the domain (2 for finite time 7'. Here, L is a (possibly non-linear) operator which acts on g and multiple
partial derivatives of g w.r.t the spatial variable x. go(x) : 2 — R% denotes PDE’s initial condition, and
the operator B defines the boundary condition where y € 02 is a point on domain’s boundary, and
h : 9 — R% defines the given function over the boundary” PDE families in this form include Navier-
Stokes equations, Reaction-Diffusion equations, Burgers equations, and many others that describe phe-
nomena like fluid dynamics and heat flow over time. They also constitute most PDE benchmarks in the
field of machine learning [Takamoto et al., 2022, Tu et al,, 2022, Roberts et al., 2021].

Consider a set of S spatiotemporal PDEs {°}5_,. Here, each §° = {g7(x)}12, is a solution to a PDE
of the form defined in Equation 7.1 such that for all ¢ € [T}], we have g; (x) € R% andx € Q* C R,
where d* is the dimension of the PDE s. For each g;, we assume that we have an n-point discretization of
the functions {g; }/2, at points W? = {x, x5, - - ,X° ;s }, where each x{ € R”". Thatis, for each PDE
s € Sandt € T, we have the realization of the function g; on a grid with each dimension divided into n
parts, thus giving rise to n® points in the set. We assume that n is constant across PDE families. We note
that this value 7 is a hyperparameter, and ideally should be the minimum number of points that work
well for all the PDEs considered, for example, low-viscosity Navier-Stokes may require more discretization
points compared to the high viscosity counterparts. Denote the set of N physical quantities considered
for each PDE as V' = {vy,v9, - - vy }. Our goal is to learn an operator Gy which, for a given PDE s,
predicts the state of the PDE at time ¢ + 1 based on its state at time ¢ € [T}, i.e., §i,1(x) = Go(g; (x)).
We thus need a unified representation for the inputs so a model can handle different quantities at once.

Unifying Dimension Let d° denote the dimension of the PDE s and d = max,cg d®. We want to
represent all datasets in R%. Thus, for PDEs with d* < d, the final d — d* coordinates of x; € W? are
set to zero. In this work, we mainly consider PDEs defined over one- and two-dimensional domains, i.e.,
d® € {1,2} Vs € S. Hence, for PDEs with d° = 1, the point x € ) is represented with the 2D-
coordinate (z,0). Note that our methodology to unify the total number of dimensions in the PDE is
general and can be adapted to PDEs defined in higher-dimensional domains as well. In the following, we
will denote g; (x) as the value of the function g on all the points in W7, unless stated otherwise.

Unifying Physical Quantities We consider a fixed set V' = {vy, v, - - - vn } of N physical quantities
and train our model on the quantities that belong to V' for each PDE. The quantities we consider in
this paper are velocity (in both x and y directions), pressure, and density, and they are the superset of all
quantities for the PDE families we evaluate. This leads to N = 4. If a dataset does not use a particular
quantity, the entire dimension corresponding to it is set to 0.

2Unless stated otherwise, we assume that the value of the function is 0 at the boundary, ie, h(y) = O forall y € 0N
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With the above procedure, we lift every PDE to a unified space so §° € R™*N*"" Vs € S. To obtain
the datasets for forward prediction, we generate input-output pairs via autoregressive teacher-forcing: for
each time step ¢ € [T], we use g; to predict g; ;, yielding T, — 1 pairs of data from a single trajectory.
We append the coordinates of each x; € W, to the input and maintain an output mask to mask out the
zero-padded dimensions when computing the loss.

7.3.2 UNIFIED ARCHITECTURE

Transformer models have demonstrated success in various domains like natural language [ Touvron et al.,
2023a], vision [Dosovitskiy et al., 2021a], and audio processing [Lu et al., 2023]. In this work, we explore
the potential of transformers for PDE solving. We break down the UPS architecture into 3 parts: an
embedding network that transforms the unified representation into sequence features; the model body,
consisting of the pretrained LLM layers; and a predictor that generates the prediction (Figure 7.1).

FNO Embedding Network The embedding network plays two roles. First, it projects the PDE g; (x)
into the LLM’s sequential embedding space R, where [ denotes the sequence length of the embedded
features and e denotes the LLM’s hidden dimension. Second, it should extract key features of the PDE
input to enable subsequent transformer layers to make predictions. Therefore, we design a PDE-specific
embedding network with FNO layers for feature extraction, a linear layer for dimensionality matching,
and a concatenation operator for adding metadata (Figure 7.1).

We use FNO due to its strong empirical performance [Li et al., 2020a, Takamoto et al., 2022] and its
ability to extract resolution-invariant features. As we consider maximum two-dimensional PDEs in this
work, we use a series of 2D FNO layers with [ channels to obtain PDE featuresin R, Then, to map the
FNO output to the LLM’s embedding dimension, we apply a pointwise convolution with input channel

n, output channel e, kernel size 1, stride 1. This yields the desired sequential features hppg, € Rixe.

Since UPS is intended to handle diverse data from various generating sources, we leverage the PDE’s
metadata in addition to the input dynamics. The motivation is that LLMs can use the textual information
to better understand the context and characteristics of different PDEs. To implement this, we specify the
metadata in the form “[PDE family][coefficients]” which is embedded into sequential features Ameta
using the LLM’s tokenizer and text embedding layer. We then concatenate the meta features and the PDE
features to get Amix = [Rmeta, PppE]. Finally, we apply positional encoding and layer norm to Ay;. This
will be the input to the subsequent transformer layers.

In Section 7.5.3, we perform various ablation studies on the embedding network. We investigate the
effect different hyperparameters, such as the channel dimension [ in FNO, and show that incorporating
metadata improves both prediction performance and generalization ability of UPS.

Utilizing Pretrained LLMs The main body of a UPS model consists of pretrained transformer layers
from an LLM. Thus, we pass /ipx to the pretrained transformer layers, which produce the hidden states

h € R, Since there is no causal structure in the spatial dimensions of a PDE, we do not apply autore-
gressive masking to himix and allow the embedded features to attend to each other.
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Our design provides flexibility for using different LLMs as the model body. We show experiment results
with multiple LLMs in Section 7.5.3. While different LLMs have different performance, they are com-
petitive with existing baselines. We also show that adapting from pretrained weights outperforms train-
ing the same architecture from scratch, so UPS is especially useful for low-data regimes.

Linear Predictor Finally, we define a prediction head to transform the hidden state of the LLM body h
to the predicted next step of the input g;, ; (x) € RY *n (we predict all the physical quantities in the set
V). This is achieved by averaging over the sequence dimension of i to get shape R®, applying a linear layer

to map it to RV, and reshaping the results to obtain the final prediction g;, , (x). The linear predictor
is shared for all PDEs.

7.4 FuLL WORKFLOW AND TRAINING

We train UPS in two stages. In the first stage, we train the embedding network to align Ay, with the
LLM’s embedding space. This is because LLMs are trained for the text modality, which has distinct
characteristics and features from physical processes like fluid dynamics and heat flow. Stage 1 reduces the
modality gap to prevent the distortion of pretrained weights. Next, we fine-tune the entire model on a
dataset of multiple families of spatiotemporal PDEs.

Stage 1: Embedding Pretraining Intuitively, there is a modality gap between text data used to train
general-purpose LLMs and PDEs. Previous work has also shown that directly fine-tuning pretrained
LLMs on non-text inputs can result in suboptimal performance [Lu et al., 2022]. To address this, Shen
et al. [2023] introduced ORCA, which performs distribution matching before fine-tuning to enable
cross-modal adaptation. That is, given a randomly initialized embedding network, we first pretrain it to
minimize the distribution distance between the embedding network’s output—in our case hpix,—and
the text embeddings of a external reference NLP dataset, which we denote as . This process makes
the cross-modal distribution resemble the text distribution that the LLM is pretrained on. Following the
ORCA work, we use the CONLL-2003 dataset [Sang and Meulder, 2003] as the reference dataset for
alignment.

We propose several PDE-specific improvements to the alignment process. First, unlike ORCA which uses
an optimal transport (OT) based metric for measuring the distribution distance, we use the maximum
mean discrepancy (MMD) distance for UPS. This is because the OT-based metric requires discrete class
labels to compute, making it unsuitable for PDEs. In contrast, MMD acts directly on the features A
and is more computationally efficient. Thus, we define

Lasn = limy,, — 1ol = E [Kad)] =2 E (Kb~ E kO] (g

h Dhyine s Py Dip

mix

where k(a, a’) = exp(]|a — @'||2/2) denotes the Gaussian kernel; Dy, and Dy, ,, denote the distribu-
tions of the PDE embeddings Anix and the reference text embeddings Ay .
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Second, to improve the feature extraction ability of the embedding network in the context of our down-
stream task, we introduce a zask loss for PDE forward prediction, i.e., the normalized root mean squared
(nRMSE) loss between the prediction g7, ; (x) and the ground truth g7, , (x):

o 1§ Z 1511 (x) gtH( %)l -

Thus, the final objective for pretraining the embedding network is the joint loss Lo, = Latign + Liask-
We show in Section 7.5.3 that both objectives are essential to the overall performance of UPS.

Stage 2: Multi-Task Fine-Tuning In contrast to most existing neural PDE solvers, which train a sep-
arate model for each dataset, UPS is trained using one large dataset consisting of PDE data from multi-
ple generating sources (all of S). Hence, after learning the embedding network, we fine-tune the entire
model (the embedding network, the LLM body, and the linear predictor) using Ly,¢ defined in Equa-
tion 7.3. We evaluate the performance of UPS in Section 7.5.1 and find it outperforms existing single-
dataset neural operators. We also show that UPS generalizes to unseen PDE families and coefficients (Sec-
tion 7.5.2)—the zero-shot and few-shot adaptation performance is competitive with models specifically
trained on the entire target dataset.

7.5 EXPERIMENTS

Data We train and evaluate our method using PDEBench [Takamoto etal., 2022]. For training, we com-
bine 7 datasets from different PDE families: Burgers Equation (1D), Advection (1D), Diffusion-Sportion
(1D), Shallow-Water (2D), compressible Navier-Stokes (1D and 2D), and incompressible Navier-Stokes
(2D). We explicitly hold out two families, 1D and 2D Diffusion-Reaction, to evaluate the generalization
ability of UPS. The dataset details can be found in Appendix 14.0.1. We autoregressively generate the
predictions and use the scale-independent normalized root mean squared error (nRMSE) as the evalua-
tion metric, defined as follows:

1 Stest

StCSt

nRMSE =

) o)l -

= g™l

We preprocess all the PDEs by normalizing each dataset along the channel dimension to ensure the scale
of g (x) across datasets is similar’.

Baselines We compare against two sets of baselines: (i) single-family models trained on individual PDE
datasets, including the widely used U-Net [Ronneberger et al.,, 2015], FNO [Li et al., 2020b], the im-
proved version FFNO [Tranetal., 2023], the transformer-based GNOT [Hao et al., 2023b] and OFormer [Li
et al., 2023], as well as the cross-modal ORCA [Shen et al., 2023]; (ii) unified models trained on mul-
tiple datasets, including MPP [McCabe et al., 2023], DPOT [Hao et al., 2024b], and a unified FNO

3We standardize the data by subtracting the mean and dividing by the standard deviation to ensure training stability when
using pretrained model weights. For loss computation, we apply an inverse transformation to the outputs to revert them
to the original scale. Although data normalization may affect non-linear equations, it is essential to prevent loss explosion
during fine-tuning. We leave exploring alternative methods to minimize distortion in non-linear dynamics as future work.
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Table 7.1: nRMSEs (lower is better) for in-distribution PDEBench families, with baseline results taken from
Takamoto et al. [2022], Shen et al. [2023], McCabe et al. [2023], Hao et al. [2024b]. -’ means that the
result is not available. On all datasets, UPS with RoBERTa-Base (UPS-B) achieves the lowest nRMSEs
among all smaller models and UPS with RoBERTa-Large (UPS-L) achieves the lowest nRMSEs among

# Params Advection Burgers Diffusion-Sorption Navier-Stokes Shallow-Water Navier-Stokes Incomp Navier-Stokes

(sorted) 1D 1D 1D 1D 2D 2D 2D
Single-Family
FNO 466K 0.011 0.042 0.0017 0.068 0.0044 0.36 0.0942
GNOT 1.8M - - - - 0.0068 0.0373 -
OFormer 19M - - - - 0.0072 0.0521 -
U-Net 77M  0.67 0.34 0.15 0.72 0.083 5.1 0.1903
ORCA 125M  0.0098 0.12 0.0016 0.062 0.006 0.3549 0.1529
Unified (Small)
Unified FNO 466K 0.013 0.0501 0.0041 0.0101 0.0033 0.152 0.1064
MPP-B 116M - - - - 0.0024 0.0281 -
DPOT-M 122M - - - - 0.0029 0.0177 -
UPS-B (Ours) 149M 0.0027 0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
Unified (Large)
UPS-L (Ours) 387M  0.0022 0.0373 0.0009 0.0045 0.0015 0.015 0.0924
MPP-L 409M - - - - 0.0022 0.0208 -
DPOT-L S00M - - - - 0.0023 0.0158

trained using data transformed by our unified representation scheme. We note that MPP and DPOT fo-
cus on 2D PDEs and are pretrained on 2D Navier-Stokes, Shallow-Water, and Diftusion-Reaction from
PDEBench. Subramanian et al. [2023] is not included as a baseline because its models are pretrained on
different PDE families (e.g., Poisson’s and Helmholtz equations) not present in PDEBench.

Implementation Details As noted in Section 7.3, UPS is compatible with any pretrained LLM. We
present our main results using ROBERTa [Liu et al., 2019] and study other backbones in ablation studies
(Table 7.4). We set the embedding FNO channel [ to 32. Since the resolution of the 2D datasets in
PDEBench is 128, we set the model resolution 1 to 128 and downsample datasets with higher resolutions.
All of our experiments can be run on a single NVIDIA A6000 GPU. See Appendix 14.0.2 for training
details. Due to computational constraints, results are based on a single run per network configuration.

7.5.1 ACHIEVING STATE-OF-THE-ART REsuLTs oN PDEBeENcH wiTH COMPUTE
EFFICIENCY

We first study the zn-distribution performance of UPS, i.c., we evaluate UPS on the test splits of the
datasets that are used to train UPS, which consists of PDEs that share the same boundary conditions and
coefhicients with the training samples, but have different initial conditions. The results are shown in Ta-
ble 7.1. In general, UPS with RoBERTa ranks first on all 7 datasets and improves the state-of-the-art by
an order of magnitude on many 1D datasets. We analyze the results in more details below.

Compare with Single-Family Operators We outperform all single-family models like FNO and ORCA,
which train a different model for every PDE family. This shows the benefits of learning a versatile neu-
ral operator rather than multiple specialized ones, and our model is capable of extracting universal rules
when learning to model multiple PDE equations.
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Compare with Unified Operators We note that existing unified models like MPP and DPOT do not
pretrain or evaluate on 1D problems due to the limitation of their data representation. In contrast, UPS
embeds low-dimensional PDEs in high-dimensional spaces and model all PDEs uniformly despite the di-
mensionality difference, achieving state-of-the-art results on all 1D datasets in PDEBench. As for the 2D
problems considered, UPS with RoBERTa-Base outperforms MPP-B and DPOT-M, which have similar
model sizes. UPS with RoBERTa-Large outperforms MPP-L and DPOT-L. We emphasize that UPS is
trained on significantly fewer trajectories per PDE family (<5K) compared to the baselines. Besides, UPS
can be run on a single A6000 for less time while maintaining good performance. This shows the data and
compute benefits of adapting from pretrained LLM:s.

Since MPP and DPOT focus on 2D problems and use a different set of pretraining datasets from ours, we
train a 2D-only UPS on all 2D datasets in PDEBench to provide a more direct comparison. The results
are shown in Appendix Table 14.4. Notably, while 2D UPS is still trained with less data (since the other
methods use additional datasets like PDEArena [Gupta and Brandstetter, 2022]), our method ranks first
on 4 of 8 datasets, outperforming DPOT on 5 of 8 datasets and outperforming MPP on 3 of 4 datasets.

Recall also that we train a 2D unified FNO using the datasets processed by our dimension unification
scheme. The unified FNO does not always outperform single-family FNOs, especially on 1D tasks, pos-
sibly because the network is 2D, and the relatively simple architecture might not be able to extract shared
information across PDE families and leverage it to improve performance. More crucially, UPS outper-
forms unified FNO on all datasets, showing the efficacy of our LLM-based architecture.

Scaling Up LLM Backbones To study the scaling behavior of our method, we adapt from both RoBERTa-
Base (149M parameters) and RoBERTa-Large (387M parameters) and report the results in Table 7.1. The
first observation is that the two versions of UPS all outperform baselines of similar sizes, achieving both
effectiveness and efficiency. Besides, UPS-Large generally outperforms UPS-Base, which shows that scal-
ing up the backbone has the potential to yield better results.

In addition to prediction errors in Table 7.1, we visualize some of the UPS outputs in Appendix 14.0.4
and show that it is indeed able to capture the key features and dynamics of different PDE families. For
efficiency metrics, we report the training compute requirement, FLOPs, and inference time for UPS in
Appendix 14.0.2. Compared to existing work, our method has lower FLOPs and shorter inference time.
This shows that our method can be deployed in practical environments where both computational effi-
ciency and speed are critical.

7.5.2 GENERALIZING TO UNSEEN PDEs wiTH DATA EFFICIENCY

In this section, we investigate the generalization (ouz-of-distribution) performance of UPS under three
scenarios: (i) unseen PDE families, (ii) PDEs belonging to the training families but with different coeffi-
cients, and (iii) PDEs with higher-resolution grids. Unless otherwise specified, UPS-B is used.

Unseen PDE Families As mentioned earlier, we hold out the Diftfusion-Reaction equations from de-
veloping UPS. We first directly evaluate UPS on these two tasks and report the zero-shot transfer perfor-
mance. Then, we study few-shot transfer by randomly sampling & € {10,100} trajectories from the
training sets of the held-out tasks and use them to fine-tune UPS. Lastly, we report the fine-tuning results
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Table 7.2: Zero- and few-shot transfer performance of UPS on unseen PDE families and coefficients. Our few-shot
results are competitive with baselines trained with more data. UPS-B refers to UPS with RoBERTa-Base.
Unseen PDE Families Unseen Coefficients

# Samples Model 1D Diff-React 2D Diff-React 1D Burgers 2D Navier-Stokes
v=1.0 M=1,n=(=0.1

UPS-B 0.0557 1.0593 0.0566  0.103

0 FNO 0.1839 12 1.0342  1.4302
ORCA 0.1818 1.0812 1.6316 1.6399
UPS-B 0.0107 0.3327 0.0134  0.0809

10 FNO 0.1698 0.8193 0.67 0.567
ORCA 0.1004 0.5376 04829 01623
UPS-B 0.0034 0.2508 0.0022  0.0543

100  FNO 0.0037 0.1869 00123  0.3962
ORCA 0.0051 0.1362 0.027 0.0898
UPS-B 0.0003 0.041 0.0008  0.0191

9K (Full) FNO 0.0014 0.12 0.0031  0.098
ORCA 0.0034 0.082 0.012 0.0287

Table 7.3: UPS with resolution 128 has an nRMSE of 0.0033 for Advection and 0.0931 for incompressible Navier-
Stokes. We directly test UPS on higher resolutions.

Test Resolution 256 512 1024

Advection (nRMSE) 0.0057 0.0064 0.0068
Incomp Navier-Stokes (nRMSE) ~ 0.119  0.126

with the full training dataset. The results are shown in Table 7.2. As the number of adaptation samples
increases, the prediction error decreases. Notably, the 100-shot result of UPS on 1D datasets is better than
the baselines trained on 9,000 data, i.e., we use 90x less data to match the performance of single-family
operators. This makes UPS useful for low-resource PDE problems where data collection is costly and
training models from scratch is challenging. On 2D Diffusion-Reaction, we are slightly worse than pre-
trained MPP (0.0292) and DPOT (0.0106) since this dataset is considered as in-distrubution for MPP
and DPOT.

Unseen Coefficients UPS also generalizes to PDEs in the same families as the training data but with
different coefficients. We verify this by adapting UPS to Burgers Equation with v = 1.0 (the model is
trained on v = 0.001) and compressible Navier-Stokes with M = 1,7 = ¢ = 0.1 (the model is trained
on M =1 = ¢ = 0.1). The last two columns in Table 7.2 shows that while our zero-shot performance
is already competitive, the performance after further adaptation outperforms most considered baselines.

Unseen Resolutions Zero-shot resolution refers to training the model on a lower resolution of the in-
put data and evaluating them directly on a higher resolution. PDE solvers with this ability are better
equipped to handle real-world scenarios where input data may vary in resolution due to practical con-
straints or sensor-based limitations. Recall that UPS is trained with n-point discretization W], and we
set . = 128 because most 2D datasets in PDEBench has resolution 128. Now, we evaluate the perfor-
mance of UPS forn € {256,512, 1024}, increasing the resolution of the input PDE. This is achieved by
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Table 7.4: Results for the ablation studies. For each set of experiments, only the specified settings are different; all
the other hyperparameters and training configurations are the same. Overall, the full UPS-Base workflow
(first row for every study) most effectively leverages the pretrained knowledge of LLMs and obtains the
best results.

Study No. Settings Advection Burgers Diff-Sorp Navier-Stokes Shallow-Water Navier-Stokes Incomp Navier-Stokes
1D 1D 1D 1D 2D 2D 2D
s1 Pretrained LLM 0.0027  0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
Training From Scratch 0.017 0.0546 0.0036  0.0159 0.0032 0.0461 0.1442
Align and Task 0.0027  0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
S2 Task Only 0.0048 0.0389 0.0009 0.0065 0.002 0.0184 0.1046
Align Only 0.0039 0.043 0.0011 0.0063 0.0022 0.0187 0.1092
No Embedding Pretraining 0.0049 0.0436 0.0019  0.0072 0.0024 0.0197 0.1079
Concatenate Pretrained Text ~ 0.0027  0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
Cross-Attention Pretrained Text  0.003 0.0420 0.0009 0.0065 0.0023 0.0189 0.1082
S3 Concatenate One-Hot 0.0029 0.0447 0.0011 0.006 0.0018 0.0198 0.095
Concatenate Learned Embeddings 0.0041 0.0474 0.0014  0.0119 0.0036 0.0295 0.1103
No Meta Information 0.0122 0.0453 0.001 0.0091 0.0026 0.0238 0.1171
RoBERTa-Base 0.0027  0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
S4 Flan-T5-Base 0.0094 0.0404 0.0076  0.0098 0.0028 0.037 0.1166
CLIP-Base 0.0046 0.0321 0.0018 0.0063 0.0019 0.0151 0.0905
=32 0.0027 0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
S5 =20 0.0024 0.0423 0.0009 0.0068 0.0022 0.0157 0.1043
=8 0.0032 0.0429 0.0009 0.0071 0.0024 0.0195 0.1064

downsampling the higher-resolution inputs to make them compatible with UPS and then upsampling
the output prediction to the desired resolution. We do not fine-tune the model at all.

We report the resolution generalization performance for 1D Advection Equation and 2D incompressible
Navier-Stokes in Table 7.3. Although the nRMSEs for both PDE:s slightly increase compared to the
nRMSE for the training resolution, they outperform all baselines in Table 7.1. Since the numbers are
similar across columns, UPS generalizes to higher resolutions in a zero-shot manner.

7.5.3 ABLATION STUDIES

We perform five sets of studies to ablate various design decisions in UPS. S1-S4 demonstrate why adapting
from pretrained LLM:s is beneficial, while S5 is related to the FNO embedding network.

S1: Pretrained LLMs vs. Training From Scratch Compared to existing single-family models like
FNO, UPS uses a transformer-based architecture with more parameters and reuses the pretrained LLM
weights for the model body. To show that our results are not solely attributed to the model size and that
cross-modal adaptation is important, we evaluate the model’s performance when we train a transformer
model from scratch using the same PDE datasets without doing anything more complicated. As shown
in Table 7.4, training from scratch results in much worse performance than UPS, showing the benefits
of adapting a pretrained LLM.

§2: Cross-Modal Alignment We also test the importance of the two objectives used in stage 1, i.e.,
alignment loss with MMD, and task loss with nRMSE. We study three settings: (i) using only Lajign
for stage 1 as in Shen et al. [2023]; (ii) using only Ly, for stage 1; and (iii) removing stage 1 from our
workflow entirely. As shown in Table 7.4, while removing any objective reduces the performance across
all datasets, removing the task loss has a more significant negative effect. Meanwhile, removing the entire
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stage of embedding pretraining hurts prediction accuracy. This shows that simply fine-tuning the LLM
without considering the modality gap or learning to extract PDE features is ineffective.

$3: Incorporating Text-Form Metadata UPS leverages the PDE’s metadata by combining its text
embeddings with the learned PDE embeddings. To study whether incorporating such metadata is help-
ful and identify an optimal approach, we compare our workflow with two alternatives: (i) we do not
use metadata, so hix := hppg; (ii) we use metadata, but instead of concatenating features from two
modalities, we apply a cross-attention mechanism: Ay 1= softmax(%)‘/, where ) = Wgohppg,
K = Wghpetas and V' = Wy hpeta. To further investigate whether the pretrained text embeddings
contribute beyond merely labeling the PDE type, we also study alternative embedding strategies that do
not leverage language pretraining: (iii) we replace the pretrained text embeddings of the PDE meta infor-
mation with one-hot encoded vectors representing each PDE type. This setting serve as a baseline to as-
sess the impact of merely labeling the PDE types without any semantic understanding; (iv) we also test a
setting where PDE types were embedded using a randomly initialized embedding layer that was trained
from scratch along with the rest of the network, i.e., each new token represents a PDE family.

The results are shown in Table 7.4. UPS outperforms the non-metadata baseline, demonstrating the ef-
fect of incorporating metadata as a textual form of domain knowledge, which LLM:s are able to under-
stand. The results also suggest that feature concatenation is better than cross-modal attention, possibly
because the latter is harder to optimize. Lastly, the setting utilizing pretrained text embeddings consis-
tently outperforms the one-hot and embedding-from-scratch settings. In terms of learning dynamics, we
also observe that using pretrained embeddings demonstrated faster convergence compared to the alterna-
tive strategies. This suggests that the pretrained semantic knowledge in the LLM indeed contributes to
processing the PDE data, not just in labeling PDE types but might also in understanding the underlying
physical phenomena. However, we leave studying the the exact mechanism of cross-modal transfer and
the optimal combination of metadata and PDE data as a future direction.

$4: Other LLMs/VLMs To study whether UPS applies to other pretrained models, we further inves-
tigate Flan-T'S [Chung et al., 2022] and the vision language model CLIP [Radford et al., 2021]. In par-
ticular, for CLIP, we use its text model to encode the metadata and its vision model to process the PDE
data. The results are reported in Table 7.4. Since these models are trained using the same datasets and op-
timizer configuration as RoBERTA, the results are not fully optimized. Nonetheless, their performance
is competitive with existing baselines, and CLIP further outperforms RoBERTa on 3 tasks. This shows
the compatibility of UPS with diverse pretrained backbones. A future direction is to study whether op-
timizing the training hyperparameters for each pretrained model—especially VLM:s like CLIP that are
trained for an additional vision modality—could improve downstream performance.

§5: FNO Embedder & Target Sequence Length As discussed in Section 7.3, the channel [ of the
FNO layers in the embedding network determines the sequence length of the PDE features that will be
fed into the transformer layers. To study how this hyperparameter affects learning outcomes, we vary
[ € {8,20, 32} and report the results in Table 7.4. In general, increasing [ improves the size and capacity
of the embedding network, as well as the expressivity of the PDE features. This leads to lower prediction
error. However, using too many parameters for the embedding network may result in a trade-off between
effectiveness and efficiency. For instance, we also experimented with [ = 64 (Appendix 14.0.3) and
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find that the longer sequence length leads to slight performance improvements but with much higher
computational costs. Thus, we opt for [ = 32 in our main experiments.

7.6 CONCLUSION AND FUTURE WORK

In this paper, we present UPS, a method for adapting pretrained LLM:s to unified time-evolution opera-
tors that predict the next state of a PDE from the current state. UPS applies to a diverse set of PDE fam-
ilies defined over one- and two-dimensional domains, with varying initial conditions, boundary condi-
tions, coeflicients, and resolutions. To train UPS, we develop a two-stage cross-modal adaptation proto-
col that first pretrains a FNO-based embedding network and aligns its hidden representations with the
LLM’s embedding space, and then fine-tunes the entire model on a dataset containing diverse families of
PDEs. Since UPS is adapted from pretrained models, it requires fewer training samples and compute than
previous approaches for training unified PDE solvers from scratch. We show that UPS achieves state-of-
the-art performance across multiple datasets from PDEBench and is capable of zero- and few-shot trans-
fer to different PDE families, coefficients, and resolutions.

We identify several future directions based on our work. First, we can validate our method on a broader
range of PDEs with higher-order temporal derivatives or three-dimensional domains. Meanwhile, to seek
a truly general foundation model for PDE, we aim to extend the types of tasks that UPS can solve. Cur-
rently, UPS is only applicable to forward prediction. It is important to study inverse problems of param-
eter estimation for different PDEs as well. For an impact statement, see Appendix ??.
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8 CHIMERA: STATE SPACE MODELS
BEYOND SEQUENCES

Abstract: Powerful deep learning methods based on Transformers are used to model diverse data modali-
ties such as sequences, images, and graphs. These methods typically use off-the-shelf modules like self-attention,
which are domain-agnostic and treat data as an unordered set of elements. To improve performance, re-
searchers employ inductive biases—such as position embeddings in sequences and images, and random walks
in graphs—to inject the domain structure, or topology into the model. However, these inductive biases are
carefully engineered heuristics that must be designed for each modality, requiring significant research ef-
fort. In this work, we propose Chimera, a unified framework that mathematically generalizes state space
models to incorporate the topological structure of data in a principled way. We demonstrate that our method
achieves state-of-the-art performance across domains including language, vision, and graphs. Chimera out-
performs BERT on the GLUE benchmark by 0.7 points, surpasses Vil by 2.6% on ImageNet-1k classifica-
tion accuracy, and outperforms all baselines on the Long Range Graph Benchmark with a 12% improvement
on PascalVOC. This validates Chimera’s methodological improvement which allows it to directly capture
the underlying topology, providing a strong inductive bias across modalities. Furthermore, being topologi-
cally aware enables our method to achieve a linear time complexity for sequences and images, in contrast to
the quadvratic complexity of attention.

8.1 INTRODUCTION

Real-world data is heterogeneous, ranging from sequential language data to high-dimensional image data,
and structured data of proteins and molecules. Despite this heterogeneity, many domains exhibit an in-
herent fopology that encodes the neighborhood of each element (node) of the data. For instance, language
and audio have a directed line graph topology, where each node (token) is arranged sequentially (Fig 8.1a).
Similarly, images possess an undirected grid-graph topology, where each node (image patch) is connected
to its immediate local neighbors in a grid (Fig 8.1b). Structured data like proteins have predefined nodes
(atoms) and edges (bonds), which constitute their topology (Fig 8.1c).

Typical approaches to model data build upon Transformers [Vaswani et al., 2017a] with self-attention
at their core [Devlin et al., 2019, Dosovitskiy et al., 2021b, Rampdsek et al., 2022]. However, since self-
attention is permutation invariant, it treats data as an unordered set of elements and completely disregards
the data’s topology. To address this, significant research effort has focused on developing domain-specific
heuristics, such as position embeddings [Su et al., 2023, Devlin et al., 2019], and random walks [Behrouz
and Hashemi, 2024, Wang et al., 2024], to serve as the inductive bias for the underlying topology. How-
ever, developing these heuristics requires navigating a large search space for each domain. For instance,
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.. 9

(a) Language (Line Graph) (b) Images (Grid Graph) (c) Molecules (General Graph)

Figure 8.1: Real-world data exhibits inherent topology: (a) language follows a directed line graph, (b) images a grid
graph, and (c) structured data like molecules have explicit graph topology.

RoPE embeddings [Su etal., 2023] work well in language [ Touvron et al., 2023b]; in vision, absolute po-
sition embeddings are widely used [Dosovitskiy et al., 2021b, Heo et al., 2024]; Moreover, given the lack
of systematic underpinnings, it is unclear how eftectively they capture the underlying topology.

In this paper, we consider the following problem: “Can we develop a principled method that captures
the underlying data topology, and achieves state-of-the-art performance across domains?”. We propose
Chimera, a domain-agnostic framework built on recent State Space Models (SSMs)—Mamba-2 [Dao
and Gu, 2024a], RetNet [Sun et al., 2023], Linear Attention (LA) [Katharopoulos et al., 2020]—that
mathematically generalizes SSMs to any topology and achieves state-of-the-art performance across diverse
domains including language, images, and graphs. These consistently superior results validate Chimera’s
methodological improvement which allows it to directly capture the underlying topology, providing a
strong inductive bias across various modalities. This contrasts with existing approaches that instead ap-
ply attention or SSMs as a black box to “flattened data”, supplemented by heuristics. Furthermore, be-
ing topologically aware allows Chimera to leverage the simpler topology of line and grid graphs to avoid
“unnecessary computation”, thus reducing its computational cost to linear in the number of nodes. This
recovers the linear complexity of SSMs while maintaining strong performance.

To derive Chimera, we consider SSMs for causal language modeling and formally show that SSMs znber-
ently capture the underlying directed line graph topology through their recurrence structure (Sec 8.3.2). For
this, we leverage the Structured Masked Attention (SMA) representation [Dao and Gu, 2024a]: Mul-
tiple methods including Mamba-2, RetNet, LA are SSMs, and these SSMss are equivalent to the matrix
M = L ® (QKT) acting on the input, where Q and K are the query and key matrices respectively, and
L is a (data dependent) mask matrix. This mask matrix L is analogous to the causal masked attention
matrix used in Transformers. We show that for SSMs, the mask matrix L can be represented as the resol-
vent of the adjacency matrix, A, of a directed line graph, i.e., L = (I — A)™t =" A% where Iis the
identity matrix. Thus, L characterizes a specific SSM model and is also equivalent to the resolvent of the
adjacency matrix, connecting SSMs and the underlying topology.

We extend this result to generalize SSMs to any topology. Specifically, we appropriately parameterize
the adjacency matrix A, and compute the SMA matrix M = L ©® (QKT), where L = (I — A)~%.
Intuitively, A;; captures the influence between neighbor ¢ and j, and the resolvent then accumulates
the influence between each pair of nodes through all possible paths between them, thus capturing the
underlying topology. We present a detailed scheme to parameterize A
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Central to Chimera is the computation of the mask matrix whose naive implementation incurs cubic
cost. To avoid this, Chimera leverages structure in the topology to significantly speed up this calculation.
Specifically, for the class of directed acyclic graphs (DAGs), the resolvent operation can be computed in
linear time. This is especially useful for topologies like undirected line graphs and grid graphs, which
can be canonically decomposed into multiple DAGs: An undirected line graph decomposes into two di-
rected line graphs (Fig 8.4), while a grid graph divides into four directed grid graphs (Fig 8.5). This allows
us to implement Chimera in linear time—recovering the complexity of SSMs—while preserving the un-
derlying topology. We further show that for general graphs, we can efficiently compute the finite sum
approximation of the resolvent, capturing the global topological structure while achieving performance
competitive with state-of-the-art baselines. Overall, we make the following contributions:

* We propose Chimera, a unified framework that generalizes SSMs to any data topology.

* We introduce a technique that leverages the underlying data topology using DAGs to improve the
efficiency of Chimera, achieving linear time complexity for sequences and images.

* We validate that Chimera consistently achieves state-of-the-art results across diverse domains in-
cluding language, images, and graphs: It outperforms BERT [Devlin et al., 2019] by a GLUE
score [Wang et al., 2019] of 0.7, surpasses ViT [Dosovitskiy et al., 2021b] on ImageNet-1k [Deng
et al., 2009] classification by 2.6%, and outperforms strong baselines on the Long Range Graph
Benchmark (LRGB) [Dwivedi et al., 2022], notably increasing Pascal VOC’s F1 score by 12% .

8.2 PRELIMINARIES

In this section, we introduce State Space Models (SSMs), which are recurrent models designed to process
sequential data, such as language and audio. We first formulate SSMs in their recurrent form and then
introduce the Structured Masked Attention (SMA) [Dao and Gu, 2024a] representation that interprets
this recurrence as a matrix M acting on the input X. In the subsequent section, we use the SMA repre-
sentation to show that SSMs inherently operate on a directed line graph topology.

8.2.1 OVERVIEW OF STATE SPACE MODELS

SSMs, such as Mamba-2 [Dao and Gu, 2024a], Linear Attention (LA) [Katharopoulos etal., 2020], Ret-
Net [Sun et al., 2023], are recurrent sequence-to-sequence models that feature a linear hidden-state tran-
sition function. This linearity enables a hardware-efficient, vectorized implementation of SSMs, allow-
ing them to scale effectively. Furthermore, this transition function is typically data-dependent which is
known to improve model performance [Hwang et al., 2024].

Formally, let X € R”*? denote the input sequence of 7" tokens, where each token has D channels.
Let the size of the hidden state be d. Let Y € RT*? be the output of the sequence-to-sequence model.
Then, SSMs begin by computing the following matrices:

B = fp(X) e R™ C = fo(X) e R™ V= f,(X)ecR™ (8.1)
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where fg, fc, fv are model specific data dependent functions. For instance, in Mamba-2 each of these
functions is a composition of a linear projection of X along the channel dimension, followed by a short
convolution layer along the sequence dimension and a Swish activation function [Ramachandran et al,,
2017]. In Dao and Gu [2024a], it was shown that we can view the B, C, and V' matrices as analogs of
the key, query, and value matrices in self-attention.

Let v € R” denote the input corresponding to channel i (i.e., v' = Vi, ]). For any time ¢, define
B; = Blt,:],C; = CI|t,:],y; = Y|[t,i] and v} = v'[t]. Then, the model computes a recurrence,
which is a function from B, C, A, V to the output Y, starting with the hidden state h” ; = 0 € R%as,

h; = athi_l + stt”Ui, (82)
vi = G/ hy, (83)

where a;, b; are model-specific parameters that characterize the SSM. For instance, Linear Attention sets
a; = by = 1, RetNet chooses a; = 7, by = 1 for some learnable parameter 7. In contrast, Mamba-2 sets
at, by in a data-dependent manner to implicitly encode a gated memory mechanism known as selectivity
or the selection mechanism. This mechanism allows the model to select and propagate important tokens
across long sequences. Specifically, define,

A= fa(X) e RT, @ = exp(—4Ay) €R, b =A; €R, (8.4)

where A is the selectivity matrix, and fa like f5, fc, fv is a data-dependent function. The selection
mechanism operates as follows: for an important token, A is large, and the model gives more weight to
token ¢ while reducing the contribution of the previous hidden state. Conversely, for an unimportant
token, Ay is small and the model retains most of the past hidden state, with minimal contribution from
token ¢. This allows Mamba-2 to retain important tokens through long recurrences.

8.2.2 SSM IN THE STRUCTURED MASKED ATTENTION REPRESENTATION

InDao and Gu [2024a], the authorsintroduced the Structured Masked Attention (SMA) representation,
which computes the same function as the SSM recurrence (Eq. 8.3) described in the previous section
but instead interprets the function computation as a matrix M acting on the value matrix V'."' They
demonstrate that such an M is a function of B, C, A matrices (defined above) and can be expressed as
M =L oCBT”,where Lisa data-dependent mask matrix derived from the A matrix.

Formally, define B, = b, B,, and recall from Section 8.2.1 that b; = A, a; = exp(—A;) for Mamba-2;
by = 1, a; = 7 for RetNet; and b, = 1, a; = 1 for Linear Attention. Then the output Y computed by
the recurrence (Eq. 8.3) can be vectorized as,

Y =MV =(LoCB")V, (8.5)

"Note that not all SSMs have an SMA representation, but you focus throughout this paper on ones that do (LA, RetNet,
Mamba-2) and use we will use “SSMs” to refer specifically to this restricted class.
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where the structured mask matrix L;; = 1[i > j] II;o<;ay, for all 4, 7,
0
1

1 0 - 0
a 0 - 0

L= 12 az 1 - 0], (8.6)
-alaz ceeQr_1 QG3c - Qr_1 Q304 Qp_1 1

The SMA representation is useful because, as we will demonstrate in Section 8.3, it neatly isolates the ef-
fect of the underlying topology within the recurrence computation into the mask matrix L. This prop-
erty allows us to generalize SSMs to arbitrary topologies by appropriately formulating the mask L.

8.3 CHIMERA: BUILDING MODELS FOR ANY TOPOLOGY

In this section, we introduce Chimera, a unified framework that generalizes SSMs to any arbitrary topol-
ogy, enabling the development of performant models across diverse domains. Existing approaches such
as Behrouz and Hashemi [2024], Devlin etal. [2019], Liu et al. [2021], treat attention and SSMs as black-
box modules operating on fixed topologies such as sets or sequences and rely on heuristics to incorpo-
rate structural information. In contrast Chimera opens up this black box and mathematically adapts it
to handle any topology.

To motivate Chimera, we first analyze the setting of SSMs applied to the causal language modeling task.
We show that the recurrence in SSMs naturally operates on a directed line graph topology. To formalize
this result, we first define the resolvent of a linear operator and interpret its action when this operator is
a weighted adjacency matrix of a topology.

8.3.1 RESOLVENT OF AN ADJACENCY MATRIX ACCUMULATES INFLUENCE

A graph topology consists of a set of nodes V that represent data elements, and edges £ that encode the
underlying topological structure. We conceptualize the associated adjacency matrix A € RVXVI s
capturing the influence between neighboring nodes. Specifically, A;; is the influence that node j has on
node %, for each edge (7, j). The natural desideratum then is to extend the notion of influence to all node
pairs by incorporating the graph’s structure, accounting for all possible paths between them. To model
this cumulative influence, we introduce the concept of the resolvent of a linear operator

Definition 30 (Resolvent of a Linear Operator [Reed and Simon, 1980]). Let A € R™*T be a lincar
operator, I the identity operator, and \ a complex number. Then, the resolvent operator is defined as:

R\ A)= (M- A, (8.7)

which exists for all complex numbers \ that are not in the spectrum of A, i.e, X ¢ o(A). In this work, we
set X = 1 to remain in the field of real numbers, and this is done without loss of generality, as any choice of
A is equivalent upto scaling of the model.
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Figure 8.2: SSMs inherently operate on a directed line graph: SSMs modeling a sequence of tokens (left), the struc-
tured mask matrix (center), Chimera on a directed line graph (right)

We now demonstrate how the resolvent operator captures the influence between any two nodes in the
graph. Observe that the resolvent operation can be expanded using the Liouville-Neumann series if the
operator norm of the adjacency matrix, || A||, is less than 1,

R(1,LA) =T —-A)"'= f:A’f. (8.8)
k=0

Intuitively, each term A" in this expansion represents the influence between any two nodes i and j
through all paths of length exactly k connecting them. This is formalized in Proposition 4.

Proposition 4 (A" accumulate influence through paths of length k). Given the weighted adjacency ma-
trix A € RTT of a graph G = (V, E) with |V| = T, the (i, )" entry of A is:

ky.  _ E
(A )ij - Aipl Ap1p2 T APk—lj’
P1,P2;5--:Pk—1

where (1, . . ., Pr—1) s an ordered sequence of vertices forming a path of length k from node i to j.

Therefore, the series (I — A)~! (Eq. 8.8) sums up the influence of node i on node j over all possible
paths and path lengths. Additionally, we also note that Eq. 8.8 provides a sufficient condition for the
existence of the resolvent: the series converges when the operator norm of A is less than one.

8.3.2 SSMs OPERATE ON A DIRECTED LINE GRAPH

We now show that SSMs naturally operate on a directed line graph. Specifically, let V be the set of tokens,
and & be the edges connecting token ¢ to the next token ¢ + 1. The weighted adjacency matrix is defined
as Ay = 14104, Where a; is the method-specific parameter described in Section 8.2.2.

We recall from Section 8.2.2 that SSMs can be represented as the SMA matrix M = L @ (CB”). We
make the key observation that L is precisely the resolvent of A, thatis L = (I — A)~". This ties SSMs to
the directed line graph topology, with the mask matrix encoding the topology (Fig 8.2).
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Proposition 5. Under the notation established in Section 8.2, consider a weighted directed graph G with
nodesV ={0,--- , T —1}, edgesE = {(i —1,0)|i € V,i > 0}, and the edge weights W = {w;_1_,; =
a;|i € V,1 > 0}. Let A be the weighted adjacency matrix of incoming edges,

0 0 o --- 0
ay 0 o --- 0
A=1| O a 0 - Of, (8.9)

0---0 0---0 0 ap—1 O]
then L =220 A" = (I — A)~', and consequently,y = (I — A)~' © CBT)V.

We can interpret this result intuitively: in a directed line graph, there is exactly one path between tokens
1,7 with ¢ < j, and the corresponding entry in L, L;; = Hi2 k> Gk reflects the cumulative influence of
the intervening tokens along this path. Furthermore, L;; = 0 for ¢ < j restricts influence in the forward
direction, ensuring that the model remains causal. This shows that SSMs inherently operate on a directed
line graph with the L matrix encoding the topology.

8.3.3 GENERALIZING SSMs TO ARBITRARY TOPOLOGIES

We now build on Proposition 5 to generalize SSMs to arbitrary topologies. Specifically, we compute the
resolvent of an “appropriately parameterized” adjacency matrix, A, and model the output in the SMA
representation as ((I — A)~' ® (CBT))V. In this section, we focus on the parameterization of A
for arbitrary topologies and ensuring the numerical stability of the method, particularly in cases of non-
invertibility or poor conditioning of I — A.

Formally, consider a graph G = (V, ) with |V| = T nodes, where each node has D channels. Let d
denote the generalized hidden state size. For each node, we compute the following matrices,

B = fp(X) e R C=fo(X)eR™ V= fi,(X) e RT* A = fa(X) € RT, (8.10)

where the functions fg, fc, fv(X), fa are linear projections applied to the input, followed by a local
graph convolution over neighboring nodes and a Swish activation as chosen in Mamba-2. Our parame-
terization is inspired by Mamba-2 [Dao and Gu, 2024a]—one of the latest iterations of SSMs—as it fea-
tures selectivity, which allows it to effectively model long-range dependencies. However, we note that our
approach can generalize any SSM with an SMA representation.

We parameterize the A matrix for each edge (7, j) € £ as,
_exp(—4;) +exp(—4))
i 9 y
to incorporate context from both ends of the edge (7, j). To add directionality to the edge representation
and to further increase the representational power of our model, we can also maintain two (different) A’s

such that A;; = (eXp(—AZ('l)) + eXp(—A§2)))/2)-

A (8.11)
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Note that the matrix I — A may be either non-invertible or poorly conditioned, which could hinder the
stable training of the model. To address this, we introduce a data-dependent normalization parameter
U = fy(X) € R”, computed similarly to A, and perform a row-wise normalization of the adjacency
matrix using W. Specifically, for each row i € [T'], we apply:

_ vALli, ]

1T A[i, 2] + exp(=T;)’
where 7 is a scaling hyperparameter. In the following proposition, we show that this normalization guar-
antees the convergence of the Neumann series for the adjacency matrix A.

Ali, ;]

Proposition 6. Under Gaussian initialization, the row-wise normalization strategy ensures that || A|| <

Land ||[(I — A)™Y| s bounded with probability greater than 1 — (ID(_TI)

We provide the proof for this proposition in Ap_pendix 15.1.1. Finally, we compute the resolvent matrix
L= (I—- A)'andtheoutputyas (L ® CBT)V.

8.4 CHIMERA WITH IMPROVED EFFICIENCY

While Chimera works with arbitrary graph topologies, directly computing the resolvent incurs a cubic
cost in the number of nodes. However, we show that we can significantly reduce this computational cost
when the underlying topology is more structured. Specifically, we consider the class of directed acyclic
graphs (DAGs), a generalization of directed line graphs, and show that the resolvent can be computed in
linear time, matching the complexity of SSMs like Mamba-2.

8.4.1 CHIMERA ON DAGSs

We tailor Chimera to DAGs with a specialized normalization scheme and an algorithm to compute the
output in linear time. Our choice of DAGs is motivated by the fact that topologies such as undirected
line and grid graphs can be canonically decomposed into DAGs: a line graph divides into two directed
line graphs (Fig 8.4) and a grid graph divides into four directed grid graphs (Fig 8.5). This decomposition

enables Chimera to operate efficiently with a linear complexity while preserving topology.

Formally, consider a DAG G = (V, £) with |V| = T nodes, each with D channels and a hidden state
size of d. For any node i, let p(7) be the set of its parents. Let B, C, V', A be the input projections as
defined in Section 8.3. We define the adjacency matrix A as A;; = exp(—A;[j]) for each (4, j) € &,
and set B; = A, B, for each node i. We first show that the resolvent (I — A)~! exists.

Proposition 7. For a DAG, A is nilpotent, that is AT =0. Therefore, the inverse (I — A)_1 exists and
is given by the finite sum:

L=(I-A4)"'=) A" (8.12)
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h h
As in previous sections, we compute the output of the model as 0 !
y = (L ® (CB?))V. Furthermore, this method admits an 0 !
equivalent recurrent view (Prop. 8). a(&{ % ,
Proposition 8. Our method computes the following recurrence on 2
each channel v of V': T T——
h; = Z Ah; — By, y;=Crh,, (8.13) 27 = Buu/V2(logay, +logayy)
Jep(i
where hy = 0 for ﬂl[ leaf nodes . Figure 8.3: Recurrence on DAGs

Observe that while the resolvent always exists, its entries can be-

come exceedingly large which can cause numerical instabilities. Recall from Section 8.3.1 that each L;;
represents the cumulative sum of all paths from node j to ¢, and in the worst case, the number of such
paths grows exponentially with distance. To address this, we introduce a normalization scheme that is
built directly into the recurrence:

Proposition 9. The normalized method compma the following recurrence:

h; =
V Ip gp:
= C/h,. (8.15)

This normalization ensures that Var(CiT h;) < 1 under the assumption that the vectors { Byv;, C;}; are
i.i.d. Gaussians, that is Byv;, C; ~ N(0, I).

A;j)Bjv;), (8.14)

The proof follows by induction on the time step ¢, where at each time step, we ensure that the output
variance is bounded by 1, Var(C{ h;) < 1, which guarantees that the output remains a well-behaved
random variable. We provide the detailed proof in Appendix 15.1.2. To incorporate this normalization
in the SMA representation, we define,

A= A B="Sup L—(1-A)" (8.16)
(i

and compute the outputy = (L ® (CBT))V.

CHIMERA IS EFFICIENT ON DAGs

Finally, we highlight that DAGs are a particularly important case of Chimera because of additional efh-
ciency benefits, both theoretically and through optimized implementations.

1 — 2 — 3 = 1 — 2 — 3 =4+ 1 «— 2 «— 3

Figure 8.4: The undirected line graph structure (Left). The canonical DAG decomposition (Right)
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LINEAR-TIME COMPLEXITY  The intuition for the linear complexity is that the resolvent operation for
DAG:s is finite because of the lack of cycles. From the adjacency matrix perspective, A is nilpotent, i.c.
A¥ = 0, where k is the diameter of the graph (Prop 7). Since Chimera can be equivalently viewed
as a recurrence on the DAG, the resolvent operation converges after one pass through the graph in the
topological order which takes linear time.

Proposition 10. The Chimera structured mask matrix L can be computed in O(|V + |E]) complexity
where |V, |E| is the number of vertices and edges of the graph, respectively.

The proofis provided in Appendix 15.1.3. We note that the linear-time complexity of Mamba can be seen
as a special case of Proposition 10 specialized to the directed line graph, where both |V| and |€] is equal
to the sequence length.

IMPROVING EFFICIENCY THROUGH MATRIX MULTIPLICATIONS Finally, we note that on modern
hardware accelerators such as GPUs and TPUs, various computational algorithms can have different ef-
ficiency tradeoffs. For example, on directed line graphs, the naive computation of SSMs and RNNs as a
recurrence is not parallelizable and is inefficient in practice [Gu and Dao, 2023a]. In the case of DAGs,
we present a technique to reduce both the forward and backward pass for Chimera to leverage only ma-
trix multiplications which are heavily optimized on modern accelerators.

Theorem 10. [n case of Chimera on DAGs, the forward pass can be computed with O(log(dia(G))) ma-
trix multiplications where dia(G) is the diameter of the graph (i.e. length of the longest path), and the back-

ward pass can be computed with O(1) matrix multiplications.

BackwARD Pass.  Thelocal update rule of backpropagation requires applying the chain rule through
the matrix inverse operation, in particular, using the following identity appliedto Y = (I — A),
oy ! oY

89 - —}f_lﬁif_1 (817)

Because Y ~!is already computed in the forward pass, it can be cached, and then the marginal cost of the
local backpropagation is simply two extra matrix multiplications.

FORWARD Pass. Tocompute L = (I — A)~! more efficiently for DAGs, we leverage the equivalence
of Neumann series to the series L = I + A + A? + - - - which comes to a finite sum for DAGs due to
the nilpotence of A matrix. We compute this sum more efficiently using the “squaring trick” as,

(I—A)"' =T+ AT+ A>T+ A" (I + AF), (8.18)

where k is the smallest power of 2 larger than the graph diameter dia(G). This can be computed using
O(log(dia(G))) matrix multiplications to compute the powers of A for powers-of-two exponents, and
then O(log(dia(G))) matrix multiplications to multiply together the right-hand side.
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APPROXIMATE CHIMERA FOR GENERAL TOPOLOGY

While DAGs allow for efficient computation in structured domains like images and language, directly
computing the resolvent L for general graph topology remains computationally expensive. To address
this, we use a finite-sum relaxation of the resolvent operator and truncate its corresponding Neumann
series sum (Eq. 8.8) at some maximum power k € N > 0. Specifically, let A be the adjacency matrix of
the graph topology defined in Section 8.3.3, then,

) k
L= A~L=) A" (8.19)
i=0 i=0

We choose k = diam(G), the diameter of the graph, to ensure that L has access to the global structure
of the graph, that is, it includes contributions from every edge and node in the graph.

Proposition 11. If'k > dia(G), then for any pair of nodes (i, j), if L;; > 0 in the original method, then
L;; > 0 in the finite-sum relaxation.

As in Section 8.4.1, we can compute this approximation efficiently using the squaring trick:
L=(T+AI+A>I+AY - (I+AP), (8.20)

where p is the smallest power of 2 larger than or equal to the graph diameter dia(G). This reduces the
computational cost of the method to O(log(dia(G))) matrix multiplications.

8.5 EXPERIMENTS

In this section, we will demonstrate that directly incorporating topology is a powerful inductive bias for di-
verse domains such as language, images and graphs, eliminating the need for domain-specific heuristics.
Chimera consistently achieves state-of-the-art performance in these domains. On language, it outper-
forms BERT on the GLUE benchmark [Wang, 2018] by a GLUE score of 0.7. On images, it surpasses ViT
models on the ImageNet-1k classification [Deng et al., 2009] task by 2.6%. On general graphs, Chimera
outperforms strong baselines on the Long Range Graph Benchmark [Dwivedi et al., 2021] which high-
lights our method’s ability to model long range interactions on graphs. Notably, our method improves
upon Pascal VOC dataset’s F1 score by over 12%.

1 —2 — 3 1 — 2 — 3 1 +— 2«3 1 +— 2«3 1 —2 —3
I I I | ! ! | | ' t t t t t t
4 —5 —6 = 4—-5—>6 =+ 4+—5«—6 4+ 456 4+ 4—-5-—>56
I I I ' ' ! ' ' ' t t t t t t
7 —8—9 7 —+8—9 7 «— 8+ 9 7 «— 8+« 9 7 -8 —9

Figure 8.5: Grid graph (left). The canonical 2D-DAG decomposition of the grid graph (right). These graphs are

sufficient to capture the influence between all pairs of nodes in the undirected grid graph.
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8.5.1 MASKED LANGUAGE MODELING

We evaluate Chimera on bidirectional language modeling, which has a line graph topology (Fig. 8.4). We
test two Chimera variants: the general method” (Sec. 8.3) applied to an undirected line graph, and the
DAG method (Sec. 8.4.1), applied to the canonical DAG decomposition of undirected line graphs into
two directed line graphs and summing the resolvents of both DAGs (Fig. 8.4). Both methods are trained
on the Masked Language Modeling (MLM) [Devlin et al., 2019] task on the C4 dataset [Raffel et al,,
2020a] for 70k steps, following the recipe used in M2 [Fu et al., 2023]. The models are then fine-tuned
on the GLUE benchmark. We refer the reader to Appendix 15.3 for details.

Table 8.1: Comparing Chimera on the undirected line graph (UG), and on DAG decomposed directed line graphs
(DAG) with other state-of-the-art models including M2 [Fu et al., 2023], MLP-Mixer [Tolstikhin et al.,
2021], FNet [Lee-Thorp et al., 2022], BERT [Devlin et al., 2019] on GLUE benchmark

Method #Params Pretrain GLUE Tasks GLUE
L. Acc(%) MNLI QNLI QQP RTE SST2 MRPC COLA STS Avg
BERT-Base 110M 1.59 67.3 84.1 89.8 91.2 77.2 91.2 87.5 54.6 88.9 83.2
MLP-Mixer 112M 1.77 63.5 77.2 82.4 87.6 67.3 90.5 86.5 43.0 85.2 77.5
FNet 112M 1.94 61.3 74.9 82.1 85.7 63.6 87.6 86.4 42.7 83.1 75.8
M2 116M 1.65 65.9 80.5 86.0 87.0 69.3 92.3 89.2 56.0 86.9 80.9

Chimera (UG) 110M  1.49 68.5 83.63 8898 89.32 73 93.67 89.4 56.95 88.82 8297
Chimera (DAG) 110M 146  68.9 84.11 89.78 89.77 77.98 93.69 9036 57.08 838.68 83.93

From Table 8.1, observe that while BERT outperforms other linear baselines such as M2, MLP-Mixer,
FNet it does so with an additional quadratic cost. In contrast, Chimera achieves the best of both worlds,
incurring a linear time complexity while achieving state-of-the-art performance. This capability arises
from two key factors: first, our parameterization of the adjacency matrix allows the model to effectively
modulate the influence between tokens in the sequence, leading to strong performance. Second, the
structured nature of the adjacency matrix enables a fast, linear-time resolvent operation, improving the
method’s computational efficiency. Additionally, note that our undirected graph (UG) variant performs
competitively with BERT while surpassing other recent baselines with a linear time complexity.

8.5.2 IMAGENET-1K CLASSIFICATION

We evaluate Chimera on the ImageNet-1k [Deng et al., 2009] classification task that has a grid graph
topology. We compare Chimera applied to the 2D-DAG decomposition (Figure 8.5) topology against
state-of-the-art ViT based models, specifically we use ViT-B which has 88M parameters. We also compare
against other latest linear time baselines like Hyena [Poli et al., 2023], S4 [Gu et al., 2022a] in Table 8.2.
We note that a// these baselines flatten the image into a 1D sequence and apply 1D sequence models, and do
not take into account the underlying topology. For our experiments, we simply replace the SSD layer in the
Mamba block introduced in Dao and Gu [2024a] with Chimera, and use the ViT-B training recipe with
no additional hyperparameter tuning.

2We use a slightly modified normalization scheme for the undirected line graph method to allow for larger selectivity values
in the adjacency matrix. See Appendix 15.2.1 for details
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Table 8.2: Top-1, Top-5 accuracies of various methods  Taple 8.3: Ablation: Comparing 2D grid structure with

on ImageNet-1K. 1D flattening of patches.
-1 (9 _S (9
Method (ssM) [P0 TopSCE) ooy ToPLOE)  Tops (%)
Acc  Accpma  Acc  Accpma Acc  Accgma Acc  Accpma
ViT-B 78.8 806 942  95.2 Fwd (1D) 73.8  73.8 9.6 9IL6
S4-ViT-B 794 804 942 951 Fwd & Rev(1D) 76.5 75.6 93.4 92.8
Hyena-ViT-B 784 764 940  93.0 2D DAG 77.8 76.7 93.9 935

Chimera-ViT-B 81.4 821 954 95.9

Table 8.2 shows that Chimera’s 2D-DAG decomposition outperforms ViT by 2.6%. We note that our
method does not require any additional position embeddings which are still an active area of research for
ViT [Heo et al., 2024]. Furthermore, we outperform methods such as Hyena [Poli et al., 2023] by 3%,
and S4 [Gu et al., 2022a] by 2% that linearize the data and then apply an SSM on it.

To demonstrate the importance of incorporating topology, we perform an ablation where we progres-
sively degrade the grid-graph structure, observing a monotonic drop in performance. We consider three
topologies: 2D DAG is the 2D DAG decomposition that retains the grid structure (Fig 8.5, right); Fwd
& Rev (ID) flattens the grid into a 1D sequence with bidirectional edges like ViT (Fig 8.6, top); Fwd (1D)
is a 1D graph with only forward edges (Fig 8.6, bottom). We observe from Table 8.3 that as the topology
is lost, the accuracy drops from 77.8% (2D-DAG) to 76.5% (Fwd & Rev) to 73.8% (Fwd).

8.5.3 LoNG RANGE GraAPH BENCHMARK

We evaluate Chimera on the Long Range Graph Benchmark (LRGB) [Dwivedi et al., 2022]. This bench-
mark comprises tasks designed to challenge models in their ability to effectively capture both local and
long-range interactions within graph structures. We compare against convolution-based (GCN Kipf and
Welling [2016], GatedGCN Bresson and Laurent [2017]), Transformer-based (GraphGPS Rampidsek
et al. [2022]), Mamba-based (Graph-Mamba Wang et al. [2024], Graph Mamba Behrouz and Hashemi
[2024]), and other baselines like GINE Hu et al. [2019], as well as their hyperparameter tuned versions
introduced in Tonshoff etal. [2023]. These baselines incorporate topology using a variety of techniques:
convolution ones use local aggregation, transformer ones use local and global aggregation via position
embeddings, and Mamba ones use “data flattening” along with random walks, position embeddings, and

1 «—> 2 «e— 3 «— 4 <«— 5 <«— 6 7 8 <«— 9

1 — 2 3 4 — 5 — 6 7 8§ —m 9

Figure 8.6: Progressively destroying the 2D grid graph topology. Fwd €5 Rev (top): 1D flattened grid with bidirec-
tional edges. Fwd (bottom): 1D flattened grid graph with only forward edges.
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Table 8.4: Evaluation of Chimera on LRGB Tasks [Dwivedi et al., 2022]. The first section shows the best per-
forming numbers cited in the papers that introduce the given baselines. The second section shows the
result of better hyperparameter tuned baselines introduced by Tonshoff et al. [2023]. Finally, we also
compare with other baselines that use SSMs as a blackbox replacement for a Transformer.bolding seems

inconsistent (QPP 4th (‘n]nmn)

Method (< 500k params)

GCN [Kipf and Welling, 2016]

GINE [Hu et al., 2019]

Gated-GCN [Bresson and Laurent, 2017]
SAN+LapPE [Kreuzer et al., 2021]

Exphormer [Shirzad et al., 2023]

GPS+BigBird [Rampdsek et al., 2022]
GraphGPS+Transformer [Rampdsek et al., 2022]

Peptides-Func Peptides-Struct Pascal VOC-SP COCO-SpP
AP (1) MAE()) FL(1) FIL(1)
0.5930+0.0023 0.3496+0.0013 0.126840.0060 0.084140.0010

0.549840.0079
0.58644-0.0077
0.638440.0121
0.6527+0.0043
0.585440.0079
0.657540.0049

0.3547+0.0045
0.3420£0.0013
0.2683+0.0043
0.2481%0.0007
0.2842+0.0130
0.2510+0.0015

0.1265+0.0076
0.2873+0.0219
0.3230+0.0039
0.397540.0037
0.2762£0.0069
0.368940.0131

0.133940.0044
0.2641+0.0045
0.2592+0.0158
0.3430£0.0108
0.2622+0.0008
0.377440.0150

GCN [Tonshoff et al., 2023]

Gated-GCN [Ténshoffetal., 2023]

GINE [Ténshoff et al., 2023]
GraphGPS+Transformer [Tonshoff et al., 2023]

0.6860 £ 0.0050
0.6765 £ 0.0047
0.6621 £ 0.0067
0.6534 £ 0.0091

0.2460 £ 0.0007 0.2078 £ 0.0031

0.2477 £ 0.0009
0.2473 £ 0.0017
0.2509 £+ 0.0014

0.3880 % 0.0040
0.2718 £+ 0.0054
0.4440 £ 0.0054

0.1338 £ 0.0007
0.2922 £ 0.0018
0.2125 £ 0.0009
0.3884 £ 0.0055

Graph-Mamba [Wang et al., 2024]

0.6739 £ 0.0087

0.2478 £+ 0.0016

0.4191 £+ 0.0126

0.3960 £ 0.0175

Graph Mamba [Behrouz and Hashemi, 2024]
Chimera (Ours)

0.7071 £ 0.0083
0.7021 £ 0.003

0.2473 £+ 0.0025
0.2460 £ 0.0002

0.4393 £ 0.0112
0.496 £ 0.007

0.3974 £ 0.0101
0.3977 £+ 0.016

Table 8.5: Ablation: Chimera with approximate resolvent is competitive with the Transformer baseline.

Method Peptides-Func Peptides-Struct PascalVOC-SP COCO-SpP
AP (1) MAE(]) FL1(1) F1(7)
GraphGPS+Transformer  0.6534 £ 0.0091 0.2509 +0.0014  0.4440 £ 0.0054 0.3884 &+ 0.0055
Chimera (Approx) 0.6709 =+ 0.0089 0.2521 & 0.0006  0.4508 £+ 0.0367 0.3709 £ 0.0009
Chimera (Ours) 0.7021 £+ 0.003 0.2460 4 0.0002 0.496 £+ 0.007 0.3977 4 0.016

local encodings. The diversity of these methods highlights the significant research effort dedicated to
heuristics to incorporate topology, in contrast to our unified approach.

We show that Chimera achieves state-of-the-art results across all LRGB tasks (Table 8.4). Notably, we
observe that on tasks such as Peptides-Func and Peptides-Struct, where convolution-based models typ-
ically outperform transformers, Chimera outperforms or matches their performance. Furthermore, on
tasks like Pascal VOC and COCO where transformers do well, Chimera consistently surpasses all base-
lines, with a more than 12% improvement on PascalVOC. This validates our grounded approach which
effectively captures both local and global information.

In Table 8.5, we evaluate the approximate variant of Chimera with a finite-sum relaxation (Sec 8.4.1) that
truncates the Neumann series at the average graph diameter of the graph. We show that the approxima-
tion variant matches the strong transformer baseline of GraphGPS, however fully leveraging the entire
graph structure in Chimera provides clear performance benefits.
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8.6 CoNCLUSION AND FUTURE WORK

In this work, we propose Chimera, a unified framework that mathematically generalizes State Space Mod-
els (SSMis) to incorporate the underlying data topology. Unlike previous approaches that rely on carefully
engineered heuristics and treat attention and SSMs as black boxes, our method breaks open this black
box by providing a principled, domain-agnostic framework for modeling diverse data modalities. We
show that Chimera achieves state-of-the-art performance across domains including language, vision, and
graph tasks, consistently surpassing highly tuned domain-specific baselines, which validates our premise
and the proposed solution. Furthermore, we also show that for structured domains like sequences and
images, Chimera has an efficient linear complexity by leveraging our DAG decomposition technique, re-
covering the complexity of SSMs like Mamba-2.

Our work is the first step toward developing unified models for diverse data modalities. We believe that
extending the DAG decomposition technique to general graphs to achieve linear complexity is an exciting
direction for future work. Furthermore, we hope that the research community applies Chimera to more
domains with an inherent underlying topology, and establishes Chimera as a strong baseline for further
research in those domains.
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9 TowAaRDS CHARACTERIZING THE VALUE
OF EDGE EMBEDDINGS IN GRAPH
NEURAL NETWORKS

Abstract: Graph neural networks (GNNs) are the dominant approach to solving machine learning prob-
lems defined over graphs. Despite much theoretical and empirical work in recent years, our understanding
of finer-grained aspects of architectural design for GNNs remains impoverished. In this paper, we consider
the benefits of architectures that maintain and update edge embeddings. On the theoretical front, under a
suitable computational abstraction for a layer in the model, as well as memory constraints on the embed-
dings, we show that there are natural tasks on graphical models for which architectures leveraging edge em-
beddings can be much shallower. Our techniques are inspired by results on time-space tradeoffs in theoreti-
cal computer science. Empirically, we show architectures that maintain edge embeddings almost always im-
prove on their node-based counterparts—frequently significantly so in topologies that have “hub” nodes.

9.1 INTRODUCTION

Graph neural networks (GNNs) have emerged as the dominant approach for solving machine learning
tasks on graphs. Over the span of the last decade, many different architectures have been proposed, both
in order to improve different notions of efficiency, and to improve performance on a variety of bench-
marks. Nevertheless, theoretical and empirical understanding of the impact of different architectural de-
sign choices remains elusive.

One previous line of work [Xu et al., 2018] has focused on characterizing the representational limitations
stemming from the symmetry-preserving properties of GNNs when the node features are not informa-
tive (also called “anonymous GNNs”) — in particular, relating GNNs to the Weisfeiler-Lehman graph
isomorphism test [Leman and Weisfeiler, 1968]. Another line of work [Oono and Suzuki, 2019] focuses
on the potential pitfalls of the (over)smoothing effect of deep GNN architectures, with particular choices
of weights and non-linearities, in an effort to explain the difficulties of training deep GNN models. Yet
another [Black et al., 2023] focuses on training difficulties akin to vanishing introduced by “bortlenecks”
in the graph topology.
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In this paper, we focus on the benefits of maintaining and updating edge embeddings over the course of
the computation of the GNN. More concretely, a typical way to parametrize alayer [ of a GNN [Xu etal,,

2018] is to maintain, for each node v in the graph, a node embedding hff), which is calculated as
(") = AGGREGATE (hgp Lu€ NG(U)) h(+) — COMBINE (agm), hg”) (9.1)

where N¢(v) denotes the neighborhood of vertex v. These updates can be viewed as implementing a
(trained) message-passing algorithm, in which nodes pass messages to their neighbors, which are then
aggregated and combined with the current state (i.e., embedding) of a node. The initial node embeddings

0 . . . .
hf, ) are frequently part of the task specification (e.g., a vector of fixed features that can be associated with
each node). When this is not the case, they can be set to fixed values (e.g., the all-ones vector) or random
values.

But a more expressive way to parametrize a layer of computation is to maintain, for each edge e, an edge

embedding hY") which is calculated as:
") = AGGREGATE (hg” La€ MG(6)> L+ — COMBINE (ag“), hg”) (9.2)
where M (e) denotes the “neighborhood” of edge e: that s, all edges @ that share a vertex with €'

This paradigm is at least as expressive as Equation 9.1: we can simulate a layer of Equation 9.1 by designat-
ing the embedding of an edge to be the concatenation of the node embeddings of its endpoints, and notic-
ing that M (e) includes all the neighbors of both endpoints of e. In particular, if a task has natural initial
node embeddings, then their concatenations along edges can be used as initial edge embeddings. Addi-
tionally, there may be tasks where initial features are most naturally associated with edges (e.g., attributes
of the relationship between two nodes) — or the final predictions of the network are most naturally asso-
ciated with edges (e.g., in link prediction, where we want to decide which potential links are true links).

GNN:ss that fall in the general paradigm of Equation 9.2 have been used for various applications — includ-
ing link prediction [Cai etal., 2021, Liang and Pu, 2023] as well as reasoning about relations between ob-
jects [Battaglia et al., 2016], molecular property prediction [Gilmer et al., 2017, Choudhary and DeCost,
2021], and detecting clusters of communities in graphs [Chen et al., 2017] — with robust empirical ben-
efits. These approaches instantiate the edge-based paradigm in a plethora of ways. However, it is difficult
to disentangle to what degree performance improvements come from added information from domain-
specific initial edge embeddings, versus properties of the particular architectural choices for the aggrega-
tion functions in Equation 9.2, versus inherent benefits of the edge-based paradigm itself (whether rep-
resentational, or via improved training dynamics).

We focus on theoretically and empirically quantifying the added representational benefit from maintain-
ing edge embeddings. Viewing the GNN as a computational model, we can think of the intermediate em-
beddings as a “scratch pad”. Since we maintain more information per layer compared to the node-based
paradigm Equation 9.1, we might intuitively hope to be able to use a shallower edge embedding model.
However, formally proving depth lower bounds both for general neural networks [Telgarsky, 2016] and
for specific architectures [Sanford et al., 2024b,a] frequently requires non-trivial theoretical insights — as
is the case for our question of interest. In this paper, we show that:

I'The graph is assumed to be undirected, as is most common in the GNN literature.
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* Theoretically, for certain graph topologies, edge embeddings can have substantial representational
benefits in terms of the depth of the model, when the amount of memory (i.e., total bit complexity)
per node or edge embedding is bounded. Our results illuminate some subtleties of using particular
lenses to understand design aspects of GNNSs: for instance, we prove that taking memory into
account reveals depth separations that the classical lens of invariance [Xu et al., 2018] alone cannot.

* Empirically, when given the same input information, edge-based models almost always lead to per-
formance improvements compared to their node-based counterpart — and often by a large mar-

gin if the graph topology includes “hub” nodes with high degree.

9.2 OVERVIEW OF RESULTS

9.2.1 REPRESENTATIONAL BENEFITS FROM MAINTAINING EDGE EMBEDDINGS.

Our theoretical results elucidate the representational benefits of maintaining edge embeddings. More
precisely, we show that there are natural tasks on graphs that can be solved by a sha/low model maintain-
ing constant-size edge embeddings, but can only be solved by a model maintaining constant-size node
embeddings if it is much deeper.

To reason about the impact of depth on the representational power of edge-embedding-based and node-
embedding-based architectures, we introduce two local computation models. In the node-embedding case,
we assume each node of the graph G supports a processor that maintains a state with a fixed amount of
memory. In one round of computation, each node receives messages from the adjacent nodes, which are
aggregated by the node into a new state. In this abstraction, we think of the memory of the processor as
the total bits of information each embedding can retain, and we think of one round of the protocol as
corresponding to one layer of a GNN. The edge-embedding case is formalized in a similar fashion, except
that the processors are placed on the edges of the graph, and two edge processors are “adjacent” if the
edges share a vertex in common. In both cases, the input is distributed across the edges of the graph, and
is only locally accessible.

With this setup in mind, our first result focuses on probabilistic inference on graphs, specifically, the task
of maximum a-posteriori (MAP) estimation in a pairwise graphical model on a graph G = (V, E).
For this task, given edge attributes describing the pairwise interactions ¢y, the goal is to compute

arg max,e (o 13v Pg (), where pg(z) oc exp(z{mb}eE Do} (Ta, 1))

Theorem (Informal). Consider the task of using a GNN to calculate MAP (maximum a-posteriors) values
in a pairwise graphical model, in which the pairwise interactions are given as input embeddings to a node-
embedding or edge-embedding architecture. Then, there exists a graph with O(n) vertices and edges, such
that:

* Any node message-passing protocol with T rounds and O(1) bits of memory per node processor requires

T = Q).

o There is an edge message-passing protocol with O(1) rounds and O(1) bits of memory.
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The proof techniques are of standalone interest: the lower bound on node message-passing protocols is
inspired by tracking the “flow of information” in the graph, reminiscent of graph pebbling techniques
used to prove time-space tradeoffs in theoretical computer science [Grigor'ev, 1976, Abrahamson, 1991].
The formal result is Theorem 11, and the proof sketch is included in Section 9.5.

THE VIEW FROM SYMMETRY. Above, we are not imposing any symmetry constraints — that is, invari-
ance of the computation at a node or edge to its identity and the identities of its neighbors. Indeed, the
edge message-passing protocol constructed above is highly non-symmetric. However, we show there is
a (different, but also natural) task where even symmetric edge message-passing protocols achieve a better
depth/memory tradeoff than node message-passing protocols. We state the informal result below; the
formal result is Theorem 12.

Theorem (Informal). Let n be a positive integer. There is a graph G with O(n) vertices and O(n) edges,
and a computational task on G, such that:

o Any node message-passing protocol with T’ rounds and O (1) bits of memory per node processor requires
T = Q(\/n) to solve this task.

o There is a symmetric edge message-passing protocol that solves this task with O(1) rounds and O(1)
bits of memory.

IMPORTANCE OF THE MEMORY LENS.  The memory constraints are crucial for the results above. With-
out memory constraints, we can show that the node message-passing architecture can simulate the edge
message-passing architecture, while only increasing the depth by 1 (Proposition 12). Moreover, the sym-
metric node message-passing architecture can simulate the symmetric edge message-passing architecture,
again while only increasing the depth by 1. We state the informal result below; the formal result is Theo-
rem 13.

Theorem (Informal). For any graph G, any symmetric edge message-passing protocol on G with T rounds
can be represented by a symmetric node message-passing protocol with'T' + 1 rounds.

We note that unlike prior work that focuses on understanding the representational power of GNN archi-
tectures under symmetry constraints [Xu et al., 2018] — which requires that the initial node features are
the same for all nodes — our simulation theorem above holds for arbitrary choices of initial node features.

We view this as evidence that many fine-grained properties of architectural design for GNNs cannot be
adjudicated by solely considering them through the lens of symmetries of the network.

9.2.2 EMPIRICAL BENEFITS OF EDGE-BASED ARCHITECTURES.

The theory, while only characterizing representational power, suggests that architectures that maintain
edge embeddings should have strictly better performance compared to their node embedding counter-
parts. We verify this in both real-life benchmarks and natural synthetic sandboxes.
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First, we consider several popular GNN benchmarks (inspired by both predicting molecular properties,
and image-like data), and show that equalizing for all other aspects of the architecture (e.g., depth, di-
mensionality of the embeddings) — the accuracy the edge-based architectures achieve is at least as good
as their node-based counterparts. Note, the goal of these experiments is 7ot to propose a new architec-
ture — there are already a variety of (very computationally efficient) GNN that in some manner main-
tain edge embeddings. The goal is to confirm that — all other things being equal — the representational
advantages of edge-based architectures do not introduce additional training difficulties. Details are in-
cluded in Section 9.8.1.

Next, we consider two synthetic settings to stress test the performance of edge-based architectures. In-
spired by the graph topology that provides a theoretical separation between edge and node-based proto-
cols (Theorem 11 and Theorem 12), we consider graphs in which there is a hub node, and tasks that are
“naturally” solved by an edge-based architecture. Precisely, we consider a star graph, in which the labels
on the leaves are generated by a “planted” edge-based architecture with randomly chosen weights. The
node-based architecture, on the other hand, has to pass messages between the leaves indirectly through
the center of the star. Empirically, we indeed observe that the performance of edge-based architectures is
significantly better. Details are included in Section 9.8.2.

Finally, again inspired by the theoretical setting in Theorem 11, we consider probabilistic inference on #ree
graphs — precisely, learninga GNN that calculates node marginals for an Ising model, a pairwise graphical
model in which the pairwise interactions are just the product of the end points. An added motivation
for this setting is the fact that belief propagation — a natural algorithm to calculate the marginals —
can be written as an edge-based message-passing algorithm. Again, empirically we see that edge-based
architectures perform at least as well as node-based architectures. This advantage is maintained even if
we consider “directed” versions of both architectures, in which case embeddings are maintained to be
sent along each direction of the edge, and the message for the outgoing direction of an edge depends
only on the embeddings corresponding to the incoming directions of the edges. Details are included in
Section 9.8.3.

9.3 RELATED WORKS

THE SYMMETRY LENS ON GNNs:  The most extensive theoretical work on GNNss has concerned itself
with the representational power of different GNN architectures, while trying to preserve equivariance (to
permuting the neighbors) of each layer. [Xu etal., 2018] connected the expressive power of such architec-
tures to the Weisfeiler-Lehman (WL) test for graph isomorphism. Subsequent works [Maron et al., 2019,
Zhao et al., 2021] focused on strengthening the representational power of the standard GNN architec-
tures from the perspective of symmetries—more precisely, to simulate the £-WL test, which for k as large
as the size of the graph becomes as powerful as testing graph isomorphism. Our work suggests that this
perspective may be insufficient to fully understand the representational power of different architectures.

GNN’s As A COMPUTATIONAL MACHINE: Two recent papers [Loukas, 2019, 2020] considered prop-
erties of GNNs when viewed as “local computation” machines, in which a layer of computation allows a
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node to aggregate the current values of the neighbors (in an arbitrary fashion, without necessarily consid-
ering symmetries). Using reductions from the CONGEST model, they provide lower bounds on width
and depth for the standard node-embedding based architecture. However, they do not consider architec-
tures with edge embeddings, which is a focus of our work.

COMMUNICATION COMPLEXITY METHODS TO PROVE REPRESENTATIONAL SEPARATIONS: Tools
from distributed computation and communication complexity have recently been applied not only to
understand the representational power of GNNs [Loukas, 2019, 2020], but also the representational
power of other architectures like transformers [Sanford et al., 2024b,a]. In particular, [Sanford et al.,
2024a] draws a connection between number of rounds for a MPC (Massively Parallel Computation)
protocol, and the depth of attention-based architectures.

GNNS FOR INFERENCE AND GRAPHICAL MODELS:  The paper [Xu and Zou, 2023] considers the ap-
proximation power of GNNs for calculating marginals for pairwise graphical models, if the family of po-
tentials satisfies strong symmetry constraints. They do not consider the role of edge embeddings or mem-
ory.

9.4 SETUP

NortaTioN. We will denote the graph associated with the GNN as G = (V, E), denoting the vertex
set as V' and the edge set as 2. The graph induces adjacency relations on both edges and nodes, namely
forv,v’ € Vaande, e € E,wehave: v ~ v if {v,v'} € E;v ~ eife = {u,v} forsomeu € V;and
e ~ €'if e, € share at least one vertex. For all graphs considered in this paper, we assume that {v, v} € E
forall v € V, so that adjacency is reflexive. We then define adjacency functions N : VU E — V and
Mg :VUE — EasNg(a) ={veV:a~v}and Mg(a) :={e€ E :a~ e}

LOCAL MEMORY-CONSTRAINED COMPUTATION. In order to reason about the required depth with
different architectures, we will define a mathematical abstraction for one layer of computation in the
GNN. We will define two models for local computation, one for each of the edge-embedding and node-
embedding architecture. Unlike much prior work on GNNs and distributed computation, we will also
have memory constraints — more precisely, we will constrain the bit complexity of the node and edge
embeddings being maintained.

In both models, there is an underlying graph G = (V, E), and the goal is to compute a function ¢ :
®F — {0,1}Y, where @ is the fixed-size input alphabetyvia several rounds of message-passing on the
graph G. This domain of g is ¥ because in both models, the inputs are given on the edges of the graph
— the node model will just be unable to store any additional information on the edges. As we will see in
Section 9.5, this is a natural setup for probabilistic inference on graphs.

In both models, a protocol is parametrized by the number of rounds 7" required, and the amount of mem-
ory B required per local processor. For notational convenience, for B € N we define Xp := {0,1}7,
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i.e. the length-B binary strings. Recall that N (v), M (v) denote the sets of vertices and edges adjacent
to vertex v in graph G, respectively.

Definition 31 (Node message-passing protocol). Ler T, B € Nand let G = (V, E) be a graph. A node
message-passing protocol P on graph G with T' rounds and B bits of memory is a collection of functions
(fro)teir) ey where fiy X]]BVG(U) x dMa(v) X forall t,v. For aninput I € ®F, the computation
of P at a roundt € [T'] is the map P,(-; 1) : V — Xp defined inductively by

Pt(m I) = ft,v((Ptflﬁ/; I))U’ENc(v)v (I(€>>66MG(V))

where Py = 0. We say that P computes a function g : ¥ — {0, 1}V on inputs T C ®F if Pr(v; 1)1 =
g(I), forallv € Vandall I € T.

In words, the value computed by vertex v at round ¢ is some function of the previous values stored
at the neighbors v/ € Ng(v), as well as possibly the problem inputs on the edges adjacent to v (i.e.
(I(e))ecmy(v)))- Note that P;(v; I) may indeed depend on P, (v; I'), due to our convention that v €
N¢(v). We can define the edge message-passing protocol analogously:

Definition 32 (Edge message-passing protocol). Let T, B € Nand let G = (V. E) be a graph. An edge
message-passing protocol P on graph G with T" rounds and B bits of memory is a collection of functions
(ft,e)te[T},eeE where fi . Xé&;(e) X O — Xp forallt, e, together with a collection of functions (fv)ve[\/]
where f, : X} ¢ 5 40,1}. Foran input I € ®F, the computation of P at a timestep t € [T is the
map P,(-; 1) : E — Xp defined inductively by:

Pt(e; I) = ft,e((Ptfl(e/; I))e’eMg(e)> I<€))
where Py = 0. We say that P computes a function g : ®F — {0,1}V on inputs T C ®F if

fv((PT(e; I))eeMc(v)) = g([)v
forallv e Vandalll € T.

Remark 6 (Relation to distributed computation literature). These models are very related to classical
models in distributed computation like LOCAL [Linial, 1992] and CONGEST [Peleg, 2000]. However,
the latter models ignore memory constraints, so we cannot usefully port lower and upper bounds from this
literature.

Remark 7 (Computational efficiency). In the definitions above, we allow the update rules fi ., fi . to be
arbitrary functions. In particular, a priori they may not be efficiently computable. However, our results
showing a function can be implemented by an edge message-passing protocol (Theorem 11, Part 2 and Theo-
rem 12, Part 2) in fact use simple functions (computable in linear time in the size of the neighborhood), im-
plying the protocol can be implemented in parallel (with one processor per node/edge respectively) with par-
allel time complexity O(T'B - max, | M¢(v)|). On the other band, for the results showing a function can-
not be implemented by a node message-passing protocol (Theorem 11, Part 1 and Theorem 12, Part 1), we
prove an impossibility result for a stronger model (one in which the computational complexity of [y, is un-
restricted) — which makes our results only stronger.
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SYMMETRY-CONSTRAINED PROTOCOLS. Typically, GNNS are architecturally constrained to respect
the symmetries of the underlying graph. Below we formalize the most natural notion of symmetry in our
models of computation. Note, our abstraction of a round in the message-passing protocol generalizes
the notion of a layer in a graph neural network—and the abstraction defined below correspondingly
generalizes the standard definition of permutation equivariance [Xu et al., 2018]. We use the notation
{} to denote a multiset.

Definition 33 (Symmetric node message-passing protocol). A node message-passing protocol P = ( f ,)reir) vev
on graph G = (V, E) is symmetric if there are functions (f;’™ )icr| s0 that for everyt € [T] andv € V,
the function f ,, can be written as:

Feo((c(0)wencw), (1(€))ecraw) = ;7 (c(v), {(c(W), I{v,v'})) - v € Na(v)}).

Definition 34 (Symmetric edge message-passing protocol). An edge message-passing protocol

P = ((ft,e)te[T],eeEa (ffu)vEV)

on graph G = (V, E) is symmetric ¢f there are functions (f;'™ )ieir) and F¥™ 50 that for every t € [T
and e = {u,v} € E, the function f, . can be written as:

fre((e(€))eenae), 1(e)) = £ (I(e), c(e), {fc({u, v'}) : v" € No(u)}, fe({u', 0}) - v’ € No(v)}}),
and for everyv € V, f, can be written as f,((c(€))eertaw)) = [¥™(fc(e) 1 e € Ma(v)}).

9.5 DEPTH SEPARATION BETWEEN EDGE AND NODE MESSAGE
PASSING PROTOCOLS UNDER MEMORY CONSTRAINTS

We will consider a common task in probabilistic inference on a pairwise graphical model: calculating the
MAP (maximum a-posterior) configuration.

Definition 35 (Pairwise graphical model). For any graph G = (V, E), the pairwise graphical model on
G with potential functions iy = {0,1}> — Ris the distribution py, € A({0,1}V) defined as

p¢(:1c)o<exp - Z ¢{a,b}(xaaxb)

{a,b}eE

Definition 36 (MAP evaluation). Let ® C {¢ : {0,1}* — R} be a finite set of potential functions. A
MAP (maximum a-posteriori) evaluator for G (with potential function class ®) is any function g : ¥ —
{0,1}V that satisfies

g(¢) € arg max py(z)
ze{0,1}V

forall ¢ € OF,

With this setup in mind, we will show that there exists a pairwise graphical model, and a local function
class @, such that an edge message passing protocol can implement MAP evaluation with a constant
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number of rounds and a constant amount of memory, while any node message protocol with 7" rounds

and B bits of memory requires I'B = Q(/|V|). Precisely, we show:

Theorem 11 (Main, separation between node and edge message-passing protocols). Fixn € N. There is

a graph G with O(n) vertices and O(n) edges, and a function class @ of size O(1), so that:

1. Let g be any MAP evaluator for G with potential function class ®. Any node message-passing protocol
on G with T rounds and B bits of memory that computes g requires TB > \/n — 1.

2. There is an edge message-passing protocol ( fi . )i on G with O(1) rounds and O(1) bits of memory
that computes a MAP evaluator for G with potential function class ®. Additionally, for all t, e, the
update rule f . can be evaluated in O(|Mc(€)|) time.

We provide a proof sketch of the main techniques here, and relegate the full proofs to Appendix 16.1.
The graph G that exhibits the claimed separation is a disjoint union of y/n path graphs, with an addi-
tional “hub vertex” that is connected to all other vertices in the graph (Figure 16.1). The intuition for the
separation is that MAP estimation requires information to disseminate from one end of each path to the
other, and the hub node is a bottleneck for node message-passing but not edge message-passing. We ex-
pand upon both aspects of this intuition below.

LOWER BOUND FOR NODE MESSAGE-PASSING PROTOCOLS: Our main technical lemma for the first
half of the theorem is Lemma 26. It gives a generic framework for lower bounding the complexity of any
node message-passing protocol that computes some function g, by exhibiting a set of nodes S C V' where
computing g requires large “information flow” from distant nodes. More precisely, for any fixed set of
“bottleneck nodes” K, consider the radius-1" neighborhood of S when K is removed from the graph. In
any T'-round protocol, input data from outside this neighborhood can only reach S by passing through
K. But the total number of bits of information computed by K throughout the protocolis only T'B| K|.
This gives a bound on the number of values achievable by g on S. We formalize this argument below:

Lemma 26. Let G = (V, E) be a graph. Let P be a node message-passing protocol on G with T rounds
and B bits of memory, which computes a function g : ¥ — {0,1}V. Pick any disjoint sets K, S C V.
Define H := G[K], F := Mg(N}7'(S)). Then:

1 —
TB > Wlog]mezgv}{gs([ﬂ[lp) Iy e CI)F}‘
F

Proof. First, we argue by induction that for eacht € [T]andv € V \ K, P,(v; 1) is determined by
Iy, (V1 () and (Py(k; I))eepg ke - Indeed, by definition, P; (v; I) is determined by [Mé(v) foranyv €
VA\K.Foranyt > landv € V\ K, Py(v; I)isdetermined by (Pi—1 (v'; 1)) wengw) and (1(€))ecrg (v)-
Note that Ng(v) € Ny (v) U K. Thus, using the induction hypothesis for each v/ € Ny (v), we get
that (F—1(v'; 1))weng (v) is determined by (¢ v, (1) Iy1o(nt=2(vry) and (Pe(k3 1)) ey pek- So Py(v; 1)
is determined by I, yt-1,)) and (Pe(k; 1)) e ke k> completing the induction.
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Since P computes g and S C V' \ K, we get that gs([) is determined by Me(NT-Y(s)) = I and
(P(k; I))ée[T],keK- Thus, for any fixed Ir € ®p, we have

{s(r, 1p) - 1 € @7 Y| < [{(Pulhs (I, Fp)ictmperc) + T € @F | < | 111 = 27561
The lemma follows. ]

Remark 8. The proof technique is inspired by and related to classic techniques (specifically, Grigoriev’s
method) for proving time-space tradeoffs for restricted models of computation like branching programs ([ Grigor ev,
1976], see Chapter 10 in Savage [1998] for a survey). There, one defines the “flow” of a function, which quan-

tifies the existence of subsets of coordinates, such that setting them to some value, and varying the remaining
variables results in many possible outputs. In our case, the choice of subsets is inberently tied to the topology

of the graph G. Our technique is also inspired by and closely related to the “light cone” technigue for proving
round lower bounds in the LOCAL computation model [Linial, 1992]. However, our technique takes ad-
vantage of bottlenecks in the graph to prove stronger lower bounds (which would be impossible in the LOCAL
model where memory constraints are ignored).

The proof of Part 1 of Theorem 11 now follows from an application of Lemma 26 with a particular
choice of K and S. Specifically, we choose K to be the “hub” node (i.e. K = {0})and S to be the
set of left endpoints of each path. To show that any MAP evaluator has large information flow to S
(in the quantitative sense of Lemma 26), it suffices to observe that in a pairwise graphical model on G
where a different external field is applied to the right endpoint of each path, and all pairwise interactions
along paths are positive, the MAP estimate on each vertex in S must match the external field on the
corresponding right endpoint.

UPPER BOUND FOR EDGE MESSAGE-PASSING PROTOCOLS:  The key observation for constructing a
constant-round edge message-passing protocol for MAP estimation on G is that all of the input data can
be collected on the edges adjacent to the hub vertex. At this point, every such edge has access to all of
the input data, and hence can evaluate the function. If G were an arbitrary graph, this final step would
potentially be NP-hard. However, since the induced subgraph after removing the hub vertex is a disjoint
union of paths, in fact there is a linear-time dynamic programming algorithm for MAP estimation on G
(Lemma 48). This completes the proof overview for Theorem 11; we now provide the formal proof.

Proof of Theorem 11. Let G be the graph on vertex set V' := {0} U [\/n] x [/n] with edge set defined
below (see also Figure 16.1):

E:={0,(,5)} .5 € Walb U{{(i.5), (i +1,5)} 2 <i < v/, 1 <j < Vn}.
Define
O = {(zq, ) — Lza # 28], (0, ) — L[z # IV # 1], (240, ) — L[ze # OVay # 0], (24, 2) — 0}.

First, let g : ®F — {0, 1}V be any MAP evaluator for G with potential function class ®, and consider
any node message-passing protocol on G' with T’ rounds and B bits of memory that computes g. Let

K = {0}and S = {(1,5) : j € [v/n]}. Suppose that T < /n — 2. Let F := Mqg(N}(9))
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and note that {(v/n — 1,7), (v/n,j)} & Fforallj € [/n]. Let Ir : F — ® be the mapping that
assigns the function (z,, 2) + 0 toeachedge {0, (7, j)} € F and (x,, 2p) — 1]z, # xp) to each edge
{(4,7), i+ 1,7)} € F. We claim that

HgS(IF,IF) Iy € cbf}( > Vi

Indeed, for any string y € {0, 1}V, consider the mapping I : F — ® that assigns the function

(g, ) — L[zg # y; V xp # yj] to eachedge {(v/n — 1,7), (v/n,j)} € F,assigns (x4, xp) — 0
to each edge {0, (7,7)} € E \ F, and assigns (x4, 7)) — L[, # x| to all remaining edgesin £\ F.

Then every minimizer of

I ‘[a as
i D Ty )
{ab}eE

satisfies 2(1,5) = -+ = Z(mj) = y; forall j € [/n]. Hence, gs(Ip, I) = y. Since y was chosen
arbitrarily, this proves the claim. But now Lemma 26 implies that 7B > Vn.

We now construct an edge message-passing protocol P on G with 7' = 3 and B = 4. We (arbitrarily)
identify ® with {0, 1}?. Forall, j € \/n, define
fiiaa v (@, y) ==y ifi < v/n
Fat061(2:Y) = (@69, 64191 T0,6.9)}) ifi <v/n

f3,{0,(i,j)}($ay) = (go(J(I)),g(iJ)((](l‘)))

where the second line is well-defined since edge {0, (7, j) } is adjacent to both itself and edge { (7, 7), (i +
1, j)}; and in the third line the function is computing gy and g(; ;) on the input J(z) € O defined as

J(:C pp— (x{o,(k,f)})l:Z lf@ = {(k7 6)7 (k + 17 g)}
@)z ife={0,(k 0)} ’
where we use the notation v, for a vector v and indices @, b € N to denote (vg, Vi1, - - ., vp). Note

that J () is a well-defined function of z for every edge {0, (7, j) }, because {0, (¢, 7)} ~ {0, (k, €)} for
alli, j, k, ¢ € [n]. Finally, define all other functions f; . to compute the all-zero function, and define

fv($) — (Tgo,1)y)1:2 ifv = O .

(740, )3:4 otherwise
This function is well-defined since v = 0 is adjacent to edge {0,(1,1)} and any vertexv € V \ {0} is
adjacent to edge {0, v}.

Fixany / € ®”. From the definition, it’s clear that P>({0, (¢,7)}; 1) = (L5, +1.0)1 L10,6.j)y) for
all I and (i, j) € [v/n — 1] x [y/n]. Hence J((P(€';1))erenig(e))e = 1 for all edges e of the form
(0,4{1,7}),and so P3({0, (2, 7) }; 1) = (9o(1), gui,5y(I)) forall (i, j) € [v/n] x [\/n]. This means that
fo((Ps(e; I))eemow)) = g(I), forallv € V, so the protocol indeed computes g.

It remains to argue about the computational complexity of the updates f; .. It’s clear that foralle € E
and ¢ € {1, 2}, the function f; . can be evaluated in input-linear time. The only case that requires proof
iswhent = 3and e = {0, (4,7)} for some i, j € y/n. In this case | Mg(e)| = O(n), so it suffices to
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give an algorithm for evaluating the function g : ®¥ — {0,1}" on an explicit input .J in O(n) time.
This can be accomplished via dynamic programming (Lemma 48). ]

Remark 9. A quantitatively stronger (and in fact tight) separation is possible if one considers general tasks
rather than MAP estimation tasks — see Appendix 16.3.

The separation discussed above crucially relies on the existence of a high-degree vertex in G. When the
maximum degree of GG is bounded by some parameter A, it turns out that any edge message-passing pro-
tocol can be simulated by a node message-passing protocol with roughly the same number of rounds and
only a A factor more memory per processor. The idea is for each node to simulate the computation that
would have been performed (in the edge message-passing protocol) on the adjacent edges. The following
proposition formalizes this idea (proof in Appendix 16.1):

Proposition 12. Let T, B > 1. Let G = (V, E) be a graph with maximum degree /\. Let P be an edge
message-passing protocol on G with I rounds and B bits of memory. Then there is a node message-passing
protocol P on G that computes P with T + 1 rounds and O(AB) bits of memory.

9.6 DEPTH SEPARATION UNDER MEMORY AND SYMMETRY
CONSTRAINTS

One drawback of the separation in the previous section is that the constructed edge protocol was highly
non-symmetric, whereas in practice GNN protocols are typically architecturally constrained to respect
the symmetries of the underlying graph. In this section we prove that there is a separation between the
memory/round trade-offs for node and edge message-passing protocols even under additional symmetry
constraints.

Theorem 12. Lern € N. Thereisa graph G = (V, E) with O(n) vertices and O(n) edges, and a function
g:{0,1}F — {0,1}Y, s0 that:

1. Any node message-passing protocol on G with I rounds and B bits of memory that computes g requires

TB > Q(y/n).

2. There is a symmetric edge message-passing protocol on G with O(1) rounds and O(logn) bits of
memory that computes g.

For intuition, we start by sketching the proof of a relaxed version of the theorem, where the inputalphabet
is [n] instead of {0, 1}. We then discuss how to adapt the construction to binary alphabet.

LARGE-ALPHABET CONSTRUCTION. Let G = (V, E) be a star graph with root node 0 and leaves
{1,...,n}. We define a function g : [n]¥ — {0,1}" by g(I), = 1if and only if there is some edge
e # {0,v}suchthatI(e) = I({0,v}),ie. theinputonedge {0, v} equals the input on some other edge.
Since g is defined to be equivariant to relabelling the edges, and all edges are incident to each other, it is
straightforward to see that there is a symmetric one-round edge message-passing protocol that computes
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g with O(log n) memory (in contrast, the edge message-passing protocol constructed in Section 9.5 was
not symmetric, as it required that the edges incident to the high-degree vertex were labelled by which
path they belonged to). However, there is no low-memory, low-round zode message-passing algorithm.
Informally, this is because vertex 0 is an information bottleneck, and €2(n) bits of information need to
pass through it. Similar to in Section 9.5, this intuition can be made formal using Lemma 26.

MODIFYING FOR SMALL ALPHABET. The large alphabet size seems crucial to the above construction:
if we were to naively modify the above construction so that each edge takes input in {0, 1} (without
changing the graph topology or the function g), then there would be alow-memory, low-round message-
passing protocol, since the root node simply needs to compute the histogram of the leaves’ inputs, which
takes space O(log n). Each leaf node can use this information together with its own input value to com-
pute its output. Essentially, there is no information bottleneck because there is a concise, sufficient “sum-
mary" of the input data.

However, the above construction can in fact be adapted to work with binary alphabet, by modifying the
graph topology. At a high level, for each leaf node w in the above construction, we add n descendants and
encode the input that was originally on u on the descendants of u, in unary. Of course, this new graph
has n? nodes, so we must rescale parameters accordingly.

We now make this idea formal. For notational convenience, define m = [y/n|. We define a graph
G = (V, E) that is a perfect n-ary tree of depth two. Formally, the graph G has vertex set V' = {0} U
[m] U ([m] x [m]). Vertex 0 is adjacent to each i € [m], and each ¢ € [m] is additionally adjacent to
(i,7) forall j € [m)]. We define a function ¢ : {0,1}¥ — {0,1}" as follows. On input I € {0, 1},
for each edge e € F, define the input summation at e to be

CI)e:= > I(e)

e’'eMa(e)

Intuitively, one may think of C'([). as simulating the input on e in the “large alphabet” construction
described in Section 9.6. Next, define

(1) () = 0.
9w = 1[7tle € Ma({0,u}) : C(I)e = C(I)qou| > m +1].
g(I)o :==1[Fu € [m] : g(I), = 1].

In words, g([), is the indicator for the event that, among the 2m + 1 edges adjacent to {0, u} (which
include {0, u} itself), more than m + 1 edges have the same input summation as {0, u}. At a high level,
this definition of g was designed to satisfy three criteria. First, g(I), depends on the input values on
other branches of the tree: in particular, if I{o,} = 0forallv € [n], then C(I). = C(I){o, for all
edges e in the subtree of u, so g([),, exactly measures the event that there is a# least one edge e outside the
subtree of u for which C'(I). = C([)0,4}- Second, there is no concise “summary” of I such that g(1),,
can be determined from this summary in conjunction with the inputs on the subtree of u. Third, g(I)
is equivariant to re-labelings of the tree.

117



9 Towards Characterizing the Value of Edge Embeddings in Graph Neural Networks

The first two criteria, together with the fact that the root vertex 0 is an “information bottleneck” for G,
can be used to show that any node message-passing algorithm that computes g on G requires either large
memory or many rounds. The third criterion enables construction of a symmetric edge message-passing
protocol for g. The arguments are formalized in the claims below.

Claim 1. For graph G and function g as defined above, any node message-passing protocol on G that com-
putes g with T rounds and B bits of memory requires T B > Q(m).

Proof. Consider any input I € {0, 1} with [({0,u}) = O forallu € [m]. Then for any u, j € [m],

we have

CD) fu gy = CU)jo,uy = Z I({u, (u,4)}).

Thus g(I), = 1if and only if there exists some v € [m] \ {u} with C'(1){0,uy = C(I){0,0}, Or equiva-
lenely > 57, T({u, (u,0)}) = 325 I({v, (v,2)}).

Fix T', B and suppose that P is a node message-passing protocol on G' that computes g with 7" rounds

and B bits of memory. Define sets of vertices { := {0} and S := {1,...,m/2}. Let H := G[K]and
F := Mg(NEL71(S)). Then for any T, we have that

F={{0,u}:1<u<m/2} U{{u,(u,5)} : 1 <u<m/2,1 <j<m}.
Define a vector I € ®F by
Itoy = 0for1 <u <m/2
Ttu gy = 17 < ulforl <u<m/2,1 <5< m.
Now fixany z € {0, 1}°. We claim that there is some I+ € ®F such that gs(Ir, I) = . Indeed, let
us define [ by:
Itopy = 0form/2 <v<m
Ity wi)y = Tommpel[j <v—m/2]form/2 <v<m,1<j<m.

Then C (1), = uforalll <u <m/2,and C(1)0y = (v —m/2)Ty_sps2 forallm/2 < v < m.
It follows that forany 1 < w < n/2, z, = 1 if and only if there exists some v € [m] \ u with
C(I)¢0,uy = C(I){0}>and hence z,, = g(I),,. We conclude that

{gS(IF, L) I € @f}

Applying Lemma 26 we conclude that T'B > €2(m) as claimed. N

Claim 2. For graph G and function g as defined above, there is a symmetric edge message-passing protocol
on G that computes g with O(1) rounds and O(logm) bits of memory.

Proof. In the first round, each edge processor reads its input value. In the second round, each edge pro-
cessor sums the values computed by all neighboring edges (including itself). In the third round, each edge
processor computes the indicator for the event that strictly more than m + 1 neighboring edges (includ-
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ing itself) have the same value as itself. In the final aggregation round, the output of a vertex is the indi-
cator for the event that any neighbor has value 1.

By construction, the value computed by any edge e after the second round is exactly C'(I).. Thus, after
the third round, the value computed by any edge {0, u} is exactly g(I),,. Moreover, the value computed
by any edge {u, (u, j)} is O after the third round, since such edges only have m + 1 neighbors. It follows
by construction of the final aggregation step that the protocol computes g. [

Proof of Theorem.2. Immediate from Claim 1 and Claim 2. O

9.7 SYMMETRY ALONE PROVIDES NO SEPARATION

In the previous sections we saw that examining memory constraints yields a separation between different
GNN architectures (whether or not we take symmetry into consideration). In this section, we consider
what happens if we solely consider symmetry constraints (that is, constraints imposed by requiring that
the computation in a round of the protocol is invariant to permutations of the order of the neighbors).
This viewpoint was initiated by Xu et al. [2018], who showed that when the initial node features are
uninformative (that is, the same for each node), a standard GNN necessarily outputs the same answer for
two graphs that are 1-Weisfeiler-Lehman equivalent (that is, graphs that cannot be distinguished by the
Weisfeiler-Lehman test, even though they may not be isomorphic).

To be precise, we revisit the representational power of symmetric GNN architectures in the setting where
the input features may be distinct and informative. We show that 7f we remove the memory constraints
from Section 9.5, but impose permutation invariance for the computation in each round, any function
that is computable by a T-layer edge message-passing protocol can be computed by a (7" 4 1)-layer node
message-passing protocol. Note that this statement is incomparable to Proposition 12 because we impose
constraints on symmetry, but remove constraints on memory.

Theorem 13 (No separation under symmetry constraints). Let T" > 1. Let P be a symmetric edge
message-passing protocol (Definition 34) on graph G = (V, E) with T rounds. Then there is a (T + 1)-
round symmetric node message-passing protocol (Definition 33) P on G that computes the same function as

P.

Remark 10. Theorem 13 and its proof are closely related to the fact that the 1-Weisfeiler-Lebman test is
equivalent to the 2-Weisfeiler-Lebman test, which was reintroduced in the context of higher-order GNNs
[Huang and Villar, 2021]. However, the k-Weisfeiler-Lehman test only characterizes the representational
power of k-GNNs with uninformative input features (i.e. that are identical for all nodes). Theorem 13 shows
that even with arbitrary input features on the edges, the computation of a GNN with edge embeddings and
symmetric updates can be simulated by a GNN with only node embeddings, without losing symmetry.

To prove Theorem 13, note that it suffices to simulate the protocol P for which the update rules f¥™, foym
in Definition 34 are identity functions on the appropriate domains. In order to simulate P, we con-
struct a symmetric node message-passing protocol P’ for which the computation at time ¢ 4 1 and node
v on input [ is the multiset of features computed by P at time ¢ at edges adjacent to v: Q;(v; ) :=
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{P.(e;I): e € Mg(v)}. This is possible since the computation of P at time ¢ and edge e = (u, v) is
Pe;I) = (I(e), P—1(e; 1), { Qi—1(u; 1), Q1—1(v; 1) }). The node message-passing protocol is track-
ing Q1 (+; I); moreover, it can recursively compute P, (e; I ) using the same formula. See Appendix16.2
for the formal proof.

9.8 EMPIRICAL BENEFITS OF EDGE-BASED ARCHITECTURES

In this section we demonstrate that the representational advantages the theory suggests are borne out by
experimental evaluations, both on real-life benchmarks and two natural synthetic tasks we provide. Note
that all the experiments were done on a machine with 8 Nvidia A6000 GPUs.

9.8.1 PERFORMANCE ON COMMON BENCHMARKS

First we compare the performance of the most basic GNN architecture (Graph Convolutional Network,
Kipfand Welling [2016]) with node versus edge embeddings. In the notation of Equation 9.1 and Equa-
tion 9.2, the AGGREGATE and COMBINE operations are integrated as a transformation that looks
like Equation 9.3 or Equation 9.4:*

R = B0 4+ o (WOMEAN (B - w € Ng(v) \ {v})) ©:3)
R = b0 4 o (WOMEAN(RY : f € Ma(e) \ {e})) (9.4)

for trained matrices W (" and a choice of non-linearity 0. The only difference between these architec-
tures is that in the latter case, the message passing happens over the /ine graph of the original graph (i.c.
the neighborhood of an edge is given by the other edges that share a vertex with it) — thus, this can be
viewed as an ablation experiment in which the only salient difference is the type of embeddings being
maintained. To also equalize the information in the input embeddings, we only use the node embed-
dings in the benchmarks we consider: for the edge-based architecture Equation 9.2, we initialize the edge
embeddings by the concatenation of the node embeddings of the endpoints.

In Table 9.1, we show that this single change (without any other architectural modifications) uniformly
results in the edge-based architecture at least matching the performance of the node-based architecture,
sometimes improving upon it. Note, the purpose of this table is not to advocate a new GNN architecture® —
but to confirm that the increased representational power of the edge-based architecture indicated by the
theory also translates to improved performance when the model is trained. For each benchmark, we
follow the best performing training configuration as delineated in [Dwivedi et al., 2023].

9.8.2 A SYNTHETIC TASK FOR TOPOLOGIES WITH NODE BOTTLENECKS

The topologies of the graphs in Theorem 11 and Theorem 12 both involve a “hub” node, which is con-
nected to all other nodes in the graph. Intuitively, in node-embedding architectures, such nodes have to
mediate messages between many pairs of other nodes, which is difficult when the node is constrained by

2This is the “residual” parametrization, which we use in experiments unless otherwise stated.
3In particular, the edge-based architecture is often much more computationally costly to evaluate.

120



9 Towards Characterizing the Value of Edge Embeddings in Graph Neural Networks

ZINC MNIST CIFAR-10 Peptides-Func Peptides-Struct
Model MAE ({) ACCURACY (1) ACCURACY (1) AP (1) MAE (1)
GCN 03430 £0.034  95.2940.163  55.71+0.381  0.6816+0.007  0.2453 + 0.0001

Edge-GCN (Ours) 0.3297 £0.011  94.37 +0.065 57.44 +0.387 0.6867 + 0.004 0.2437 4 0.0005

Table 9.1: Comparison of node-based Equation 9.3 and edge-based Equation 9.4 GCN architectures across various
graph benchmarks. The performance of the edge-based architecture robustly matches or improves the
node-based architecture.

memory. To empirically stress test this intuition, we produce a synthetic dataset and train a GNN to solve
a regression task on a graph with a fixed star-graph topology—a simpler topology than the constructions
in Theorem 11 and Theorem 12—but capturing the core aspect of both. A star graph is a graph with a
center node vy, a set of 1 leaf nodes {v; }s¢[,,), and edge set {{vo, v; }icpn) }. A training pointin the dataset
is a list (x;, y;)7—q where x; is the input feature and y; is the label for leaf node v;.

The input features are in R, and sampled from a standard Gaussian. The labels y; are produced as
outputs of a planted edge-based architecture. Namely, for a standard edge-based GCN asin Equation 9.4,
we randomly choose values for the matrices { W, } ;¢ k) for some number of layers k, and set the labels to be

the output of this edge-based GCN, when the initial edge features to the GCN are set as hf{?))wi} = x,,i.e.
the input feature z; at the corresponding leaf i. In Table 9.2, we show the performance of edge-based and
node-based architectures on this dataset, varying the number of leaves n in the star graph and the depth
k of the planted edge-based model. In each case, the numbers indicate RMSE of the best-performing
edge-based and node-based architecture, sweeping over depths up to 10 (2x the planted model), widths
€ {16, 32,64}, and a range of learning rates.

Since the planted edge-based model satisfies both 7zvariance constraints (by design of the GCN architec-
ture) and memory constraints (since the planted model maintains 10-dimensional embeddings), we view
these results as empirical corroboration of Theorem 12—and even for simpler topologies than the proof
construction.

Depth of Planted Model (RMSE)
Number of ) 3 1
Leaves Edge Node Edge Node Edge Node

64 0.004 0.3790 0.011 0.3596 0.008 0.3752
32 0.003 0.3664 0.005 0.3626 0.003 0.3614
16 0.007 0.3336 0.002 0.2100 0.002  0.2847

Table 9.2: Performance (in RMSE |) of edge-based and node-based architectures on a star-graph topology. The first
number is the performance of the best edge-based model, and the second is the best node-based model,
across a range of depths up to 10 (2 the planted model), widths € {16, 32, 64}, and a range of learning
rates.
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9.8.3 A SYNTHETIC TASK FOR INFERENCE IN ISING MODELS

Finally, motivated by the probabilistic inference setting in Theorem 11, we consider a synthetic sandbox
of using GNNs to predict the values of marginals in an Ising model [Ising, 1924, Onsager, 1944] — a
natural type of pairwise graphical model where each node takes a value in {£1}, and each edge potential
is a weighted product of the edge endpoint values. Concretely, the probability distribution of an Ising
model over graph G = (V, E) has the form:

Vr € {:i:l}n ipJﬁ(.fL’) X exp( Z J{Z'J‘}l’il'j + Z hll'z) .

{ijteE €V

Similar to in Section9.8.2, we construct a training set where the graph G and and edge potentials stay
fixed (precisely, J; ; = 1 forall {¢, j} € E). A training data-point consists of a vector of node potentials
{hi}iem)> and labels {IE[x;] }ic[) consisting of the marginals from the resulting Ising model p . The
node potentials are sampled from a standard Gaussian distribution.

There is a natural connection between GNNs and calculating marginals: a classical way to calculate
{E[z;]} when G is a tree is to iterate a message passing algorithm called belief propagation Equation 16.1,
(1)

in which for each edge {7, j } and directioni — j,amessagev; .

is calculated that depends on messages
{V]Si i} {k.iye - The belief-propagation updates Equation 16.1 naturally fit the general edge-message pass-
ing paradigm from Equation 9.2. In fact, they fit even more closely a “directed” version of the paradigm,
in which each edge {7, j} maintains two embeddings h;_, ;, h;_;, such that the embedding for direction
h;—,; depends on the embeddings { Ay} (r,ijez — and it is possible to derive a similar “directed” node-
based architecture (See Section 16.4.2). For both the undirected and directed version of the architecture,
we see that maintaining edge embeddings gives robust benefits over maintaining node embeddings—for
a variety of tree topologies including complete binary trees, path graphs, and uniformly randomly sam-

pled trees of a fixed size. More details are included in Appendix 16.4.

9.9 CONCLUSIONS AND FUTURE WORK

Graph neural networks are the best-performing machine learning method for many tasks over graphs.
There is a wide variety of GNN architectures, which frequently make opaque design choices and whose
causal influence on the final performance is difficult to understand and estimate. In this paper, we fo-
cused on understanding the impact of maintaining edge embeddings on the representational power, as
well as the subtleties of considering constraints like memory and invariance. One significant downside
of maintaining edge embeddings is the computational overhead on dense graphs. Hence, a fruitful direc-
tion for future research would be to explore more computationally efficient variants of edge-based archi-
tectures that preserve their representational power and performance.
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10 APPENDIX FOR CHAPTER 2

We begin by providing a brief overview of partial differential equations, some key results and useful lem-
mas. Hopefully this will also be useful for readers new to the field and want to learn and familiarize them-
selves with key definitions and basics.

10.1 BRIEF OVERVIEW OF PARTIAL DIFFERENTIAL EQUATIONS

In this section, we introduce few key definitions and results from PDE literature. We note that the results
in this section are standard and have been included in the Appendix for completeness. We refer the reader
to classical texts on PDEs [Evans, 1998, Gilbarg and Trudinger, 2001] for more details.

We will use the following Poincaré inequality throughout our proofs.

Theorem 14 (Poincaré inequality). Given Q2 C R% a bounded open subset, there exists a constant C,, > 0
such that for all v € H(Q)
[ull2@) < Cpll Vullz20)-

Corollary 1. For the bounded open subset Q) C RY, for all u € HY (), we define the norm in the Hilbert
space H} (Q) as
[l 13 (0) = [Vl (10.1)

Further, the norm in H} (Y) is equivalent to the norm H* ().

Proof. Note that for u € H(€2) we have,

[l @) = [Vl + [lull2
> [[Vullz
= |lullae) 2 [[ullay@)-

Where we have used the definition of the norm in Hj(£2) space.

Further, using the result in Theorem 14 we have
sy = (Il + 1IVul3aqy ) < (€24 1) [ Vul) (10.2)
Therefore, combining the two inequalities we have

lull ) < llullar@) < Cullullggo) (10.3)
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where Cj, = (C} + 1). Hence we have that the norm in Hj(Q2) and H'(Q2) spaces are equivalent.  []

Proposition 13 (Equivalence between 2 and H;j () norms). Ifv € span{yy,- - , @k} then we have
that ||v||2 is equivalent to ||v|| gy (q)-

Proof. We have from the Poincare inequality in Theorem 14 that for allv € H{ (), the norm in 2 is
upper bounded by the norm in Hj (), i.e.,

W13 < Nlollz o)

Further, using results from Equation 10.5 and Equation 10.4 (where b(u, v) := (Lu, v)2), we know that
forallv € H}(£2) we have

ml[vlls ) < (Lv,v)2 < max{M, Cyllc]lz=@ vl
This implies that (Lu, v), is equivalent to the inner product (u, U)Hé(Q), ie., forallu,v € H}(Q),
m(u, v) oy < (Lu, v)y < max{ M, Cylcl| L) } (t, v) g1 ()
Further, since v € span{1, - - , ¢}, we have from Lemma 2 that

(Lv,v)a < Ailloll3
Ak
= vl < ZHUH%

Hence we have that for all v € span{epy,--- , @i} ||v]|2 is equivalent to ||v HH&(Q) and by Corollary 1 is
also equivalent to ||v|| g1 (q). O]

Now introduce a form for (Lu, v), that is more amenable for the existence and uniqueness results.
Lemma 27. Forall u,v € H}(SY), we bave the following,
1. The inner product (Lu, v), equals,

(Lu,v)y = /(AVu - Vv + cuv) dx
0

2. The operator L is self-adjoint.

Proof. 1. We will be using the following integration by parts formula,

audx: —/uavdx—l—/ uvn;OI'
o 0z; o Oz a0

Where n; is a normal at the boundary and O is an infinitesimal element of the boundary.
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Hence we have for all u, v € Hj (),
d

(Lu,v)y = /Q — (Z(@AAVU))) v+ cuv dx

=1

d
:/AVu-Vvda:—/ <Z(AVu)mZ> vdF—i—/cuvdx
Q 0 Q

i=1

= / AVu - Vudr + / cuvdx (. vjpn = 0)
Q

Q

2. Toshow that the operator L : Hg(2) — Hg () is self-adjoint, we show that forallu, v € Hj (1)
we have (Lu,v) = (u, Lv).

From Proposition 27, for functions u, v € H}(2) we have

(Lu,v)y = / AVu - Vvdx+/cuvdx
Q Q

—/AVv-Vudx+/cvudx
Q

= (u, Lv)

10.1.1 ProorF oF ProroSITION 1

We first show that if u is the unique solution then it minimizes the variational norm.

Let u denote the weak solution, further forall w € H}(Q) letv = u + w. Using the fact that L is self-
adjoint (as shown in Lemma 27) we have

J()=J(u+w)==(Llu+w),(ut+w))s — (f,u+ w)s

(Lu,u)s + %(Lw,wﬁ + (Lu,w)e — (f,u)g — (f,w)s

(Lw,w)q + (Lu,w)s — (f,w)s

(u)+%
(

where we use the fact that (Lu, u); > 0 and that u is a weak solution hence Equation 2.1 holds for all

w € HY(Q).
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To show the other side, assume that 4 minimizes .J, i.e., forall A > Oandv € H, 5 () we have, J(u +
) > J(u),

J(u+ M) > J(u)

%(L(u ), (14 A0))s — (s (14 X0))s > =(Lu, s — (fy )

N | —

A
= §<LU7U>2 + <LU7U>2 - <f7 U>2 > 0
Taking A — 0, we get
(Lu,v)s = (f,v)2 >0

and also taking v as —v, we have

(Lu,v)2 = (f,v)2 <0

Together, this implies that if w is the solution to Equation 2.2, then w is also the weak solution, i.e, for all
v € H}(Q) we have

(Lu,v)2 = (f,v)s

PROOF FOR EXISTENCE AND UNIQUENESS OF THE SOLUTION

In order to prove for the uniqueness of the solution, we first state the Lax-Milgram theorem.

Theorem 15 (Lax-Milgram, Lax and Milgram [1954]). Let H be a Hilbert space with inner-product (-, -) :
HXH =R andlethb: HxH — Randl : H — R be the bilinear form and linear form, respectively.
Assume that there exists constants Cy, Co, Cs > 0 such that for all w,v € H we have,

Cullully, < b(uw),  [b(u,v)] < Collullallvlls,  and |i(u)] < Csllull.
Then there exists a unique u € H such that,

b(u,v) =1l(v) forallve™H.

Having stated the Lax-Milgram Theorem, we make the following proposition,

Proposition 14. Given the assumptions (i)-(iit), solution to the variational formulation in Equation 2.1
exists and is unigue.

Proof. Using the variational formulation defined in (2.1), we introduce the bilinear form b(-, ) : H} (2) x
Hg(Q) — Rwhereb(u,v) := (Lu, v). Hence, we prove the theorem by showing that the bilinear form
b(u, v) satisfies the conditions in Theorem 15.
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We first show that for all u, v € H;j () the following holds,

[b(u, v)| =

/(AVu - Vv + cuv)dx
Q

< /](AVU - Vv + cuv)|dx
Q

< /|AVU~VU\dx+/]cuvldac
Q Q

§ HA“LOO(Q)HVUHLQ(Q)HV'UHLQ(Q) + HCHLoo(Q)HuHLz(Q)HUHLQ(Q
< M||V“||L2(Q)||VU”L2(Q) + ||C||L°C(Q)||U||L2(Q)||U||L2(Q)
< max{M, Cp||0||L°°(Q)}||U||H5(Q)||U||H3(Q) (10.4)

Now we show that the bilinear form a(u, u) is lower bounded.
b(v,v) = / (AVv - Vo + cv?)dz
Q
> m/Q IVol2dz = mlloll (103)
Finally, for v € Hj(Q)

(F,0)] = '/vadx

< I lzz@llvllz < Coll fll2llvll g o)

Hence, we satisty the assumptions in required in Theorem 15 and therefore the variational problem de-
fined in (2.1) has a unique solution. O

10.2 PERTURBATION ANALYSIS

10.2.1 ProoFr oF LEMMA 3

*

span> We have,

Proof. Using the triangle inequality the error between v* and u

*

||U - a;pan’b < ﬂu* - u:panH%—i_ ||u;pan - a:panH2 (106)

g g

() (1)

where u,,,, is the solution to the PDE Lu = fqpan.
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In order to bound Term (I), we use the inequality in Equation 2 to get,

||U - uspan”? )\ <L(U* - u:pan>7 U* - u:pan>2
- )\_1<f - fspam u* — u:pan>2
1
< _Hf — fspan|l2flu* — u;panHQ
1 €span
= ”u - uspanH2 = ”f fspan”2 = (107)
A1 A1

We now bound Term (II).

First we introduce an intermediate PDE Lu = fspan, and denote the solution @. Therefore, by utilizing
triangle inequality again Term (II) can be expanded as the following,

*

Huspan - &spanHQ < ||uspan ’L~L”2 + Ha - a;pan“Q (108)

We will tackle the second term in Equation 10.8 first.

. ~ __ 7-17F ~ % _7-17F
Using i = L™ fopan and @, = L™ fepan,

HU span”2 - ||<L t— _l)fspan||2
= ”( 1L - [) 71fspan”2

= ||@ — @panll2 = |(L7'L — D)@ (10.9)

span”2

Therefore, using the inequality in Lemma 5 part (2.) we can upper bounded Equation 10.9 to get,

< b|az (10.10)

||7,~L— g span”2

span”2

where 6 = maX{ ‘A ? }
Proceeding to the first term in Equation 10.8, using Lemma 4, and the inequality in Equation 2, the term

|u% an — @2 can be upper bounded by,

[ = 1 < 5 (Ll = ), g — )
L
< 3 Mo = vl
— i = il < - = ol < 5 212 0.1
Therefore Term (I1), i.e., ||, — Uspan |2 can be upper bounded by
[ = Tl < s = Tl + 17 = Tyl < L+ B alls (1012)
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Putting everything together, we can upper bound Equation 10.6 as

e = e < e = w2 + [ = T2

€span 0 ||f||2
< Span )
<7 T oo ol
where v = —/\lk )\ max{—“‘ %C} ]

10.2.2 ProoF oF LEMmMmA 10

Proof. We define r = fspan — fon, therefore from Lemma 29 we have that for any multi-index a,

- )
L7 )la < ()2 - C(enn + €span) + 4(1 + m) Nl fepan]|2-

Forevery t € N, we will write u; = t; + 14, s.t. Uy is a neural network and we (iteratively) bound ||7¢||2.
Precisely, we define a sequence of neural networks {1 }52, s.t.

Up = Uo,
U1 = Uy — (Lut fnn)

Since r; = u; — 1, we can define a corresponding recurrence for r:

To = 0
Tt+1 = ([ - UL)Tt -
Unfolding the recurrence, we get

ripr =Y (I —nL)'r (10.13)
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Using the binomial expansion we can write:
. L/t 5
1 =niyr=3 () -vikys
i=0

= ||(L —nL)r||2 =

2

t
()n |Eirll
t 7
.. t te
( ) Pl () < (—)
B 1 7
7 5 1
> (- n) ( (@°C e+ ) + 41+ 5)Ak||fspanug)
Y=
o) 4140 | fupaal
- -1 €nn €span N — 5 ( )QCZ span ||2
e 5 A
- (7772 > < Enn + Espan) + 4(1 + ,y . 5) (’L‘)2CZ ||fSpan”2)
-2 6 7
772 C (€nn + €span) +4( 1+ m Al fspanll2

(tienC) (( T o) + 4(1 n %) HfspanHz)

I
=]

.
|

—~
[l
N

M“

SN

il
o

IA
M-
~|]

.
I

—~
N
~

M“

~

7

—
w
=

M“

=0

=l

=0
)
< tmax{l, (t*enC)"'} <(enn + €span) + 4(1 + m) A;||fspany|2>

Here the inequality (1) follows by using the bound derived in Lemma 29. Further, we use thatall? € N
we have ! < i’ in (2) and the inequality (3) follows from the fact that Gyoe 2 = < L

Hence we have the the final upper bound:

)
’|Tt||2 S t2 maX{l, (t267’]0)t} (Enn —+ GSpan + 4(1 + m) )\ZHfspanHQ)

10.3 TEcHNICAL LEMMAS: PERTURBATION BOUNDS

In this section we introduce some useful lemmas about perturbation bounds used in the preceding parts

of the appendix.
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First we show a lemma that’s ostensibly an application of Davis-Kahan to the (bounded) operators L~
and L.

Lemma 28 (Subspace alignment). Consider linear elliptic operators L and L with eigenvalues \, <
Ao < -ooand Ny < Ny < - - respectively. Assume that vy 1= % - /\k1+1 > 0. For any function

g € H (), we define Ppg = Zf:1<g, i) and P.g := Zf:1<g, Di)oP; as the projection of g onto
span{p1, - - , @i} and O, respectively. Then we have:

~ o
| Prg — Prgll2 < m”gm (10.14)

m’ ¢

where § = max{e—“‘ G—C}.

Proof. 'We begin the proof by first showing that the inverse of the operators L and L are close. Using the

result from Lemma S with § = max{ ‘4L }, we have:

m

(L™'L = Du, u)2 < 8lull3

Now, the operator norm || L™ — L™!|| can be written as,

1L = LY = sup (L7 = L7 "w,v),
veHLQ) [0]3

<4 (10.15)

Further note that, {{-}:2, and {5%}?21 are the eigenvalues of the operators L' and L™, respectively.
Therefore from Weyl’s Inequality and Equation 10.15 we have:

1 5
sup|+ — = | < IL7'— L7 <6 (10.16)

Therefore, for all i € N, we have that 5% € [A% -0, /\% + 6], i.e., all the eigenvalues of L~! are within §
of the eigenvalue of L', which therefore implies that the difference between kth eigenvalues is,
1 1 1 1
- - P
e Akl A Arna
Since the operators L1, L~ are bounded, the Davis-Kahan sin © theorem [Davis and Kahan, 1970] can
be used to conclude that:

-0

I .
<

Isin©(span{epr, -+ o}, @x)ll = || P = Bil| < S S (10.17)
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L _ _L_ ‘Therefore for any function

where || - || is understood to be the operator norm, and vy = 5- Ve

g € H}(Q) we have
1Prg — Prglla < | P — Pellllgll2

< HL_l _E_1‘||| ||
> Y= gli2
By Equation 10.17, we then get || Prg — Prglla < %HgHg, which finishes the proof. ]

Finally, we show that repeated applications of Lto fun — f have also bounded norms:

Lemma 29 (Bounding norms of applications of L). The functions fun and f satisfy:
L L™ (fan = Fopan)lla < (n1)2 - C™(espan + €nn)

2 1L (fan = Fapan)ll2 < (01)? - C"(espan + ) +4(1 + 725 ) ALl £l

where d = max{ﬁ—“‘ 6—“}.

m’ ¢

Proof. For Part 1, by Lemma 33 we have that
||[~/n(fnn - fSpan)H2 < (n!)2 -C" max |[|0%(fon — fSpan>H2 (10.18)

a:lal<n+2
From Assumptions (i)-(iii), for any multi-index av we have:
Haafnn - aafspanHZ S ”aafnn - 8Oéf”2 + Haaf - aafspan”Z
< €nn + €span (10.19)
Combining Equation 10.18 and Equation 10.19 we get the result for Part 1.

For Part 2 we have,

Hzn(fspan - fnn)”? = ||I:n(flspan - fspan + fspan - fnn)”2 (1020)
< Hzn(ﬂpan - fSPan)HQ + ||[~fn(fspan - fnn)“2 (10-21)

Note that from Lemma 5 part (2.) we have that |[L™'L — I|| < & (where || - || denotes the operator
norm). This implies that there exists an operator 3, such that || X|| < 6 and we can express L as:

L=L(I+Y)

We will show that there exists a 3, s.t. | 2|| < n26 and L™ = (I 4 X)L". Towards that, we will denote
L™:=L"' oL o-..L " andshow that

Vv
n times

s

<1+n26 (10.22)
We have:
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HL—nin

= ||[Z7(L(I +%))"|

i=1

INZ
—_

=1

—
N
~

INA

—_

+
iM-
VRN
N

I
—
—_
+
52
~—
S

3

—
=

<
<

Z L"oLi Yoo

(e S pmeeness o)

— I+ZL‘"oLj_1oEoL"_j+---+L‘"o(LoZ)(”)

Tt Lo (Lo sy

where (1) follows from triangle inequality, (2) follows from Lemma 34, (3) follows from 1 4+ x < e,

and the last part follows from nd < 1/10 and Taylor expanding e”

. Next, since L and L are elhptlc

operators, we have || L~ "L”H = ||L"L~"|. From this, it 1mmed1ately follows that there exists a %, s.t.

L = (I 4+ )L™ with ||| < n20.

Plugging this into the first term of Equation 10.21, we have

L™ (fepan = Fopan)ll2 = IIL" Fopan

— L fopan|2
= [IL" fpan —
< |IL" fopan —
< IL" fopan —
< IL" fopan —

(I +Z)L" fapan]2

L" fupanllz + |EL" fopanlls
L" fopanllz + [ZL” frpanll2
L" fipanllz + 120\ | fspanl2

The first term in first term in Equation 10.23 can be expanded as follows:

HinfSpan - LnfspanHQ = Hf/nfspan - Lnfspan + Lnfspan + Lnfspan”2
S HLnfspan - LnfspanH + HLnfspan - LnfspanH2

We’ll consider the two terms in turn.
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For the first term, the same proof as that of Equation 10.22 shows that there exists an operator %, s.t.
|1X]| <2ndand L™ = (I 4+ X)L™. Hence, we have:

IL" fopan — L" fopanll = 11" fopan — (I +Z)L" fopan|
= [IZL" fopan|
< MR Fopan 2
<200 fllz € I fspanllz < [1£1l2) (10.25)

For the second term in Equation 10.23 we have:
n(p ||an||2 r
HL (fspan - fspan)HZ S sup —Hfspan - fspan||2 (1026)
V=01 V2,01 E@p,v2ED ||UH2
To bound the first factor we have:
[L"v]]2 = [[L"™(v1 — v2) |2

< |[L™1lg + [[L"v2 |2
= [|L"v1[|2 + |(I + )L™ 0|2
< XfJvrlla + AT + Slaflva
< (Ar + AR+ 2n0))|v]|2

where we use the fact that ||vy ||2, ||v2]]2 < ||v]|2 and HEH < 2nd. Hence, we can bound

L .
- [EZRCI R (AT 4+ A7(1 + 2nd)) (10.27)

viv=v1 —v2,01 €Dy, v2€Py, ||U||2

From Equation 10.27 and Lemma 4 we have:

n(F [L"v]l2, 7
HL (fspan - fspan>H2 < sup B HfSpan - fspan”Q
viIw=v1 —v2,v1 EPy V2 €D HUHQ
~ )
< (A A+ 2n5))ﬁ\|f|\2 (10.28)

Therefore from Equation 10.25 and Equation 10.28, we can upper bound ||l~}”( fspan — fspan)||2 using
Equation 10.23 as follows:

IL* (fepan = Fopan)llz < IL" fopan — L Fepanllz + 208781 £l

- ~ )
< 200N || fll2 + (A + AR (1 + 2n5))m|\f“2 + 2n0 AL £l
(@) )
< (T4 2n6A)(1+ (1 + 2”5))m>\2|!f||2 + 205\ | £l
(i) 5\
a1+ 25 )

Here in (7) we use the result from Lemma 30 and write i—E < 14 2n0X. In (iti), we use n < T and
k
the fact that 27" min(1, \;)d < 1/10 <1
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Therefore, finally we have:

[ )
HLnfSpan - Lnfspan||2 < 4(m + 1) XIEHfH2

Combining with the result for Part 1, Therefore we have the following:

. o
1L (fspan = fan)ll2 < (n1)* - C™ (€span + €nn) + 4<1 - m)AZHsz

10.4 TEcHNICAL LEMMAS: MANIPULATING OPERATORS

Before we state the lemmas we introduce some common notation used throughout this section. We de-
note L™ = Lo Lo---o L. Further we use Lj, to denote the operator with dya;; forall ¢, j € [d] and
—_—

n times

Oj.c as coefficients, that is:
d d

Liu="y_ —(Opaij)diju— ) 0(8iai)dyu + (Opc)u

ij=1 ij=1

Similarly the operator Ly is defined as:

d d
Lklu = Z —(8kla,;j)8iju — Z akl(&,az)aju + (8klc)u
3,5=1 1,7=1

Lemma 30. Given @; and ¢; for all i € [k are top k cigenvalues of operators L and L respectively, such
that ||L™' — L™Y| is bounded. Then for all n € N we have that

A< (14 @)A;
wherei € [k] and |é] < 2nd\ and 6 = maX{GA E—C}.

mo ¢

Proof. From Equation 10.15 and Weyl’s inequality we have forall¢ € N
1

<L =LY <o

sup
7 % i

From this, we can conclude that:

136



10 Appendix for Chapter 2

Writing \ = (1 + é;)\; (where &; = 0;), we have
A=A = (14 &))" = AT

= [N (1 +&)" = 1)

n

> (1+ey

j=1

o
< Allél;

@
< APp|é;|enlél
® i
< A'n|é;|(1 4 |2né;))
where (1) follows from the factorization a™ —b" = (a—b)(3_1—y a'b"~"~"),(2) follows from 1+ < e,

and (3) follows from n|é;| < 1/20and Taylor expanding ¢*. Hence, there existsa &, s.t. A\ = (14¢;) A7
and |&;] < 2n|é;| (e, |€;] < 2nd ;). Using the fact that \; < A, foralli € [k completes the proof. [

Lemma 31 (Operator Chain Rule). Given an elliptic operator L, for allv € C>(§2) we have the following

n

Vil"u=Y (L""oLyo L' ")(u)+ L"(Viu) (10.29)

=1

Vi (L u) = Z(L”_i oLyoL/ ™" oLiol’ " u
+Y (Lo Lyo L o Lo L' Y)u (10.30)
iJ
i>7

+ > (Lo Ligo L™ u+ L™(Viqu)
where we assume that L©) = T.

Proof. We show the proof using induction on n. To handle the base case, for n = 1, we have

Vi(Lu) = Vi(—divy(AVu) + cu)

= vk <_ Z aijaiju - Z @aij@ju + C'LL)
= (- Z aij&-j (akU) — Z aiaijajaku + C@kU)
tj

ij

+ <— Z Ok 0iju — Z 0;0,;;05u + 3kcu>
ij ij

= L(Viu) + Lyu (10.31)
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Similarlyn = land k,1 € [d],
Vi(Lu) = Vi (=divg(AVu) + cu)

= Vkl (— Z aij&ju — Z @iaijaju + CU)

i i

= (— Z a,ﬁw 8klu Z (9 aljﬁ 8klu + Caklu>

i ]
+ | — Z 8kaij8ij81u — Z 8i8kaij8j81u + akcé)lu)
17 %]

+ | - Z alaijaijaku — Z 8i81aijaj8ku + (9lc£9ku

i i

+ | - Z 8klaij8iju — Z 8i8klaij8ju + 3klcu>
1 1]

= L(Viu) + Le(Viu) + Li(Viu) + Ligu (10.32)

For the inductive case, assume that for all m < n, Equation 10.29 and Equation 10.30 hold. Then, for
any k € [d] we have:

Vi(L"u) = Vi(Lo L" ' (u))

(L" "o Lo L' ") (u) + L™(Vyu) (10.33)
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Similarly, for all k, [ € [d] we have:
Vkl(L"u) =Vu (L o Ln_l(u))
= L(Vkl(Ln_lu)) + Ly, (VZ(L”‘lu)) + I (Vk (Ln_lu)) + Ly (Ln_lu)

n—1
= L(Z(L"li oLyol/7lol,o0 Ljfl)u
n—1
+ Z(L”fl*j oLyoL 77 tol,o0 Liil)u
i,J
i>7

n—1
+Y (Lo Lyo L u+ L”_l(Vklu)>

=1

=1

n—1
+ Ly <Z(Ln_1_i olLjo Li_l) (u) + Ln_l(Vzu)> (from Equation 10.33)

n—1
+ Ly (Z(Lnli oLgo Liil) (u) + Lnl(vku)> (from Equation 10.33)
i=1
+ Lkl(Ln_lu)
= Z(Lnii oLyoL/ "ol o Ljfl)u
(2]

i<j

+ Z(L”fj oLro L 7 tol,o0 L’;l)u

%J
1>)
+3 (L' o Lygo L™ u+ L™(Viu) (10.34)
By induction, the claim follows. l

Lemma 32. Forallu € C*(Q) then for all k, 1 € [d] the following upper bounds hold,

[ Lullz < C max, [0%ul| (10.35)
V(L) < 2-C mas. |7l (10.36)
and
[Via(Lu)lls < 4 Cﬁ;&@ 10%ul[2 (10.37)
where

C = (2d* +1) max{ max max ||0%a; || L= (), max HaaCHLoo(Q)}.

ola|<3 4, ol <2
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Proof. We first show the upper bound on || Lu||2:

d d
- Z a,;jaiju - Z &-aij@ju + cu

ij=1 ij=1

[ Lullz <

2

<M (2d2 + 1) max{rrlgz}x ||aiaij||Loo(Q),D_'%%X llaij || Loo () ||CHLO€>(Q)} I.I|1€|Li{2 16%u||»

1
< ma@% |0%u||2 (10.38)

o

where (1) follows by Holder.
Proceeding to ||V (Lu)||2, from Lemma 33 we have

IVi(Lu)llz < [[Lgulls + [[L(Viu)ll2

d d
< |- Z 8kaij8iju - Z aikaijc’)ju + Bkcu
1,5=1 3,j=1 9

d d
+ || — Z ;05w — Z 0;a;j0;1u + cOu
t,j=1 4,j=1 9
< (2d*+1) max{ max max || 0%a;| Lo (), ||8kC||Loo(Q)} max |0%u||2

aila[<2 4] a:laf

+ (2d% + 1) max{ max max||0%a;:|| rec ), |le]| oo max |[0%u
(20 4 1) max] max max |07 oy el (o) p o 0%l

— || Vi(Lu)|s < 2-(2d% + 1) max{ max max [[0%a;; || o (0, nlrle‘uél ||aaC”Loo(Q)} max |0%u||2
a:lal<

ala<2 4,] ool

Cs
<20y max_ [l0%u]|2 (10.39)

a:|af
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We use the result from Lemma 31 (equation Equation 10.32), to upper bound the quantity ||V (Lu)||2

IVii(Lu)lla < [[Lgrullz + | Le(Viw)llz + [ Li(Viw) 2 + [ L(Viw) 2

d d
— Z 8klaij8iju — Z &-klaij&ju + Oprcu

<
3,j=1 1,5=1 2
d d
+ = Okaidom — Y 0i0kai;0;0u + pcdyu
5,5=1 t,j=1 2
d d
+ ||— Z é?la,;jé?ijaku — Z 8i81aij8j6ku + 6lc8ku
1,j=1 i,j=1 2
d d
+ ||— Z az‘jaijklu — Z E)iaijajklu + cOpu
3,j=1 3,j=1 2

< (2d* + 1)max{ max max [ 0%a;; || e (q), ‘8leHLoo(Q)} max [|0%ul|2
ol <3 4, |l <2

2
+2(2d° +1) maX{a{ﬁagz max [|0%as; | L= ), HCHL"O(Q)} Jnax, [0%ull2

2
+ (2d° +1) maX{a{rg|1>§<2 max [|0%a;; | L= (). HCHL‘”(Q)} Jax, [0%ull2

— ||Vi(Lu)|lz < 4-(2d% +1) max{ max_ max || 0%a;| Lo (), max, HaaCHLoo(Q)} max |0%ul|2

alal<3 4,j alal a:lal<

C3

<4-Cs max ||0%l|2 (10.40)
alal<4

Since Cy < Oy < O, wedefine C' := (3 and therefore from equations Equation 10.38, Equation 10.39
and Equation 10.40 the claim follows.

Further, we note that from Equation 10.39, we also have that

1Za(w)ll2, |E(Vi)[2 < € max [|0%ul], (10.41)

and similarly from Equation 10.40 we have that,
1wl [ L4 (Villz, I Ea(Va) 2, | E(Viu)ll2 < € max 0%l (10.42)
O

Lemma 33. Forallu € C®(Q) and k,1 € [d] then for alln € N we have the following upper bounds,

| L™ully < (nD)?-C™ max ||0%uls (10.43)
a:lal<n+2
IVe(L )|z < (n+1) - (nh)?-C" '|rr|1itx+2 [|0%ul]o (10.44)
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Vi (L"u)||2 < ((n+ 1)!)2 -C" max ||0%l|2 (10.45)

a:la|<n+3

where C' = (2d* + 1) max{maxa:‘agg max; ; ||0%ai;|| Lo (), MaXa:|a|<2 ||aac||Loo(Q)}.

Proof. We prove the Lemma by induction on n. The base case n = 1 follows from Lemma 32, along
with the fact that max,.jq|<2 [[0%u]]2 < maxa.jaj<s3 |0l

To show the inductive case, assume that the claim holds for all m < (n — 1). By Lemma 32, we have

1Ll = [IL(L" )l
d

— Z aij0ij (L™ tu Z 9sai;0; (L") + (L™ ')

i,j=1 i,j=1

<

2
<c. max{||m—1u||2,max 194270 s 95 )
7 .7

<C-(m)?*-C™t max  |0%ulls

ala|<(n—1)+3

Thus, we have
|L"ulls < (n)?-C™ max ||0%ul|s
a:lal<n+2

as we need.

Similarly, for k € [d], we have:
IVe(Lr )l < Y O[(L" o Lio L) ()|, + 12" (Vkw)
i=1

(n) - (n))?-C" max [|0%lz + (n!)*- C™ max |0l

<

- a:lal<n+2 a:]al<n+2

<(n+1)-(n)?-C" max 10%ul| (10.46)
a:la|<n+
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Finally, for k, 1 € [d] we have
Vi (L))o < Z|| (Lo Lyo LV " o Lio IV )ul,

]
1<J

+ ZH (L"ij oLyo L 7 1oL, 0 Lifl)uH2
i

+ Y (L™ o Lo L) ul|, + L (Viaw) I3

<nn+1)-(n)?* - C" max [0l
a:la|<n+2

+n-(n)*-C" max [|0%ly+C" max ||0%ul;
a:la|<n+2 || <n+-3

= ||Vi(L"u)|ls < ((n+ 1)!)2 -C" max ||0%|2

o:la|<n+3
(10.47)
Thus, the claim follows. U

Lemma 34. Let A, i € [n] be defined as a composition of (n — i) applications of L and i applications of
L o X (in any order), s.t. | Z|| < 6. Then, we have:

L7 AL < ¢ (10.48)

Proof. We prove the above claim by induction on n.

For n = 1 we have two cases. If A = [L o 32, we have:
IL o Los) <5

If A® = [ we have:
IL7'L) =1

Towards the inductive hypothesis, assume that form < n — 1andi € [n — 1] it holds that,

IL" AL < 0

For n, we will have two cases. First, if AF! = A? o LoY, by submultiplicativity of the operator norm,
as well as the fact that similar operators have identical spectra (hence equal operator norm) we have:

L0 AT | = |[L o L™ Do AY o Lo 3|
=L VoAl oLoXoL™!
<OIL= VAT Lo o L7
< 5is = §itt
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so the inductive claim is proved. In the second case, A%, = A’ _, L and we have, by using the fact that the
similar operators have identical spectra:

IL "0 Abo Ll = IL" Do Al o Lo L™
= LYo A < &

where the last inequality follows by the inductive hypothesis. O
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11.1 PROOFS FROM SECTION 4.6.1: CONVERGENCE RATE OF
SEQUENCE

11.1.1 Proor oF LEMMA 17

Proof. In order to prove part 1, we will use the following integration by parts identity, for functions r :
) — Rsuchthatand s : 2 — R,andr, s € H}(Q),

/87" sdx = — / Os d$+/ rsndl’ (11.1)
Q 8.’13'1 85E1 90

where n; is 2 normal at the boundary and dI" is an infinitesimal element of the boundary 0€).

Using the formula in Equation 11.1 for functions u, v € H{ (), we have

<D€(U), U>L2(Q) = <_vl‘ : aVuL(xa u, VU) + auL(xa u, VU), U>L2(Q)
—/ V- OvuL(z,u, Vu)v + 0,L(x,u, Vu)v dz
Q

d
L 4
= —/ E UG gx’u’ Vu))zv + 0y L(x,u, Vu)v dx

d
= / Z(@VUL(a:,u, Vu)), —d:v—i—/z (Ovul(z,u, Vu)),un, dx—i—/(? L(z,u, Vu)v dx
€ =1

= /8VUL(VU) Vv + 0, L(z,u, Vu)v dz
where in the last equality we use the fact that the function v € H} (), thus v(z) = 0,Vz € 9Q.

To prove part 2. first note from Part 1. we know that (D& (u) — DE(v), u — v) 12(q) takes the following
form,
(DE(u) — DE(v),u — v) 120
= (OvuL(z,u, Vu) — OvuL(x, v, Vv), Vu — V) 1200y + (OuL(x, u, Vu) — 0,L(x,v, Vv),u — v) 120
(11.2)
We know that for x € €2, we have

Viwvw (e, u, Vu) < diag([A, ALy))

145
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Note that V(,, vu) L(2, u, V) isa vector, and we can write, Oy, vu) L(, u, Vu) = [0, L(x, u, Vu), Ov, L(z, u, Vu)]
(here for two vectors a, b we define a new vector ¢ := [a, b] as their concatenation).

Using the smoothness of L can write,
[0, L(x, u, Vu) — O, L(z,v, Vv), Oy Lz, u, Vi) — gy L(z,v, Vo) ([u — v, Vu — Vo))
< [u — v, Vu — Vo]T (diag([A, Aly))[u — v, Vu — V]
< Afu — v, Vu — Vo|'[u — v, Vu — V]
This implies that for z € (2 we have
(BvuL(z, u(z), Vu(z)) — dvuL(z, v(z), Vo(z))" (Vu(z) — Vo(z))
+ (8, L(x, u(x), Vu(z)) — 8Lz, v(x), Vo))" (u(z) — v(z))
< A Vu(z) = Vo(@)[l; + Allu(z) — v(@)]l2
Integrating over {2 on both sides we get
(OvuL(z,u, Vu) — Oy L(z,v,Vv), Vu — V) 120y + (OuL(z,u, Vu) — 0, L(z,v, Vv),u — v) 12(0)
< AVu = Vollzag) + Allu = 72
<AA+C) - lu— UH?{&(Q)'
the Poincare inequaltiy from Theorem 14 in the final equation. Hence plugging this result in Equa-
tion 11.2 we have,
(DE(u) — DE(v),u—v)12i) < (A + CIA)|Ju — UH%(Q)
This proves the right hand side of the inequality in part 2.

To prove the left and side we use similar to the upper bound, using the convexity of the L(x, -, -): Rx R,
we can lower bound the following term,

[OuL(z,u, Vu) — 0, L(x,v,Vv), Ovy L(x,u, Vu) — Og,L(x, v, V'U)]T([u — v, Vu — V)
> [u — v, Vu — Vo]T (diag([0, \14)))[u — v, Vu — V]
> A\(Vu — Vo) (Vu — Vo)

Therefore, for all z € 2 we have
(BvuL(z,u(x), Vu(z)) — Ovu Lz, v(z), Vo(z))" (Vu(z) — Vo(z))
+ (BuL(z, u(z), Vu(x)) — 0Lz, v(z), Vo(x))" (u(z) — v(z))
> N[Vu(z) — Vu(z)]f3
Integrating over {2 on both sides we get
(OvuL(x,u, Vu) — Ovy L(z,v, Vv), Vu — V) 12(0)
+ (OuL(z,u, Vu) — 0y L(z,v, V), u — v) 1200
> N[Vu — V| 72q)

= Allu — U||§{5(Q)-
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Therefore we have,
Nt = 0l ) < (DE(w) — DE), 1~ vhyaey < (A -+ C2A) fu— vl g

as we wanted.

To show part 3, we will again use the fact that the function for a given x € € the function L(z, -, -) is
strongly convex and smooth. Therefore using Taylor’s Theorem L(x, u+v, Vu+Vv)along L(x, u, Vu)
we can re-write the energy function as:

E(u+v)
_ /Q Lz, u(z) + (), Vu(z) + Vo)) — f@)(u(z) + o(z))de

- / L(z, u(z), Vu(z)) + Vuvu Lz, u(@), Vu(o))T[o(x), Vo ()]

+ 500, Vol@)] V2, L5, (@), V) ula), Vu(a)) - [ Fla)(ule) + o(@)ds
= [ Ll u(e). Va(@) + DL (. u(a), Vu(e), de. Lz, ), Vule) o), Vo(o)]
+ 5[0, Vol@)] V2, ) L@, (@), Val@) p(o), Vola)] — [ a)(u(o) + v(a))ds
(11.3)

From Equation 4.2 of Definition 11 we know that for a given x € € the function L(z, -, -) is smooth
and convex. In particular we know that,

dlag([07 )‘IdD < V%U,Vu) < dlag{A7 AId]
Using this to upper bound Equation 11.3 we get,

E(u+v) S/QL(%U(fE),W(x)) +[0uL(u, u(z), Vu(@)), Ovu Lz, u(z), Vu(@))]" [v(z), Vo ()]

+ 5 1(0), Fo) o), Vo(@)] = [ F)(uta) + o(a))d
= /QL(x, u(z), Vu(x)) + 0y L(u, u(x), Vu(z))v(x) + OvuL(z,u(z), Vu(z)) Vo(z)
0@ + [Vo(a /f (2))de

= E(u) +(DE(u) = fLv)r2@) + 5 (HUHLQQW““”HL) >
A(1+02)

— E(u+v) < E(u) + (DE(w) = f,0)120) + ——

0] 23 2 (11.4)
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We can similarly lower bound Equation 11.3 by using the convexity of V7, 5, L as
Elu+v) > /Q Lz, u(z), Vu(@)) + [0 L(u, u(z), Vu(@)), Ovu L(z, u(z), Vu(@))  [o(z), Vo(z)]
+ 5 Vol@) Vole) - [ f)ule) + ola))ds
_ /Q Lz, u(z), Vu(@)) + 8, L(u, u(z), Vu(x))v(z) + OvuL(z, u(z), Vu(z)) Vo(z)
+ %HW(%)H% - /f(x)(U(w) +o(x))de

— E(u+v) > E0) + (DEW) ~ f, o) + Iy (115)

Combining Equation 11.4 and Equation 11.5 we get,

A 1+C,)%A
§||VU||%2(Q) +(DE(u) = f,v)r2@) < E(u+v) —E(u) < (DE(u) — f,v)r2(0) + ( 2p) V0] 720)
Finally, part 4 follows by plugging in v = v* and v = w — u* in part 3 and using the fact that DE (u*) =

f O

11.1.2 ProoFr oF LEMMA 18

Proof Let {\;, ¢; }22, denote the (eigenvalue, eigenfunction) pairs of the operator —A where 0 < \; <
Ay < .-+, which are real and countable. ( Evans [2010], Theorem 1, Section 6.5)

Using the definition of eigenvalues and eigenfunctions, we have

_A
M= imf AU

vEH;(Q) ||U||%2(Q)
. <VU, VU>L2(Q)
= inf — s
vEH(Q) HU||L2 Q
1
= c

where in the last equality we use Theorem 14.

Let us write the functions v, w in the eigenbasisas v = ) . 11,¢;. Notice that an eigenfunction of —A is

also an eigenfunction for (I — A)~', with correspondinding eigenvalue = n /\
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Thus, to show part 1, we have,

|7 = 27V Vol = (7 = ) A g

2
- i=1 L+ )‘iuid)i

o 2
Z i Di
i=1

L)

= ZM? = ||u||2L2(Q)
i=1

where in the last equality we use the fact that ¢; are orthogonal.

L2(9)

IN

Now, bounding (I — A)~'v, v) 12(q) for part 2. we use the fact that eigenvalues of the operator (I —

14+

<<I - A)711}7U>L2(Q) = < 1 + /\ ZN1¢1>
< <Z Mz¢iaZﬂi¢i>

A)~!are of the form {L} we have,
i=1

L2(2)

L2(Q)
= Jullf2(0 (11.6)
Before proving part 3., note that since \; < Ay < --- and 1+Lx is monotonically increasing, we have for
alli e N . .

(11.7)

>
L+ — 1+ Cp)N

and note that )\% are the eigenvalues for (—A)~! foralli € N. Using the inequality in Equation 11.7 and
the fact that ¢)s are orthogonal, we can further lower bound <(I — A) 7', v) 12(q) as follows,

(I = A)v,0) ) = Z 1 + Y 720
=1
>
— ; 1+pc H¢A’L2
1 _
= 1 n Cp<(—A) 11), U>L2(Q)7

where we use the following set of equalities in the last step,

(—A) "0, 0 2y = <Zﬂz¢z,zm¢z> Z‘;—mniz(m. O

L2(Q) =1
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11.1.3 PrRoOF OF LEMMA 19: CONVERGENCE OF PRECONDITIONED GRADIENT
DESCENT

. . 4
Proof. For the analysis we consider = m
p

Taylor expanding as in Equation 11.4, we have

S(utH) < g Ut -0 <D8 vut) f7 (I - A$)_1(Dg<ut> B f)>L2(Ql
Te;;11
Cy) 2
SO G (1 8 (DEw) — D (1L.8)

Term 2

where we have in Equation 11.4 plugged in uy; — u; = —n(I — A,) " (DE (u;) — f).

First we lower bound Zérm 1. Since u* is the solution to the PDE in Equation 4.4, we have DE (u*) = f.
Therefore we have

(DE(uy) — f, (I — Ay)H(DE (ug) — >L2<m (DE(uy) — DE(u*), (I — Ay) " (DE(wy) —

(11 9)

Using the result from Lemma 18 part 3., we have,

(DE(u) — DE(u*), (I — Ay) ' DE(uy) — DE(u*)) 120

1 *
> ((DE(uy) — DE(uY), (—Ay) ' DE(uy) — DE(u*)) 12(0r))
1+C,

Using the Equation Equation 11.9 and the fact that (DE(u), v) 12(q) = (OvuL(z,u, Vu), Vv) 2) +
(OuL(z,u, Vu),v) 12(qy from Lemma 17 we get,

(DE(uy) — DE(u*), (I — Ay) ' DE(ur) — DE(u*)) r2 (o

> - ((DE(u) — DEQ"). (8 DE(w) ~ DEW)) 10
1 —1—10 ((OvuL(z,us, Vuy) — Ovu Lz, u*, Vu*), Vo (—=A,) T (DE(uy) — DE (1)) 12(0))
+ _: ((OuL(z,w, Vuy) — 0y L(z, u*, Vur), (=A,) " (DE(u) — DE(u*))) r2(a))

< (u, Vu)L T, U, vut) v(qu)L(xa U*7 VU*)a

Y(DE(uy) — DE(*)), Vo(—Ay) " (DE (ug) — Dg(u*))}> (11.10)

12(9)
where we combine the terms V, (—A,) " (DE (u;) — DE(u*)) and V. (—A,) " (DE(uy) — DE(u*))

into a single vector in the last step.

Now, note that since for any = € € the function L(z, -, -) is strongly convex, we have

V? (0, V) L(z,Vu,Vzx) > diag([0, \14])
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11 Appendix for Chapter 4

Therefore for all # we can bound V (, vy L(2, u(2), Vue(x)) — V(uvu) Lz, v*(x), Vu*(z))
Vv L@, u(), Vur(2)) = Vvu Lz, v (2), Vu* (z))
= [ue(2) — u*(z), Vg (z) — Vur(2)]" (VE, gu LT, u(E), Vu(i)) (11.11)

where Z € () (and potentially different from x).

Using Equation 11.11 in Equation 11.10, we can lower bound the term as follows:
(DE(uy) — DE(u*), (I — A,) ' DE(uy) — DE(u¥)) 12(a)

> 1 +10p<[ut —u*, Vuy — Vu* ] (V2 vu)L(m u(Z ),Vu(j)),

(—Az) " (DE(uy) — DE(u™)), Va(—Ag) " (DE (uy) — DS(U*))] >
L2(9)

> 1 (0 A(Vun(e) = V)] [(~80) ™ (DE () = DEW)), To~A0) 7 (DE(u) = DEW))]) g
- Aqg(vut = V", V(= A0) " (DE(ur) = DE(u")) 12,

. 1 +ACP<(—A)%: — (=8, (=A:)H(DE(ur) — DE(U))) 12y

@ 1+ACP<(_A)—1(—A)ut—(—A)‘l(—A)U*,(Dg(ut) DE(u")) 12 ()

(i) 1ij (ur — u*, (DE(ur) = DEW))) 120

<_) 1 fcp”“t —P o (11.12)

Here, we use the fact that for all u, v € Hj(Q) we have (Vu, V) 12(q) = (—Au, v) 12(q), i.e., Green’s
identity (along with the fact that we havea D1r1chlet Boundary condition) to get step (¢). We use the sym-
metry of the operator (—A) ™t instep (44), and the fact that forafunction g € H(Q) (—A)H(—=A)g =
g in step (7i7). We finally use Part 2 of Lemma 17 in the final step.

Hence finally Term 1 can be simplified as,
(DE(u;) — DE(u*), (I — Ay) ' DE(uy) — DE(u*)) 12
2
>
—1+G,

> e (E) — Ew)

e — U*Hég(g)

where we use Part 4 from Lemma 17 in the final step.
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We will proceed to upper bounding 7erm 2. Using the definition of H (£2) norm, we can re-write Term
2 as,

V(1 = A,) " (DE (uy) — f)llia(m = ||(1 = A,)"H(DE(uy) — f)qué(m

Writing the H;) (€2) norm in its variational form (since H;j (€2) norm is self-adjoint, Lemma 39) and upper
bounding it,

H(l - Az)_l(DS(ut) - f)HHé(Q)
= sup (V.(1- A,) H(DE(uy) — f),VU>L2

vEHG(Q)
ol 73 =1
= sup (Vo(l—A,) (DE(u) — DEW)), Vv) o

vEHI(Q)
)=t

@)

HvHHé(Q

D sup (11— A,)N(DE(u) — DEW)), ~Av) 4 )
vEH ()
”U”Hé(g)zl

D sup ((=2)(1 = &) HDE(u) — DEW)), ) (g
vEHI(Q)
”U”Hé(g)zl

< sup (DE(w) — DE(U"),v) 12 (11.13)

vEHL(Q)
ol 1 g =1

)

g o
here, step () follows from the equality thatforallu, v € Hj(2) wehave (Vu, V) 120y = (—Au, v) 12(q)

and the fact that —A is a symmetric operator in step (7).

Finally we use Lemma 18 Part 1 for the final step. More precisely, we use Part 1 of Lemma 18 as follows,
where fora g € HJ(£2) we can write,

sup  ((—A)(I = A) g, v)rze) = | = AU = A) glleae) < llgllrz =1 sup  (g,v)12(0
veL?(Q) veL?(Q)
llvll L2 (=1 ol L2 (@)=1

Note that, from Lemma 17 we know that for all u, v we can write the inner product (DE (), v) as follows

(DE(u),v) 120y = (Ovul(z,u, Vu),v) r20) + (OuL(x, u, Vu), v) 12(0)
= <V(u,Vu)L($a u, VU), [Ua VUDLQ(Q)

thatis, we we combine dy,, L and 0, L into asingle vector V (,, vy L := [0, L(x, u, Vu), Ov. L(x, u, Vu)| €
R4 and combining u and Vu as a vector [u, Vu.
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Using this form and re-writing Equation 11.13 and using the fact that for z € Q L(z, -, -) is convex and
smooth in step (), we have

H(l - A:c)il(Dg(ut) - f)HHé(Q)

<  sup <V(M,VU)L(x,ut,Vut) — ViuvuL(z,u*, Vu*), [v, Vu]
vEH ()
”U”H&(Q)zl

>L2(Q)

2 sup (fug - o,V — V] VE, 0, L(E u(@), Vu(@), [v, Vo] )
vEHI(Q)
”””Hé(g)zl

< sup A<[ut —u*, Vu, — Vur]", v, Vv]>
vEHF(Q)
”U”Hé(g)zl

= sup A<ut — U/*, ’U>L2(Q) + A<V(Ut — u*), VU>L2(Q)
UEH& ()
):1

L2(Q)

L*(Q)

”U”H(l](g
= sup  ACH|luy — w gy vl gy ) + Allue — vl mp@llvll @)

vEHI(Q)

||U||Hé(n):1

= A1+ C)llue — u*llmp ) < AL+ Cp)?llus — w*|| 3o (11.14)

where we use the Poincare Inequality 14 in the final step.
Therefore, from the final result in Equation 11.14 we can upper bound Term 2 in Equation 11.8 to get,

Vol = As) ' DE (e HL2 < N1+ Cp)?llue — vl 0

< P0G (g - ()

where we use the result from part 4 from Lemma 17.

= Elun) - £(0) < £~ £) ~ (gyr 1SR € () - £

Since n 4(1+é‘1)7/\4 we have
E(ury1) — E(u”) < E(up) — E(u) — OJ\WU@(M) — &E(u"))
— Elu) - ) < (1- ﬁ) () — E(u?)). .
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11.2 ERROR ANALYSIS

11.2.1 PrROOF OF LEMMA 24
Proof. We define for all ¢ 7 = 1y — uy, and will iteratively bound ||74][ £2(q).

Starting with ug = 0 and 4; = 0, we define the iterative sequences as,
Ug = Ug
U1 = ug — (1 — Ay) 1 DE (uy)

ﬁt = Ug
at—l—l = ﬂt - T](I - Ax)_ng(ﬂt)

)\4
» A(1+Cp)TAR

at+1 — U1 = ﬂt — Ut — 77(] - ALE)_I <D(§(1~Lt> - Dg(ut>>

wheren € <0 ] . Subtracting the two we get,

= 1 =1 —n(l — A <Dg(ut +7) — Dé’(ut)>

Taking H; (€2) norm on both sides we get,
(1 = &) (DE(wi + 1) = DE(w))|

P llaa) < Irellaae) +1 HE(9)
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MI—A@*Dam+mQ—DSWQ

Towards bounding @ from Lemma 38 we know that the
0

dual norm of [|w|| g3 (a) is [[wl] 1 ), thus,

WI—AQ*D&W+wg—D&W)

Hy ()
= sup <V(I — AI)_l <Dc§(ut +7r) — Dé’(ut)),Vg0>
PEH(Q)
H‘P”H(%(Q):l

= sup <V(I EAY) (Dg(ut + 1) — DE(uy + Tt)) ; VS0>
PEHG ()
H‘P”H%(Q):l
+ sup <V(I - Aac) I(Dg(ut + Tt) - Dg(ut))a VQP>L2(Q)
PEHS ()
H(p”H(l)(Q):]‘

= sup <(I — At (Dg(ut + 1) — DE(uy + Tt)> , Acp>
PEHG ()
H‘P”Hé(g)zl
+ sup <(I — A) N (DE(uy + 1) — DE(wy)), A@>L2(Q)
PEH ()
H‘P”H(l)(g):l

= sup <<D5(ut + 1) — DE(uy + rt)>, (I — A)’1A<p>
PEH(Q)
HSOHHé(Q):l
+  sup  ((DE(u¢ +ry) — DE(wy)), (I — A) 1A¢>L2(Q)
PEH(Q)
HSOHH(%(Q):]'

< sup <<D5(Ut + 1) = DE(ue + Tt)) ) 90>
PEH(Q)
”SDIIH(%“)):]‘
+ sup <(D5<ut + Tt) - Dg(“t))a 90>L2(Q) (1117)
PEHS ()
H‘P”H(l)(g)zl

L2(Q)

L2(Q)

L*(Q)

L*(Q)

L2(Q)

Now from Assumption 1, we know that forall z € Qand u € H{(€2) we have the following bounds on
the difference of partials of L and L.:

sup||OuL (2, u(x), Vu(z)) = OuL(z, u(x), Vu(z))lly < erllu(z)]l2, (11.18)

and

sup||Ovul(z, u(z), Vu(x)) = dgul(z, u(x), Vu(z))ll, < erflu(@)]l2, (1L.19)

Therefore, note that we can bound the difference of V(,, v,k and V(, vy L forallz € Qand u €
H}(Q) as follows,

sup||V w,vu L(z, u(z), Vu(z)) — V(uvuw Lz, u(z), Vu(z)) H2
< sup||Ovul(z, u(z), Vu(x)) — Ovu L(z, u(z), Vu(x))||, + sup||Ov.L(z, uw(x), Vu(z)) — Ovu Lz, u(x), Vu(z)
< 2ep|ju(z)]2 (11.20)
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Note that, from Lemma 17 we know that for all u, v we can write the inner product (DE (), v) as follows

(DE(u),v) 20y = (Ovul(x,u, Vu),v) 200y + (OuL(x,u, V), v) 120
= (VvuL(z,u, Vu), [v, VV]) 12(0) (11.21)
thatis, we we combine Oy, L and 0, L into asingle vector V vy L := [0, L(2, u, Vu), Ov, L(x, u, Vu)| €

R and combining u and Vu as a vector [u, Vu].

Using upper bound in Equation 11.20 we can upper bound sup ¢ 1 (q) < <Dc‘f(ut + 1) — DE(us + rt)) : g0>

Z L2 ()
HW”H(%(Q)—l
(by expanding it as in Equation 11.21) as follows,
sup <<D5~(ut + 7)) — DE(uy + rt)> , ap> ,
PEH(Q) L2(©)
HSO”H(%(Q)Zl
= sup <V(u,Vu)|-<37, uy + 7, Vg + Vi) — Vi vy L(@, up + 1, Vug + V), [, VSO]>L2(Q)
PEH}(Q)
||‘PHH6(Q):1
= sup (Ovub(@, ue + e, Vg + Vry) — OvuL(z, ur + 14, Vg + Vi), Vo) 1
PEH ()
||SDHH(%(Q):1
=  sup (Ovubk(z,us + 1, Vg + Vry) — Ovu L@, up + 14, Vug + Vry), <P>L2(Q)
PEHG(Q)
||(70HH6(Q>:1
+ sup  (O.L(z,u + 1y, Vug + V) — Oy L(z, up + 14, Vug + V), ap>L2(Q)
PEH ()
||‘PHH6(Q):1
< sup egllug + riellz) (1 + Cp)llellrz@
PEHG(Q)
H%OHH(%(Q)Zl
S 6L<1 + Cp)HUt -+ TtHLQ(Q)
<er(14Cp)?|lue + Tl i) (11.22)

We can similarly bound sup ,ep1(q) ((DE(us +11) — DE(wt)), ¢) 12 where will use the convexity
”‘P”H%(Q):l
of the function L(z, -, -) forallu € H}(£2) to bound the gradient V(, vuy L(x, uy + 7¢, Vuy + Vry)
using Taylor’s theorem in the following way,
Vv (2, gy + 1o, Vg + Vi) = Vv L2, ug, Vug) + [, Vi 'V, 90 L(E, w(

— VoL, u + 1, Vg + Vry) — Vi wu Lz, ug, Vug) = 1y, Vrt]TV%uyu)L(:i, u (%), Vu(x))

ISh
<
=
N
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here # € 2. Therefore, bounding sup ey ((DE(ut +11) — DE(wr)), ) 2y We get,

”‘P”Hé (Q):l

sup  ((DE(ug + i) — DE(wr)), ©) 12(q)
PEHG(Q)
||‘P||H6(Q>:1
- sup <v(u,Vu)L(xa Ut + T4, Vut + Vrt) - V(U,VU)L(I7 U, vut)a [907 VSO]>
PEHS ()
):1

L2(Q)
H‘P”Hé(g
= sup <[7"t, Vrt]TV%qu)L(i’, w(Z), Vu(z)), [, Vgo]>
PEH ()
H‘P”Hé(g)zl
< sup  A{[r, VT [0, V) g
PEHG(Q)
”90”116(9):1

(%)

< sup  A([lrellz@ el + IVl IVell @)
PEH(Q)
”‘p”Hég)):l

<AL+ Gl (11.23)
Plugging in Equations Equation 11.22 and Equation 11.23 in Equation 11.17 we get,

WI—A@*D&W+wg—DﬁW)H

0

Q) <eL(1+ Cp)*flus + 7"tHH3(Q) +A(1+ Op)2”7”\|H3(Q)

= (1+Cp)*(er + M)Irell ) + (1 + Cp)?[lue
(11.24)

Furthermore, from Lemma 19 we have forall t € N,

S(utH) — S(U*) S (]. — O_i_é(w) S(UU)
< E(up)
and
2
Jue — u*|| g3 ) < X(S(ut) — &(up))
2
< Xg(uo)

Hence we have that forallt € N,

2
||ut||H5(Q) < ||U*||H3(Q) + Xcﬁ’(uo) = R.

Putting this all together, we have

HU—AQ*Dﬂm+m)—DﬂW)

ooy S OFCP et Ml +en(1+ PR (1125)
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Hence using the result from Equation 11.25 in Equation 11.16 and unfolding the recursion, we get,

Il < (1 + 01+ Co)*(er + M) Irellmae) + (1 + Cp)’enR

(1+ C,)%ernR 9 t
1 < _
= ||7“t+1||H0(Q) = 0+ Cy2(en +A) <(1 + (14 Cp)*(er + A))) 1)

+A

as we needed. [

er R
= el < g (L0 + G e+ 40) —1) (11.26)

11.3 PROOFS FOR SECTION 4.6.2: BOUNDING THE BARRON NORM

11.3.1 ProoF oF LEMMA 20: BARRON NORM INCREASE AFTER ONE UPDATE
Proof. Note that the update equation looks like,
'L~I/t+1 = ﬂt — 77([ — Ax)leS(ut)
=iy — (I — A) Y=V - OvuL(x, by, Vi) + Oy L(x, Gy, Vitg) — f)

d
—_— ﬁt — ’)7([ — Ax>_1 <— Z alavuL(l', ’Ijt, Vﬂt) + auL(.T, ﬁ,t, Vﬁ't) — f) (1127)

=1

From Lemma 21 we have

Vit ||5) = max 10it || 30y < 27Wilel| 5o (11.28)

This also implies that
max{|[|@||sw), |Vilso} < 20Wili|50)-

Note that since @; € I'yy, we have Vi, € oryy, and L(x, @y, Vi) € Dogpw, (from Assumption 1).

Therefore, we can bound the Barron norm as,

d
([ — AI)_l (— Z 618VUL(.CE, ’L~Lt, V’Ebt) + 8uL(.T, &t, V’&t) — f)

i=1

B(Q)

(i) d
S - Zai8VuL($7ﬁ't7Vﬁ't)

=1

+0uL(, @y, Vi) || 50 + [ |50
B(9)

(@) 5 - - -

< d||0;0vuL(@, e, V)| gy + [|0u Lz, e, V)| 5e) + || flls0)
< dBy2mhy (e W [ullZ gy + Bu2r W ull e, + £ llsc)

< (2rkid + 1) BL2a W)™ ||lullziq) + 1 f 159

where we use the fact that for a function h, we have ||(I — A;) ™'h||z@) < ||h||5«) from Lemma 21 in
(i) and the bound from Equation 11.28 in (4i).
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Using the result of Addition from Lemma 21 we have

el < il + n(2mhed + 1) B @rWo [ullg, + 11 e
< (1 n(2mked + 1) Bu@aW)™) g, + 1l

11.3.2 ProoOF oF LEMMA 22: FINAL BARRON NORM BouND

Proof. From Lemma 20 we have

I sy < il +n((2nked + D BEIW [ullq, + 1 flls )
< (1 n(2rkd + 1) BETW))ull g, + 1l s

Denoting the constant A = (1 + n(2wkod + 1) B(2nW;)P) we have
[tei1ll5e) = Alltellzq) + 1l flls@)
tog ({11 () = log (Allllyqy + nllF e )

77||f||/6(9)
Alltnllioy {1+ oz
( Ut AHUt”%(Q)
nll f s
Alltie |0 7
< ¢ max{l, AHUtHIl)S(Q)}

zlog(Auutug(m( +?7\|st<9>)>

— tog [l ) + 108 (A (1 + 111/ 15(e)))
= rlog(dlsiey) + log (A(1 + 1] fllse)) (11.29)

The above equation is a recursion of the form

Tp Srat+c

which implies
¢

t
1 + p'xo.

Tp1 < L
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Therefore the final bound in Equation 11.29 is,
log ([|te41llsy) < 7log(lldllswy) + log(A(L +nllfllsw))

—1 5
7 log (A(1+ 7l fllaw)) + " log(lldollse))

= log(||t41|0)) <
t_q

ya ~ pt
— il < (AQ+al fllsw)) 7 liolZg,

p =1 _ +
= |lalls@ < (1 +n@rkd + 1) B (2aW)") (L+ 0l flls@)) " 1ol g

(¢
(—L» lrills@ < ((1+n(@mked + 1) By ek Wo)?) (1 + 0]l fllsw)) " liolq,
(¢

= SIRIL
||u0||B(Q)

— sl < ((1+n2mk Wo(2rkd +1)B1) (1 +1llflls))"™ 7 (max{L, |05 })

||Ut+1||3(9) < (1 +n(2mhed + 1) Bz 2k Wo)) (1 + 1l fllse))™ " »

where we use the fact that W, = ki W since @, € T’ kI'w, instep (2) and use the property that (1+2%) <
(14 x)Psince z > 0 in step (i7). O

11.3.3 ProoF oF LEMMA 23
Lemma 35 ( Lemma 23 restated). Ler
fa) = 3 ( H )
o,la|<P

where o is a multi-index and v € R and A, € R isa scalar. If g : RY — R is a function such that
g € I'w, then we have f o g € I py and the Barron norm can be bounded as,

1/2
R /

If o gllsey <™ > 1Au® | lgllse
a,lal=1
Proof. Recall from Definition 16 we know that for a vector valued function g : R? — R, we have
9]l = max||gi|ls@)

i€[d]

Then, using Lemma 21, we have

160



11 Appendix for Chapter 4

P d
1f@lls@ =1 > Aa]] g
alal=0  i=1 B(©)
P d
< Z 1o
JJa|=0 =1 B(Q)
P d
< Z oI 1L
a, i=1 B(%)
P d
< Z Hgi
a =1 B(Q)
P d
< Z H|’9?i||3(9)>
,Ja|=0 i=1
P d
< 3 14l ;;zm>
a,|al=0 =1
P d
= 5 (Tl
i=1

a,|al=0
» 1/2 o\ 1/2

<| D AP Z (Hllgl ) (11.30)
o, =0 a,lal=1

where we have repeatedly used Lemma 21 and Cauchy-Schwartz in the last line. Using the fact that for a
multivariate function g : R? — R? we have for all i € [d]

lgllse = llgillse

Therefore, from Equation 11.30 we get,

1/2 1/2
P P )
1F@)lser < | 0 14| [ (lalie ™)
a,|al=0 a,lal=1
B 2, 1/2
< > IA > (lglgw)®
o,|a|=0 o,|al=1
P 1/2
<d"? Z | Aa? 191150

o, || =0

Since the maximum power of the polynomial can take is P from Corollary 2 we will have f o g € I'pyy.

]

161



11 Appendix for Chapter 4

11.3.4 ProoF oF LEMMA 21: BARRON NORM ALGEBRA

The proof of Lemma 21 is fairly similar to the proof of Lemma 3.3 in Chen et al. [2021]—the change
stemming from the difference of the Barron norm being considered

Proof. We first show the result for Addition and bound ||hy + hal|0),

lgr + gallz = D> (1 + [lwll2)|g1 + ga(w)|
weNd

= > (1 [wll2)[d1(w) + Ga(w)]

weNd

< D+ wl)lgn@)] + Y 1+ wll2)]ge(w)]

w€eNd weNd
= ||y + hall@) < |P1llB@) + [[h2lls)-

For Multiplication, first note that multiplication of functions is equal to convolution of the functions in
the frequency domain, i.e., for functions g; : R? — dand g5 : R? — d, we have,

9192 = 01 * § (11.31)

Now, to bound the Barron norm for the multiplication of two functions,

lgr - gells@ = D (L+ wll2)lgr - g2(w)]

weNd

= 3 (1 o)l * o)

weNd

=3 S+ wll) |3 (2)ge(w — 2)]

w€eNd zeNd

< DD (w2l + zle + llzllallw = 2l12)[g1(2)ga (w — 2)]

wENd zeNd

Where we use ||w||2 < [|w — 2|2 + ||2]|2 and the fact that

> lzlallw = 2ll2lgn(2)g2(w = 2)] > 0.

Collecting the relevant terms together we get,

g - gallseey < Y D (L llw = 2ll2) - (14 [12ll2)1g1 ()| (w — )]

w€eNd zeNd

= (L + [lwll2)g1 (@) * (1 + [[w]l2)g2(w))
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Hence using Young’s convolution identity from Lemma 36 we have

lg1 - 9213y < (Z (1+ Hsz)Ql(w)dW> (Z (1+ \|w\|2)g2(w)dw>

weRd weRd

= |91 - 9282y < [[h1llBellh2||Bo)-

In order to show the bound for Derivative, since b € T'yy, there exists a function g : R? — R such that,
T
glz)= > M j(w)dw
llwlloo<W
Now taking derivative on both sides we get,

Diglx) = Y ie™ "2mw;h(w) (11.32)
o<W

This implies that we can upper bound |8/;J(w)\ as

—

0jg9(w) = 127w; §(w)
— 10,9(w)| < 27W|§(w)] (11.33)

Hence we can bound the Barron norm of 9;h as follows:

10i9ll5 = > 1+ [wlleo)|0ig(w)|dw

flwlloo<W
< 30 (4 [l W ()] dw
flewlloo <W
<2aW Y (14 wlleo)|§(w)]du
llwlloo <W
< 2nW||hl|s)

In order to show the preconditioning, note that for functions g, f : Q% — R,if f = (I — A)~!g then
we have then we have (I — A) f = g. Furthermore, by Lemma 37 we have

(U ) = gl) = f) = 2 (1134)
Bounding ||(I — A) ™ f|| s>
i Lt ol

I—A)! d

1= 87 ol = 3 e

< 3 (1 el

weNd

= (1 = A) "gllse) < llgllse)- ]
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Corollary 2. Let g : RY — R then for any k € N we have || g¥||p) < ||g||f3(m. Furthermore, if the

Sfunction g € Uy then the function " € Thw.

Proof. The result from || g*||5c) follows from the multiplication result in Lemma 21 and we can show

this by induction. For n = 2, we have from Lemma 21 we have,

l9°152) < l9llEoy
Assuming that we have for all n till £ — 1 we have

19" 5 < 9l
forn = k we get,

19" I8) = ll9g" s < llgllaelld" " lsw < lgllq-

To show that for any k the function g* € Ty, we write g* in the Fourier basis. We have:

k

~ inw! x
Fao)=1I{ Do 9lw)e™™ dw,
=1

J [wjlloo <W

k
= Z Z Hg(wj)dwl o dwy | €7 dw

lolloo<kW \ 575 | wym i=1

In particular, the coefficients with ||w||s > &W vanish, as we needed.

Lemma 36 (Young’s convolution identity). For functions g € LP(R?) and h € L1(R?) and
1 1 1
S+-=>+1
p q T

where 1 < p,q,r < 00 we have
1 * gllr < llgllpllPlq-

Here * denotes the convolution operator.

Lemma 37. For a differentiable function f : (0,11 — R, such that f € L'(R?) we have
FH(w) = i2mwf(w)

(11.35)

(11.36)

(11.37)

11.4 EX1STENCE UNIQUENESS AND DEFINITION OF THE SOLUTION

11.4.1 PrROOF OF EXISTENCE AND UNIQUENESS OF MINIMA

Proof. The proof follows a similar sketch of that provided in Fernindez-Real and Ros-Oton [2020]

Chapter 3, Theorem 3.3.
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We first show that the minimizer u* of the energy functional & (u) exists.

Note that from Definition 11 we have for a fixed z € (2 the function L(x, -, -) is convex and smooth it
has a unique minimum, i.e., there exists a (yz,2;,) € R x R?such that for all (y,2) € R x R? we

have L(z,y, 2) > L(x,yr, 21) and that VL(x, y1,, 2;,) = 0. Furthermore, using Equation 4.2 from
Definition 11 this also implies the following,

Mlz = z2ll3 < L@y, 2) — Lz, yz, 20) < Ally —yellz + 1z — zcl2)-
Note we can (w.l.0.g) assume that for a fixed 2 € Q we have, L(2,0,0) = 0,and V,, . L(x,0,0) = 0

(we can redefine L as L(z,y, 2) = L(z,y + yr, 2z + 21) — L(x,y1, 21) if necessary), hence the above
equation can be simplified to,

M= < Liz,y,2) < A(lyl3+ I1215), ¥p € @ x R x R, (1138)

Now, we define,
E = inf{/ L(z,v,Vv) — fodr :z € Qv € Hé(Q)}
Q
. Let us first show that &, is finite. Indeed, using Equation 11.38 for any v € H}(2) and = € ), we have
Ev) = / L(z,v,Vv) — fvdx
Q

= QA(HU(HS)IE +Vo@)[l3) + £ (@)v()]2dz

< Al l3s@) + 190l ) + 112l ]2y

and is thus finite.

Moreover, using Equation 11.38 for allv € Hj(2) and z € Q, £(v) can be lower bounded as
E(v) = / L(z,v,Vv) — fv dx
Q

> / AIVo(@)lls — |1 (@)v(@)]ls d

> AIVolZaq — 1 e 1ol 2

2 A o2 AN, )

> §||VU||L2(Q) + 2, [vl172(0) — CllfIz2(0) (11.39)

for some large constant C' so that A\/2C,, — 1/C > 0., where we have used the Poincare inequality
(Theorem 14) and Cauchy-Schwarz inequality to get the last inequality.

Let {u;} where u, € H}(2) Vk define a minimizing sequence of function, that is, we have & (uy,) —
&, = inf, E(v) as k — 0. From 11.39 we have for all &

A A 1
A | a2 + (— - —) el ey — Ol Iy < E(un).
92 L2(Q) 2Cp C L2(Q) L2(Q)

165



11 Appendix for Chapter 4

Therefore since £ (uy,) is bounded, we have that [|ug|| 1 (o) is uniformly bounded, and thus we can extract
a weakly convergent subsequence. With some abuse of notations, let us without loss of generality assume
that u;, — wu.

We will now show that if u;, — wu,
E(u) <liminf E(uy) = &,
k—o0

and therefore conclude that the limit u is a minimizer. This property is also referred to as weak-lower
semi-continuity of £.

In order to show the weak-lower semicontinuity of £ we define the following set,
At) == {v € H}(Q) : E(v) < t}.

Furthermore, note that the functional £(v) is convex in v (since the function L is convex and the term
f(x)v(x) is linear), and this also implies that the set A(t) is convex.

Further, for any sequence of functions {wy, } where wy, € A(t) such that wj, — w from Fatou’s Lemma,

E(w) = /QL(x,w(a:), Vw(z)) — f(z)w(x)de < lim inf/QL(x,wk(x), Vuwg(z)) — f(x)wg(x)de <t

k—o0

hence we also have that the function w € A(t). Therefore the set A(¢) is closed (w.r.t Hj(€2) norm),
and it is convex. Since the set A(?) is closed and convex (it is also weakly closed) therefore if wy, — w it
also implies that wy, — w in H}(£2).

ence, consider a weakly converging sequence in ,i.e., Wy and define
H d kly ging H}( wy, — w and defi

t* :=liminf & (wy)

k—o0
Now, for any € > 0, there exists a subsequence wy;, — w in H}(Q) and kaj . < t* + &, that is,

wy; . € A(t" + ¢). This this is true for all € > 0 this implies that £(w) < t* = liminf_,o £. Hence
the function £ is lower-semi-continuous, and hence the minimizer exists!

Now to show that the minimum is unique. Note the function £ is convex in u. We will prove that the
minima is unique by contradiction.

Letu,v € H} () be two (distinct) minima of &, i.e., we have, £(u) = &, and £ (v) = &..
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Now using the fact that the function L : 2 x R x R? — R is convex, and the minimality of &, we have
forall x € €2 we have

3 gs(“;”) _ / L(x, u(x) + v(x) Vu<x>+vU<x>) + ayte) £ 2(e)

2 ’ 2 2
_ / L(x + x} u(x) + v(x)) Vu(z) + Vv(a:)) N f<x>u(x) + v(z)
Q 2 2 2 2
1 1
< [ 5L o), Vu@) + u@) + [ (L0, Vola)) + o)
Q 0
1 1
< = -
< 28(u) + 2S(v)
U+ v 1
< < — — =
:>50_5( 5 ) _25(u)+25(v) &
The last inequality is a contradiction and therefore the minima is unique. O

11.4.2 ProoF oF LEMMA 15: NONLINEAR ELLIPTIC VARIATIONAL PDES

Proof of Lemma 15. If the function u* minimizes the energy functional in Definition 11 then we have for

alle ¢ R
E(u) < E(u+ep)

where ¢ € C2°(2). That is, we have a minima at € = 0 and taking a derivative w.r.t € and using Taylor
expansion we get,

E(u+ep) — E(u)

agful(p) = tim ST A ZEW
i Jo Lz, u+ep, Vu+ eVp) — f(z)(u(z) + ep(x)) — Lz, u, Vu) + f(x)u(z) de
e—0 €
i Jo L(z,u+ ep, Vu) + Ovy L(z,u + ep, Vu) + ri(x) — ef (x)ep(x) — L(x, u, Vu) dx
e—0 €
o Jo L(x, u, Vu) + €0y L(x, u, Vu)p + rao(z)
0 ;
+ lim €OvuL(z,u, Vu)V + €20,0v,L(z,u, Vu)Vp - o + r1(x) — ef (x)ep(z) — L(z,u, Vu) d:
e—0 €
o Jo €0vuL(z,u, Vu)Vo + €d, L(z,u, Vu)u + 1 (x) + ro(x) — ef (2)p(x) da
0 p
(11.40)
where for all z € ) we have,
2
ra@)| < 5 sup|(Vu(@)) 98, L(y, u+ e, V) Vu(a) )
yeN
Aé?
< 2 V(a3 (141
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Similarity we have,

2

€
ra(z)] < 581618|3uL(y,u, Vu)u(z)?|
)

2
< ATEU(:U)Q (11.42)

Using results from Equation 11.40 and Equation 11.42 in Equation Equation 11.41 and taking e — 0,

the derivative in the direction of ¢ is,

dE[u] () = lim fQ OvuL(z,u, Vu)Vp + 0, L(x,u, Vu)u — f(x)p(x) dx

—0 €

Since € — 0 the final derivative is of the form,

dElul(e) = [

(0VUL(x, u, Vu)Vi + 0, L(x,u, Vv)p — fgo) dxr = 0. (11.43)
Q

We will now use the following integration by parts identity, for functions 7 : €2 — R such that and
s:Q— Ryandr, s € HL(Q),

or sdr = — / r 0s dz +/ rsndl’ (11.44)
Q 81’1 Q (‘31:2 90
where n; is a normal at the boundary and dI" is an infinitesimal element of the boundary 9.

Using the identity in Equation 11.44 in Equation 11.43 we get,

dlul(e) = [

<8vuL(x, u, Vu)Vp + 40, L(z,u, Vv)p — f@) dx
Q

> (05, L0,1, V1) Dip + L1, Ve~ fi ) da

— V. (Ovul(z,u, Vu))p + 0, L(z,u, Vu)p — fgo) dr =0

(

_ /Q (zd: —0,(OguL(, 1, V1)) 0 + Oy L(z, 1, Vo) — fgo) dz
(
(

— divy (Ovu L(x, u, Vu))p + 0, L(x, u, Vu)p — fgp) de =0

That is the minima for the energy functional is reached at a u which solves the following PDE,
d€(u) := —divy(Ovy, L(z,u, Vu)) + 0, L(x,u, Vu) = f.
where we define d€(-) as the operator —divy(0v, L(z, -, V-)) + 0, L(x, -, V-).
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11.4.3 PROOF OF LEMMA 16: POINCARE CONSTANT OF UNIT HYPERCUBE

Proof of Lemma 16. We use the fact that the Poincare constant is the smallest eigenvalue of A, i.e.,

- = lnf —_—.
Cp u€L?(Q) ||U,||L2(Q)

Note that the eigenfunctions of A for the domain €2 := [0, 1]? are defined as

d
du(x) = Hsin(mwixi), Vwe N & z€Q.
i=1

Furthermore, this also implies that forallw € N¢ we have,
Ad, = 7°|w|30.-

We can expand any function v € Hj(Q) in terms of ¢, as u(x) = Y e dwdw () where d, =
(U, ) 12(0)-

Note that for all x € €2, we have,
Au(r) = Y 7l|wl3dutu(z).
weNd

Taking square L*(£2) norm on both sides, we get,
2

Z lwll3du

1Au]|Zz ) = 7

weNd L2(Q)
0 ?
> 7T4d2 Z dw(bw
weNd L2(9)

(13)
= 7r4d2||u||%2(9)

A
|Auley o

|l 220

where we use the fact that ||w]|y > V/d (since Vi € [d] we have w; € N) in step (i), and use the orthogo-
nality of {4, } ,ene in (i7). Moreover, it’s easy to see that equality can be achieved by takingu = ¢(1.1,..1).

Hence the Poincare constant can be calculated as,

1 A
1 1A s,
Cp ueL?(Q) HUHLQ(Q)
1
— C, = —.
P2
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11.5 IMPORTANT HELPER LEMMAS

Lemma 38. The dual norm of || - |3y 5 || - | 520

Proof. If ||ul|« denotes the dual norm of [|u/[ 41 (), by definition we have,

ull« = sup <U7U>H01(Q)
vEHI(Q)

”’U”Hé (Q)Zl

= sup (Vu, Vo)
vEHE(Q)
”v”Hé (Q):l

< sup ||Vl el Vol o)
vEH (D)
1ol 1y =1

= [[Vul|2(q)

where the inequality follows by Cauchy- Schwarz. On the other hand, equality can be achieved by taking

v = e Thus, [Julls = [[Vullr2i) = [Jul| () as we wanted. O

11.5.1 USEFUL PROPERTIES OF LAPLACIAN AND LAPLACIAN INVERSE

Lemma 39. The operator (—A) ™! is self-adjoint.

Proof. Note that since the operator (—A) ™! is bounded, to show that it is self-adjoint, we only need to
show that the operator is also symmetric, i.e., for all u, v € H(2) we have

<(_A)_1U7 U>L2(Q) = <u7 (_A)_1U>L2(Q)'

To show this, we first show that the operator A is symmetric. i.e, we have
(—Au,v) 120y = (u, —Av) 12(0) (11.45)

This is a direct consequence of the Green’s Identity where for functions u, v € C§° the following holds,

/ —(Au) vdx—/Vu Vvd:c—l—/ —vdF
0
/Vu Vudx

—/uAvdx—l— @udF
Q a0 on

where we use the fact that since u, v € H} () we have u(x) = 0 and v(z) = 0 forall z € 9.
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Now, taking & = —Auand ¥ = (—A) v from Equation Equation 11.45 we get,
(—Au,v) 20y = (U, Av) 120
<1~L, (—A)_1@>L2(Q) = <(—A)_1Z~L, 17>L2(Q).

Hence we have that the operator (—A) ™! is symmetric and bounded and therefore is self-adjoint. ]

Lemma 40. Given a vector valued function f : R — R such that f € C? the following identity holds,
Vdiv,(f) = dive(Vf). (11.46)

Proof: We first simplify the right hand side of Equation Equation 11.46. Note that since Vf : R? —
R%*? s a is a matrix valued function the divergence of V f is going to be vector valued. More precisely

forallz € Q, —divy(V f) is defined as

Lj=1

divi(Vf(z)) = | Y[V S (x)]i]

-4 d
= Zaj&»f(x)] (11.47)
=1

Lj=1

where for a vector valued function the notation [g(x)]; denotes its i coordinate, and the notation
[g(2)]L, = (g9(x)1, 9(x)2, -, g(x)4) denotes a d dimensional vector.

Now, simplifying the left hand side, for all z € 2 we get,

Vdivy(f(z)) =V (Z @-f(x))

= |0; (Z 0Jf(93)>

i=1
- -d
= <Z 0,0, f(a:)) (11.48)
L \Jj=1 Ji=1
Since the term in Equation 11.47 is equal to Equation 11.48 we have Vdivy(f) = div(V f). 0

Lemma 41. Fora function g : R — Rsuch that g € C? the following identity holds,
AVg=VAg
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Proof. The term AV g can be simplified as follows,
AVg—A(af of 3f>

8x1’8x2’. ' 7(9:['(1

d
-5
3@- i=1

r d

[ 0%y

d
_ |0 0f
0x? Ox;

Lj=1 J i=1

a5 7 d
= ] (11.49)
i=1

294
= 8:1:j8(1:1 '

Further, VAg can be simplified as follows,

j=1
__deﬁﬁgz(?ag zd:aag]
I 0x4 83:3 0x 83:3 ’ i 0x4 893?’
SRR d
_ > ng@’Ll (11.50)
Since Equation 11.49 is equal to Equation 11.50 it implies that
AVg = VAg.
O
Corollary 3. For all vector valued function f R? — R functions the following holds,
V(=A)"Hdivy(f) = (=A)1dive (Vf). (11.51)
Proof: We know from Lemma 40 that for a vector valued function f : R? — R? that we have
Vdivy(f) = divg(V f).
Now, using for a fact that any function g can be written as, g = (—A)(—A) "1 g we get,
Vdiv,(f) = divy(Vf)
= V(=A)(=A) " divi(f) = divi(Vf)
L (—A)V(=A)Hdivy(f) = dive (V)
= V(=A)"'divi(f) = (—A)'div(Vf)
where (7) follows from Lemma 41, i.e., for any function g € C?, we have, VAg = AVy. O

172



11 Appendix for Chapter 4

11.5.2 SOME PROPERTIES OF SUB-MATRICES

Lemma 42. Given matrices A € R and B € R ifwe have A < B then for any set of indices
U CH{L,2,---d} where |U| = n < d then forall y € R™ we havey” Ayy <y Byy. where Ay = A,
foralli,j € U. Similarly if if we bave A = B for all y € R™ we bave, y* Ayy > y* Byy.

Proof. We will show that A < B = Ay =< By. Theprooffor A = B = Ay = By will follow
similarly.

Without loss of generality we can assume that U = {1,2,---n}andaset V = {n, - - - d}, wheren < d.
Since A < B we know that there exists © € R? we have 27 Az < 2T Bz.

Forally € R?definex := (y,04_,),and let Ay = A; jbei € Uandj € V
T AU AUV:| T T|: BU BUV] T
0 ' 0] < 0 ’ 0
ly 0] { S | A e () S U

| By —Ay Byv —Auy T
- [y 0] |:BV,U —Avy By — Ay } [y 0} =0

= y ' (By — Apy)y >0

Since we have for all y € R™ we have y? (By — Ay)y > 0, therefore this implies that Ay < By. ]
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12.1 IMPLEMENTATION DETAILS

TRAINING DETAILS.  We train all the networks for 500 epochs with Adam optimizer. The learning rate
is set to 0.001 for Darcy flow and 0.005 for Navier-Stokes. We use learning rate weight decay of le-4 for
both Navier-Stokes and Darcy flow. The batch size is set to 32. In case of Darcy flow, we also use cosine
annealing for learning rate scheduling. We run all our experiments on a combination of NVIDIA RTX
A6000, NVIDIA GeForce RTX 2080 Ti and 3080 Ti. All networks can easily fit on a single NVIDIA
RTX A6000, but training time varies between the networks.

For FNO-DEQ), we use Anderson solver [Anderson, 1965] to solve for the fixed point in the forward
pass. The maximum number of Anderson solver steps is kept fixed at 32 for Dary Flow, and 16 for Navier
Stokes. For the backward pass, we use phantom gradients [Geng et al., 2021] which are computed as:

u = T1Ge(u*,a) + (1 —1)u” (12.1)

where 7 is a tunable damping factor and u* is the fixed point computed using Anderson solver in the
forward pass. This step can be repeated S times. We use 7 = 0.5 and S’ = 1 for Darcy Flow, and 7 = 0.8
and S = 3 for Navier-Stokes.

For the S-FNO-DEQ used in Table 12.5, we use Broyden’s method [Broyden, 1965] to solve for the fixed
point in the forward pass and use exact implicit gradients, computed through implicit function theorem
as shown in Equation 5.6, for the backward pass through DEQ. The maximum number of solver steps is
fixed at 32.

For weight-tied networks, we repeatedly apply the FNO block to the input 12 times for Darcy flow, and
6 times for Navier-Stokes.

NETWORK ARCHITECTURE DETAILS. The width of an FNO layer set to 32 across all the networks.
Additionally, we retain only 12 Fourier modes in FNO layer, and truncate higher Fourier modes. We use
the code provided by Li et al. [2020a] to replicate the results for FNO, and construct rest of the networks
on top of this as described in Section 9.8.
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12.2 DATASETS

12.2.1 Darcy FLow

As mentioned in Section 9.8 we use the dataset provided by Li et al. [2020a] for our experiments with
steady-state Darcy-Flow.

All the models are trained on 1024 data samples and tested on 500 samples. The resolution of original
images is 421 x 421 which we downsample to 85 x 85 for our experiments. For experiments with noisy
inputs/observations, the variance of Gaussian noise that we add to PDEs are [0, 1e-9, 1e-8, 1e-7, le-6, le-
S, le-4, 1e-3].

12.2.2 STEADY-STATE INCOMPRESSIBLE FLUID NAVIER-STOKE

u-Vw =vAw + f, x e
Vou=0 x e

To generate the dataset for steady-state Navier-Stokes, instead of solving the steady state PDE using
steady-state solvers like the SIMPLE algorithm Patankar and Spalding [1983], we first choose the solu-
tion w* := V x u* of the PDE and then generate the corresponding equation, i.e. calculate the corre-
sponding force term f = u* - Vw* — vAw*.

To generate the solutions w*, we forward propagate a relatively simple initial distribution of wy (sampled
from a Gaussian random field) through a time-dependent Navier-Stokes equation in the vorticity form
for a short period of time. This ensures our dataset contains solutions w* that are rich and complex.
Precisely, recall the Navier-Stokes equations in their vorticity form:

Ow(z,t) +u(z,t) - Vw(x,t) = VAw(x t)+ g(x) z € (0,27)%,t € (0,7
V-u(z,t) = c (0,2m)?,t € [0,7) (12.2)
w(z,0) = (;1:) z € (0,27)?

where g(x) = V x g(z) and g(z) = sin(5x;)2, is a divergence free forcing term and z = (21, z2)
are the two coordinates of the input vector. We forward propagate the equations Equation 12.2 using
a pseudo-spectral method using the functions provided in JAX-CFD [Kochkov et al., 2021, Dresdner
et al.,, 2022] package. The initial vorticity wp is sampled from a Gaussian random field (0, (5%/2(1 +
25A)72?)), which is then made divergence free. We forward propagate the Navier-Stokes equation
in Equation 12.2 for time 7" = 0.5 with dt = 0.002 to get w(1, ), which we choose as the solution to
the steady-state PDE in Equation 5.10, i.e, w* for Equation 5.10.

Subsequently, we use the stream function ¥ [Batchelor and Batchelor, 1967] to calculate u = (O /01, 0V /Oz4)
by solving the Poisson equation AV = w in the Fourier domain. Furthermore, since f = u* - Vw* —
v Aw* we use the stream function to calculate ( f1, f2), i.e., the different components of the force term.

We use 4500 training samples and 500 testing samples. The input to the network is the vector field f =
(f1, f2) and we learn a map that outputs the vorticity w*. The resolution of grid used to generate the
dataset is 256 x 256 which we downsample to 128 x 128 while training the models. For experiments

175



12 Appendix for Chapter 5

Figure 12.1: Samples from Darcy Flow
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with noisy inputs/observations, we consider two values of maximum variance of Gaussian noise: le-3 and
4e-3. The variances of the Gaussian noise that we add to the PDEs for the latter case are [0, 1e-9, 1e-8, le-
7, le-6, 1e-5, le-4, le-3, 2¢-3, 4e-3]. However, when conducting experiments with a variance of le-3, we
exclude the last two values of variance from this list.

Figure 12.2: Samples from Steady-state Navier-Stokes dataset with viscosity 0.001. Each triplet visualizes the inputs
f1, f2 and the ground truth outputi.e. w*.
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Figure 12.3: Samples from Steady-state Navier-Stokes dataset with viscosity 0.01. Each triplet visualizes the inputs
f1, f2 and the ground truth outputi.e. w*.
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12.3 PROOF OF UNIVERSAL APPROXIMATION

The proof of the universal approximation essentially follows from the result on the universal approxima-
tion capabilities of FNO layers in Kovachki et al. [2021a], applied to G(v, f) = v — (Lv — f). For the

sake of completeness, we reitarate the key steps.

For simplicity, we will assume that d,, = d, = dy = 1. (The results straightforwardly generalize.) We
will first establish some key technical lemmas and introduce some notation and definitions useful for the
proof for Theorem 8.

Definition 37. An operatorT : L*(Q; R) — L*(Q; R) iscontinunonsatu € L*(Q; R) if foreverye > 0,
thereexistsa d > 0, such that forallv € L*(Q) with ||u—v|| 12(q) < 0, webave | L(uw)—L(v)||12¢0) < €

First, we approximate the infinite dimensional operator G : L?(2) x L?(Q2) — L*(2) by projecting
the functions in L*(£2) to a finite-dimensional approximation L3;(2), and considering the action of the
operator on this subspace. The linear projection we use is the one introduced in Equation 5.11. More
precisely we show the following result,

Lemma 43. Given a continuous operator L . L*(Q2) — L*(Q) as defined in Equation 5.1, let us define an
operator G : L*(Q) x L*(Q) — L*(Q) asG(v, f) :=v— (L(v) — f). Then, for cvery € > 0 there exists
an N € N such that for all v, f in any compact set K C L*(2), the operator Gy = UG (v, Iy f) is
an e-approximation of G (v, f), i.e., we have,

sup (|G (v, f) = Gn (v, 2 < €

v,feK

Proof. Note that for an € > 0 there existsan N = N (¢, d) such that for all v € K we have

sup ||v — Iyv|[r2@) < €.
veK

Therefore, using the definition of Gy we can bound the L?(£2) norm of the difference between G and
Gn as follows,

1G(v, ) = NG (va, fo)ll22(0)
<|[1G(v, f) = InG(v, [)llz2@) + [[InG (v, f) — UnG(Hnv, Un f) | 220
< I9(v, f) = nG(v, )l + 1G(v, f) = GTxv, Ty f)l 220

I 11

We first bound the term [ as follows:
1G (v, f) — UNG (v, )20
= [lv = (L(v) = f) = (v = (L(v) = )20
= |lv = lnvllz2@) + [1f = Onfllzz) + [[L(v) — Ty L(v) || 2@
=€ete+ HL(’U) — HNL(U)“LQ(Q) (12.3)
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Since L is continuous, for all compact sets K C L?*(2), L(K) is compact as well. This is because: (1) for
any u € K, || L(u)||12(q) is finite; (2) forany v € K, ||L(v)||z2(0) < [|[L(w)]|22(0) + Cllu — v 2(0)-
Therefore, for every € > 0, there exists an N € N such that

sup || L(v) — HyL(v) || L2) < €.
veK

Substituting the above result in Equation 12.3, we have

|G (v, f) = NG (v, f)llz2) < 3e. (12.4)

Similarly, for all v € K where K is compact, we can bound Term /1 as following,
1G (v, [) = G(Unv, N )l 120
< lv—(L(v) = f) = Iyv — (L(Uyv) = In )]l 20

< |lv = Hnvl|z2) + IIf = Onfllzz@) + |1 L(v) — L(Tyv) || 2
<e+e+|Lv)— L(HNU)||L2(Q). (12.5)

Now, since v € K and L : L*(Q) — L?*(f) is a continuous operator, there exists a2 modulus of
continuity (an increasing real valued function) a € [0, 00), such that forallv € K, we have

12(6) = L(Txo) 20y < a(llo — Tyl sa(oy)
Hence for every € > 0 there existsan N € N such that,
afllo — Tyl aey) < e
Plugging these bounds in Equation 12.5, we get,
1G(v, f) — G(Lnv, HNf)||L2(Q) < 3e. (12.6)

Therefore, combining Equation 12.4 and Equation 12.6 then for € > 0, there existsan N' € N, such that
forallv, f € K we have

sSup Hg(vv f) - HNg(Um fn)HLQ(Q) < 6e. (12.7)
v, feK
Taking € = 6e proves the claim. O]

Proof of Theorem 8. For Lemma 43 we know that there exists a finite dimensional projection for the op-

erator G, defined as Gy (v, f) such that forall v, f € L?(2) we have
1G(v, f) = Gn (v, f)ll2) < e

Now using the definition of Gx (v, f) we have

gN(U7 f) = HNQ(Hva HNf)
= llyv — (IyL(Hyv) — My f)

From Kovachki et al. [2021a], Theorem 2.4 we know that there exists an FNO network Gz of the form
defined in Equation 5.2 such that for all v € K, where K is a compact set, there exists an e’ we have

sup MLy L(Iyv) — Gor |l 120y < € (12.8)
ve
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Finally, note that from Lemma D.1 in Kovachki et al. [2021a], we have that for any v € K, there exists
an FNO layers Gy; € L*(Q) and Gpo € L?*(2) defined in Equation 5.3 such that

sup [[IIxv — Goo[| r2(q) < € (12.9)
veK

and
sup [Ty f — Gosll o) < € (12.10)
feK

fore” > 0and ¢/ > 0.
Therefore there exists an € > such that there is an FNO network Gy : L?(Q) x L*(Q2) — L?(Q) where
6 := {0, 0",67} such that

sup  [|[Gn(v, ) = Go(v, f)ll2) < € (12.11)
veK,feL?()

Now, since we know that u* is the fixed point of the operator G we have from Lemma 43 and Equa-
tion 12.11,

1G (", f) = Go(u", [)ll2@) < [[u” = Gn(u™, f)llr2) + 98 (W7, f) = Go(u™, f)llr2(0)
< €—+e.

12.4 FAsT CONVERGENCE FOR NEWTON METHOD

Definition 38 (Frechet Derivativein L?(2)). Fora continuousoperator F' : L*(Q) — L*(S2), the Frechet
derivativeatu € L*(Q)isalinearoperator F'(u) : L*(Q) — L*(Q) such that forallv € L*(Q) we have

i Mt ) = Fu) - F(w)(v)l 20

0]l 2 () —0 V] 22(0)

= 0.
Lemma 44. Given the operator L : L*(Q2) — L*(Y) with Frechet derivative L', such that for all u,v €
L*(Q2), we bave || L' (w) ()| 12() = Allv|| 12(q), then L' (w) ™! exists and we bave, for all vy, vy € L*(Q):

L2 () (on)llzz) < llvillzz):

2. lor = vallz2e) < 3[1L(v1) = L(v2) | 22
Proof. Note that for all u, v € L?(£2) we have,

1L ()" [[L20) = M| 22 (o)
Taking v = L'(u) ! (v'), we have
1L (u) (L' () ™ (0)) |20 = AL () ()] 220

1 _
= Il = 127 (@) (0) 12(0)-
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For part 2, note that there exists a ¢ € [0, 1] such that

[1L(v1) = L(va2) || z2() = Cg(l)fl] IL'(cvr + (1 = cJva)[|2]lvr — v2ll2i@) = Allvr — va] 120
[

We now show the proof for Lemma 45. The proof is standard and can be found in Faragé and Kardtson
[2002], however we include the complete proof here for the sake of completeness.

We restate the Lemma here for the convenience of the reader.

Lemma 45 (Faragd and Kardtson [2002], Chapter 5). Consider the PDE defined Definition 18, such that
dy, = d, = dy = 1 such thar L' (w) defines the Frechet derivative of the operator L. If for all u,v €
L*(;R) we have || L' (w)v|l12(0) > M|vllr2) ' and ||L'(w) — L'(0)||12¢) < Allu — vl 1200 for
0 < XA < A < oo, then for the Newton update, uy 1  up— L' (uy) " (L(ut) — f), withug € L*(Q; R),

there exists an € > 0, such that |lup — u*||2(q) < €if° T > log(log(%)/log(W%)).
L4(Q

Proof of Lemma 45. Re-writing the updates in Lemma 45 as,
Upp1 = Ut + Pt (12.12)
Now, upper bounding L(u;41) — f forall z €  we have,

Luga(2)) = f(x)
= L(w(x)) — f(z) + /0 (L (us(2) + t(urr () = ue(2)))) (urga (z) — we(2))dt

= L(u(x)) = f(x) + L' (us(2))pe(x) + /0 (L' (ur () + t(ura (2) = wi(2))) = L'(ue()))pe()dt
= /0 (L (ug(2) + t(urgr (z) — ue(2))) — L' (ue(2)))pe () dt

where we use Equation 12.13 in the final step.

Taking L*(£2) norm on both sides and using the fact that || L' (u) — L'(v) || 12(0) < Aflu — v 12(0), we
have

1
| L(wer1) = fllrz@) < / Atlugpr — ul| 2o l|pel| L2 o dt
0

I'We note that this condition is different from the condition on the inner-product in the submitted version of the paper,
which had. (L' (u), ’U>L2(Q) > )\HUHLz(Q).

2We note that this rate is different from the one in the submitted version of the paper.
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Noting that forall 2 € €, we have u4;1 —u; = py, and using the fact that forall u, v || L' (u) "'v|| 12(q) <
%HU”L?(Q) we have, ||L/(ut)pt||L2(Q) < %HptHL?(Q)

1
IEGues) = Sy < [ Athurss =l ot
0

< A/2|lpell72 0
< A/2|] = L'(ug) " (L(ue) — f)l1 720

A
< ﬁHL(Ut) — Nz

where we use the result from Lemma 44 in the last step.

Therefore we have

[ L(uer) = fllrz@) <

(

= [[L(uer) = fllz) < (A)Qtl(L(Uo) — L(u))”
1
A

272
A\ 21
NPk
= |lugs1 — u|2() < 2—>\2) 1£(u0) = L)z (-
Therefore, if A
2—)\2HL(U0) — L(u")|[z2(0) < 1,

then we have

w1 — ul[r20) <€

fzlos (log(%)/ log(AHLwo?A—Q fHLz(m))

for

12.5 ADDITIONAL EXPERIMENTAL RESULTS

We provide additional results for Navier-Stokes equation for noisy inputs and observations in Table 12.1
and Table 12.2. For these experiments, the maximum variance of Gaussian noise added to inputs and
observations is 0.004. We observe that weight-tied FNO and FNO-DEQ outperform non-weight-tied
architectures.

CONVERGENCE ANALYSIS OF FIXED POINT.  We report variations in test error, absolute residual || G (2, ) —
2|2, and relative residual W with an increase in the number of solver steps while solving for
the fixed point in FNO-DEQ, for both Darcy Flow (See Table 12.3) and Steady-State Navier Stokes (See

Table 12.4). We observe that all these values decrease with increase in the number of fixed point solver it-

183



12 Appendix for Chapter 5

Architecture

Parameters

#Blocks

Test error |,

o2 =0  (02,,) =0004 (02, )" =0.004
FNO 2.37M 1 0.184+0.002  0.23840.008  0.179 + 0.004
FNO 415M 2 0162+£0.024  0196+0.011  0.151 0.010
FNO 7.71IM 4 0157 +0.012  0.216+0.002  0.158 & 0.009
FNO++ 2.37M 1 0199+0.001  0.255+0.002  0.197 & 0.004
FNO++ 4£15M 2 0154+0.005  0.188+0.006  0.157 4 0.006
FNO++ 7.71IM 4 0151£0.003  0.18440.008  0.147 & 0.004
FNO-WT  237M 1 0123+0.004 0.141+0.003  0.125 = 0.007
FNO-DEQ  237M 1 0123+0.005 0.139+0.007 0.127+0.002

Table 12.1: Results on incompressible Steady-State Navier-Stokes (viscosity=0.001): clean data (Col 4), noisy
inputs (Col 5) and noisy observations (Col 6) with max variance of added noise being (02,,, )" and
(02 45 ) " respectively. Reported test error has been averaged on three different runs with seeds 0, 1, and 2.
T indicates that the network diverges during training for one of the seeds.

Test error |,

Architecture Parameters  #Blocks o2 =0 (02, ) =0.004 (02,)" = 0.004
ENO 2.37M 1 0.181 £ 0.005 0.207 £ 0.003 0.178 = 0.008
FNO 4.15M 2 0.138 £ 0.007 0.163 £+ 0.003 0.137 £ 0.006
FNO 7.71M 4 0.152 4+ 0.006 0.203 £ 0.055 0.151 £ 0.008

FNO++ 2.37M 1 0.188 £ 0.002 0.217 4 0.001 0.187 4 0.005

FNO++ 415SM 2 0.139 £0.004  0.170 £ 0.005 0.138 + 0.005

FNO++ 7.71M 4 0.130 + 0.005 0.168 £ 0.007 0.126 + 0.007
FNO-WT 2.37M 1 0.089£0.004  0.097 £0.008  0.087 £ 0.003
FNO-DEQ 2.37M 1 0.085 4+ 0.005 0.096 - 0.008 0.087 £ 0.004

Table 12.2: Results on incompressible Steady-State Navier-Stokes (viscosity=0.01): clean data (Col 4), noisy
inputs (Col 5) and noisy observations (Col 6) with max variance of added noise being (02,,)* and

(G
2.

I indicates that the network diverges during training for one of the seeds.

)%, respectively. Reported test error has been averaged on three different runs with seeds 0, 1, and

erations and eventually saturate once we have a reasonable estimate of the fixed point. We observe that
increasing the number of fixed point solver iterations results in a better estimation of the fixed point.
For steady state PDEs, we expect the test error to reduce as the estimation of the fixed point improves.
Furthermore, at inference time we observe that the test error improves (i.e. reduces) with increase in the
number of fixed point solver iterations even though the FNO-DEQ is trained with fewer solver steps. For
Navier-Stokes with viscosity 0.01, at inference time we get a test MSE loss of 0.0744 with 48 solver steps
from 0.0847 when used with 24 solver steps.
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This further bolsters the benefits of DEQs (and weight-tied architectures in general) for training neural
operators for steady-state PDEs. Moreover, performance saturates after a certain point once we have a
reasonable estimate of the fixed point, hence showing that more solver steps stabilize to the same solution.

Solver steps  Absolute residual | Relative residual || Test Error |

2 212.86 0.8533 0.0777
4 18.166 0.0878 0.0269
8 0.3530 0.00166 0.00567
16 0.00239 1.13e-5 0.00566
32 0.000234 1.1e-6 0.00566

Table 12.3: Convergence analysis of fixed point for noiseless Darcy Flow: The test error, absolute residual

. . G — 1. . .
|Go(zt) — z¢||2 and relative residual % decrease with increase in the number of fixed point

solver iterations. The performance saturates after a certain point once we have a reasonable estimate of
the fixed point. We consider the noiseless case, where we do not add any noise to inputs or targets.

Solver steps  Absolute residual | Relative residual || Test Error |

4 S44.16 0.542 0.926
8 397.75 0.408 0.515
16 150.33 0.157 0.147
24 37.671 0.0396 0.0847
48 5.625 0.0059 0.0744
64 3.3 0.0034 0.0746

Table 12.4: Convergence analysis of fixed point for noiseless incompressible Steady-State Navier-Stokes with viscos-

ity=0.01: The test error, absolute residual |Gy (zt) — z¢||2 and relative residual [Go(@) 22 gecreqse

[EHIP

with increase in the number of fixed point solver iterations. The performance saturates after a certain
point once we have a reasonable estimate of the fixed point. We consider the noiseless case, where we do

not add any noise to inputs or targets.
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(a) Training Loss Curve
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Figure 12.4: Training and Test Loss Curves for Steady-State Navier-Stokes with viscosity 0.01. The x axis is the
number of epochs and y axis is the MSE loss in log scale. Note that while all the models converge to
approximately the same MSE loss value while training, DEQs and weight-tied networks get a better
test loss in fewer epochs.
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Test error |

Architecture Parameters #Blocks 0-121’1 =0 (01211 ax)i — 0.001 (01211 ax)t — 0.001
FNO 2.37M 1 0.0080 £ Se-4 0.0079 + 2e-4 0.0125 =+ 4e-5
FNO 415M 2 0.0105 == Ge-4 0.0106 = 4e-4 0.0136 =+ 2e-5
FNO 7.71M 4 0.2550 == 2e-8 0.2557 +£ 8e-9 0.2617 £ 2e-9
FNO++ 2.37M 1 0.0075 =& 2e-4 0.0075 & 2e-4 0.0145 &+ 7e-4
FNO++ 4.15SM 2 0.0065 =+ 2e-4 0.0065 =+ 9e-5 0.0117 £ Se-S
FNO++ 7.71M 4 0.0064 £+ 2e-4  0.0064 =+ 2e-4 0.0109 + Se-4
FNO-WT 2.37M 1 0.0055 +=1e-4 0.0056 =+ Se-5 0.0112 + 4e-4
FNO-DEQ 2.37M 1 0.0055 +-1e-4 0.0056 + 7e-S 0.0112 &+ 4e-4

Table 12.5: Results on Darcy flow: clean data (Col 4),noisy inputs (Col 5) and noisy observations (Col 6) with max
variance of added noise being (02 )" and (02, )?, respectively. Reported test error has been averaged
on three different runs with seeds 0, 1, and 2. Here, S-FNO++, S-FNO-WT and S-FNO-DEQ are
shallow versions of FNO++, FNO-W'T and FNO-DEQ respectively.
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13.1 TRAINING DETAILS

In this section, we will provide a detailed description of the training hyperparameters used in the KS
experiments of Section 6.6.1, in the Burgers experimente of section ?? and the Navier Stokes experiments
of section 6.6.2. We start with the training hyperparameters. All our experiments used a learning rate of
0.001. For the number of epochs, in KS and Burgers, the training was done over 200 epochs with cosine
annealing learning scheduling [Loshchilov and Hutter, 2017]; whereas in Navier Stokes we trained for
300 epochs and halved the learning rate every 90. As for the number of samples, KS and Burgers were
trained with 2048 samples and Navier Stokes with 1024 samples. Lastly, we observed that the batch size
was a sensitive hyperparameter for both the memory and memoryless models (it seemed to affect both
equally) so we ran a sweep at each experiment to select the best performing one. In the results shown in
the paper, KS and Navier Stokes use a batch size of 32, and Burgers a batch size of 64.

Another relevant detail is the memory length in training, that is, the number of past states that were fed
to the memory layer in the MemNO model. In the KS and Burgers experiments, the maximum memory
lengths are 20 and 25 (which are the same as the number of timesteps of the dataset). That means that for
the last timestep, the previous 19 or 24 states were fed into the memory layer. However, for GPU memory
limitations in Navier Stokes the memory length was 16, half the number of timesteps of each trajectory
in the dataset. In this case, the memory was reset after the 16th timestep, i.e. for the 16th timestep the 15
past states were fed to the memory model, yet for the 17th timestep only the 16th timestep was fed. Then,
for the 18th timestep, the 17th and 16th were fed, and so on.

As in [Tran et al,, 2023], experiments were trained using teacher forcing. This means that for the pre-
diction of the i-th timestep during training, the ground truth of the ¢ — 1 previous steps was fed to the
model (as opposed to the prediction of the model for such steps).

We ran our experiments on A6000/A6000-Ada GPUs. The Navier Stokes 2D experiments required
around 34GB of GPU memory for the batch size of 32 and took around 5 hours to finish, whereas the
rest of experiments in 1D required a lower GPU memory (less than 10GB) and each run took around 1
or 2 hours, depending on the resolution.

13.2 ABLATIONS ON THE MEMORY LAYER

In this section we present two ablations regarding the memory layer of MemNO.
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13.2.1 ABLATION: CHOICE OF SEQUENTIAL MODEL

In section 6.5.3 we introduced MemNO as an architecture framework which allowed the introduction
of memory through any choice of a sequential layer, which we chose as S4 in the previous experiments.
In this section, we explore two other candidates for the sequential layers: a Transformer and an LSTM.
We introduce Transformer-FFNO (T-FFNO) and LSTM-FFNO as two models that are identical to
S4FFNO except in the sequential layer, where a Transformer and an LSTM are used respectively. The
Transformer layer includes causal masking and a positional encoding, which is defined for pos across the
time dimension and 7 across the hidden dimension by:

PE(pos, 2i) = sin(L‘S%)
10000 dim_model

PE(pos,2i+ 1) = cos (LSQ)
10000 3 e

We show results for the KS dataset with viscosity v = 0.15 and different resolutions. This dataset was gen-
erated using a resolution of 256 and contains 4096 samples, twice as many compared to the KS datasets of
??, given that Transformers are known to perform better in high-data regimes. The results are shown in
Figure 13.1. TFFNO performs significantly worse than S4FFNO across almost all resolutions, and even
performs worse than FFNO. In contrast, LSTM-FFNO outperforms FFNO, which shows that MemNO
can work with other sequential models apart from S4. The memory term in Equation 6.6 is a convolu-
tion in time, which is equivalent to the S4 layer and very similar to a Recurrent Neural Network (RNN)
style layer, as showed in Gu et al. [2022b]. We believe that this inductive bias in the memory layer is the
reason why both S4FFNO and LSTM-FFNO outperform FENO. However, S4 was designed with a bias
for continuous signals and has empirically proven better performance in these kind of tasks [Gu et al,,
2022b], which is in agreement with its increased performance over LSTMs in this experiment. Addition-
ally, we observed that LSTMs were unstable to train in Navier Stokes 2D datasets.

Lastly, we make two remarks. Firstly, we believe that Transformers performed worse due to overfitting,
given that the train losses were normally comparable or even smaller than the train losses of the rest of the
models at each resolution. We hypothesize that the full access to the past of Transformers models might
lead to exploiting spurious correlations during training. Modifications of the Transformer layer or to
the training hyperparameters as in other works [Hao et al., 20244, Cao, 2021, Hao et al.,, 2023a] might
solve this issue. Secondly, recently there has been a surge of new sequential models such as Mamba [Gu
and Dao, 2023b, Dao and Gu, 2024b], RWQK [Peng et al., 2023], xLSTM [Beck et al., 2024] or LRU
[Orvieto etal., 2023]. We chose $4 over Mamba-type architectures because in our experiments the PDE
temporal dynamics do not change, and thus we do not expect the input-dependent selectivity mechanism
to be necessary. However, we leave it as future work to study which of these sequential model has better
overall performance, and hope that our study on the settings where the memory effect is relevant can help
make accurate comparisons between them.

13.2.2 ABLATION: MEMORY LAYER CONFIGURATION

In Section 6.5.3 we introduced the memory layer in MemNO as a single layer to be interleaved with neural
operator layers. In our experiments, we inserted it after the second layer of a four layer neural operator.
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Figure 13.1: Performance of FFNO, S4FFNO and T-FFNO and LSTM-FFNO in KS with viscosity v = 0.15.

In this section, we explore the impact of having different layer configurations, including the possibility
of having several memory layers. We will denote the configurations with a sequence of S and T letters.
S means a neural operator layer (some sort of Spatial convolution), and T a memory layer (some sort of
Time convolution). For example, SSTSS denotes the architecture of our experiments, where we have 2
neural operators layers, followed by a memory layer, followed by other 2 neural operator layers. Similarly,
SSSST denotes 4 neural operators layers followed by a memory layer. In Table 13.1, we present the results
for the KS dataset with ¥ = 0.1 and final time of 4 seconds for several models. We include the S4FFNO
model we used in previous experiments in the first row (with configuration SS75S), and the FFNO model
in the last row. In the middle rows, we show different configurations of memory and neural operator
layers. It can be observed that all models with at least a memory layer outperform FFNO. There are slight
differences between configurations, yet we focused mainly on the comparison to the memoryless model.
For that reason, we fixed SS7SS configuration in our previous experiment, which was the most efficient
(only one memory layer) and symmetric. We leave as further work determining if there are settings where
a given configuration pattern can be substantially better than the rest.

13.3 APPENDIX: QUANTIFYING THE EFFECT OF MEMORY

Proof. We proceed to the Equation 6.9 first. Note that uy (t), Vt > 0 can be written as u; (t) = aét)eo +

t .
ag )el. Moreover, by Proposition 2, we have

aa(()t)

= 2Bal" (13.1)
Oa(t)
a_; =" + Bal (13.2)
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nRMSE |
Architecture Resolution 32 Resolution 48 Resolution 64
S4FFNO (SSTSS) 0.123 £+ 0.011 0.086 = 0.004 0.015 + 0.001
S4FFNO (SSSST) 0.142 +0.009 0.069 £+ 0.001 0.017 £ 0.001
S4FFNO (STSSTS) 0.141 £ 0.006 0.064 = 0.002 0.019 £+ 0.001
S4FFNO (STSTSTST) 0.113 + 0.006 0.070 4+ 0.004 0.017 £ 0.001
S4FFNO (TSSSS) 0.129 £+ 0.007 0.080 + 0.003 0.017 £ 0.001
FFNO 0.294 + 0.004 0.138 == 0.013 0.021 £ 0.002

Table 13.1: KS, v = 0.1. The final time is 4 seconds and the trajectories contain 20 timesteps. For each architecture,
we tried 4 learning rates (0.002, 0.001, 0.0005 and 0.00025, each with three different seeds. We present
the results of the learning rate with the lowest nRMSE averaged across the three seeds. The standard
deviation is also with respect to the seeds.

In matrix form, these equations form a linear matrix ODE:

9 (a’\ (0 2B\(a)
ot agt) - \B 1 agt)

ay’ 0 2B\ (a
The solution of this ODE is given by [()t) = exp (t < B o1 ) ) (()0) . By the first statement of
al ay

Lemma 46 and the non-negativity of ao : ag ) we get:

CL(()) S 106\/§Bt< (0) + CLg ))’ (133)
agt) < 1OeﬁBt< 0) + a( )) (13.4)
We proceed to Equation 6.10. Note that for any s > 0, we can write us(s) = d(()s)eo + dgs)el with

~(0) (0)

NONINO) — 4

o =ay anda; . By Proposition 2, we have

OLus(z) = Ba\Vesy()

Moreover, given a function v(z), the action of the operator exp QL (%) on v is given by the solution
w(t, r) to the PDE

0
Ew(t, x) = QLw(t,x)

w(0,z) = v(x)

Ifw(t,r) =3 oy, b\e, and Vn € No, b > 0, we are interested in solving the previous PDE with
0\ and b = 0¥n £ 2.

L iy 0
initial conditions bg ) = Ba

We claim that the coefhicients de ) > 0Vt > 0and Vn € {0, 1}. Fort = 0 this is by definition, and we
will prove it for all ¢ by way of contradiction. Suppose the claim is not true, then there exists a t* > 0,
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and some n* € {0, 1} such thata!’) = 0,and @) > 0¥n € {0,1} and Vs < ¢*. But from continuity
this implies that there exists 0 < ¢ < t* such that 2 at §f ) <. However, it can be easy to see that if
ol > 0vs < t’ then Py Lus(t') > 0and P1L fo exp QL(t — s)us(s)ds > 0. Therefore, from
( ")

, 6t a,,« > 0, which is a contradiction.

Equation 6.10

This claim implies that bﬁlo) > 0Vn € N, and in turn it implies that b,(f ) > 0Vn € N,t > 0. Applying

QL results in the following inequalities for the coefficients bgt), bg), bét):

9,
abﬁ” >\ + Bl > Bb{ (13.5)
0
a—bg” > Bb\Y + 468" + Bl > Bl + BpY (13.6)
9,
atbt>>Bb”+9b > B (13.7)
Thus, we can write a linear matrix ODE for the vector (b lt), b2 , bgt)):
by 0o B o0\ [0V
A0 B 0 B||W (13.8)
ot 2 - 2 :
b(t) 0O B 0 b(t)
3 3

Therefore, using Lemma 47, for sufficiently large B we have bgt_s) > %}Zu_s)dgs).

Hence, if we write fg exp QL(t — s)QLus(s)ds in the basis {€;, }en,, the coefficient for e; will be

lower bounded by
t
1 o
/Ol_OBeB(t )ag)ds

Applying the second statement of Lemma 46 and using the non-negativity of a(()o) and ago), we have
dﬁs) > lioe‘/iB 5 (a(()o) + a§0)> . Hence, the coefficient for e; is lower bounded by

b1 1 Bt
/ 1 BeﬁB(m)_e\/ﬁBs( 0) 4 o0 ) ds > Bt van (aém +a§o>>
. 10 10 100°

We finally need to consider what happens after applying the outermost operator P; L. Because of Propo-
sition 2 again, applying £ makes the coefficient in front of e; at least ]190('; ‘[Bt( (()0) + a§0)>. Finally,

applying P, preserves the coefficient in front of e.
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Hence, equation Equation 6.10 results in the following evolution inequalities:

ad(t) R

82 > 284" (13.9)
a) N0 0 . B* el 0, ©

at Z (11 + Bao _|_ ﬁe <a0 + al ) (13.10)

Using the second statement of Lemma 46 again we have that ao(t) > %eﬂB y (aéo) + a§0)>. Thus,

dropping the (positive) term &ﬁ“ in equation 13.10, we have:

agit) > (% + %) BeV?P! (aff’) + a§°)) (13.11)

Integrating this equation yields:
ol > al? 4 2—(1)0eﬁ3t (\/§Bt +10V2 — 1) <a(()0) + a§°)> (13.12)
Thus, we have agt) e BteV2Bt (aéo) + aﬁ‘”). Together with equation 13.3, the claim of the Theorem
follows. ]

Lemma 46. There exists B > 0 sufficiently large such that for allt > 0 the matrix ( L(; ; th) satisfies:

Vi, j € {1,2},exp((]gt th))i,j < 10exp(V2Bt) (13.13)
Vi, j € {1,2}7exp((39t th))i,j > 1—10exp(\/§Bt) (13.14)
Proof. By direct calculation, we have:
exp ( 0 2Bt)) _ 1 (mg(B,t) — h(B,1) 4Bh(B, 1) )
Bt t WRB2 + 1 2Bh(B, ) V8B2 4+ 1¢g(B,t) + h(B, 1)

where:
g(B,t) = o3 (VEBZH1+1)t _|_e—%(\/832+1—1)t

h(B,t) = o3 (VBBZHLH1)t _ —5(VBBZHI-1)t

Thus, the statement follows.
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0 B 0
Lemma 47. Forall B > 0, the matrix | B 0 B | satisfies:
0O B 0
0 B 0 1
Vi,j€{1,2,3},exp(| B 0 B |)i; > — exp(vV2B) (13.15)
0 B 0 10

Proof. By direct calculation:
0 B 0

exp( B 0 B )z,] =

0 B 0

2V 4 V2B 11 \f2e2V2B /2 —2¢VB 4 V2B 1]

\/562\/53 . \/5 2(62\/53 + 1) \/562\/53 . \/§
—2eV2B L V2B | | |\ /2e2VEB _ /5 9eV2B | o2V2B | q

1
_6_\/53

Thus, the statement follows.
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14.0.1 DATASETS

Asmentioned in Section 9.8, we train our models using the datasets provided in the PDEBench [ Takamoto
etal,, 2022]. The time-dependent PDE families considered by our models are: Burgers Equation (1D),
Diffusion-Sportion (1D), Shallow-Water (2D), compressible Navier-Stokes (1D and 2D), incompressible
Navier-Stokes (2D), and Diffusion-Reaction (1D and 2D). For each s € .S, the number of points in the
n-point discretization W7 is 128, i.e, n = 128. For PDEs where the PDEbench-provided grid has more
than 128 points in each dimension, we sample 128 equispaced points.

In this section, we provide few key properties and considerations for the PDEs used in this paper. The
initial conditions g(0, ) for most of the datasets are sampled from a superposition of sinusoidal waves.
The set of coefficients and number of trajectories used per PDE are reported in Appendix Table 14.1. For
full details on the data generation process and the hyperparameters used to generate the PDE dataset, we
refer the reader to Takamoto et al. [2022].

BurGEers EQuaTtion (1D)

Burgers equation is commonly used to model the nonlinear dynamics of various fluid dynamics systems.
Given the field u(t, z) € (0,2] x (0,1) — R the PDE is defined as follows:

wlte) _ 2 oput, ) (14.)

Owu(t, z) + 0y

Here v is the diffusion coefficient or the viscosity of the liquid, and 7 is the density of the liquid.

Di1rrUsioN-SORPTION EQuATION (1D)

Diffusion-Sorption is a nonlinear diffusive process slowed down by an external force that is dependent of
the state variable u 1. This PDE is used to model groundwater contamination transport processes. The
PDE is defined as the following:

Owu(t,z) = Opru(t, x), (14.2)

D
R(u)
where z € (0,1),t € (0,500],and D = 5 x 10~*. For more details on the initial conditions, boundary
conditions and the function R(u), we refer the reader to Takamoto et al. [2022]. For our training, we
use 4500 trajectories for this PDE generated by varying the initial conditions.
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ApvEecTIioN EQuaTIOoN (1D)
Given advection speed 3, the advection equations are expressed as:
owu(t, ) + o,u(t,x) =0
wu(t, ©) + BOyult, x) (14.3)
u(0,z) = ug(x)

where z € (0,1) and ¢ € (0, 2]. Various examples in this dataset are generated by sampling multiple
initial conditions from a super-position of sinusoidal waves as used in Takamoto et al. [2022].

COMPRESSIBLE NAVIER-STOKES (1D AND 2D)

Given density p, velocity g, pressure p, internal energy of the system € the compressible Navier-Stokes
equations are defined as follows.

P03 +7-VG) = —Vp+nAg+ (£+3)V(V-9)

1513 . PN
O e+p—2 +V p+e+p2 g—qg-o | =0

Here, z € (—1, 1) for 1D Navier-Stokes and z € (0, 1)? for 2D Navier-Stokes, and t € (0,1). Com-
pressible Navier-Stokes stokes are used to model multiple real-world phenomena in aerodynamics and
fluid dynamics.

(14.4)

INcoMPRESSIBLE FLUID NAVIER-STOKES (2D)

We define the equations for incompressible fluid Navier-Stokes where we impose the condition that the
fluid is “incommpressible.” That is, the equation follows the following condition:

V-u=0 (14.5)

For density p and pressure p, the equations used to generate the data in Takamoto et al. [2022] are as
follows:
p(Ou+u-Vu) = —Vpu +nAu + f (14.6)

where f is an external forcing function, and Dirichlet boundary conditions. Here 2 € [0, 1] and the
initial conditions w and the forcing term f are sampled from two-dimensional Gaussian random fields.
Please refer to Takamoto et al. [2022] for more details on the data generation process.

REeacTION DIFFUSION (1D AND 2D)

Reaction Diffusion are diffusive processes with external force applied to the system that may or may not
depend over the field variable g. They are often used to model many thermodynamical systems.

1D reaction diffusion is defined as follows:

Owu(t, x) — vOyu(t,z) = pu(t,x)(1 — u(t, x)) (14.7)
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forallz € (0,1)andt € (0, 1].

For 2D reaction diffusion, let §(¢, x) = [uy (¢, x), ua(t, x)]. Then the equations are defined as:
Opur (t, ) = 11050, U1 + V10pyuytty + Uy — U3 — k — Uy (14.8)
Opur(t, x) = V2040, Uz + V20,0, ua + Uy — Uy .

where k = 5 x 1073 and v, and v are diffusion coefficients. Here 7, € (—1,1) and 25 € (—1,1) and
the initial conditions are sampled from a Gaussian random field.

SHALLOW-WATER EQUATIONS (2D)

These are derived from Navier-Stokes and are a framework for modelling free-surface flow problems. We
denote by u; (), and us () as the velocities in the horizontal and vertical directions and h as the height
of the water and b defining the spatially varying bathymetry (the measurement of the depth of water in
oceans, rivers, or lakes). The shallow-water equations are defined as follows:

3th + 8:51 hu1 -+ 8$2hu2 == 0,

1
Ochuy + 0y, (U%h + 59rh2> + Oy urugh = —grh0r, b, (14.9)

1
8thuQ + 8332 (ugh + §grh2> + 8¢1U1U2h = —gThamb,

where 2 € [—2.5,2.5]* and g, is the gravitational acceleration.

SUMMARY

The following table summarizes the coefficients of the datasets used to train and test our model (note
that 1D/2D Diftusion-Reaction only appear in the test set but not the training set). We also provide the
number of training and test trajectories. We generate the input-output pairs using autoregressive teacher-
forcing.

Table 14.1: For each PDE family, we select one set of coeflicients and use the data for training and testing UPS.

Dimension Dataset Coefficients Num Train Trajectories Num Test Trajectories Timesteps Resolution
Advection g =04 4500 1000 41 128
Burgers v = 0.001 4500 1000 41 128
1D Diffusion-Reaction v=20.5p=10 4500 1000 21 128
Diffusion-Sorption - 4050 100 21 128
Compressible Navier-Stokes 7 = ¢ = 0.1, rand_periodic 4500 1000 21 128
Shallow-Water - 405 10 101 128
2D Diffusion-Reaction - 405 10 101 128
Compressible Navier-Stokes M = n = ¢ = 0.1, periodic 4500 1000 21 128
Incompressible Navier-Stokes M =0.1,n=(=1E -8 4500 1000 21 128
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14.0.2 EXPERIMENT DETAILS
TRAINING HYPERPARAMETERS

We use the following training hyperparameters for all of our experiments, unless otherwise specified. Due
to time constraint, we have not performed exhausitive hyperparameter search or tailor the hyperparame-
ters to each experiment setting.

* Batch size: 32

* Gradient accumulation: 1

* Gradient clipping: -1

* Dropout: 0

* Optimizer: Adam

* Learning rate: SE-5

* Weight decay: 1E-5

* Training epoch: 20 for stage 1, 100 for stage 2

We use the CONLL-2003 dataset [Sang and Meulder, 2003] as the reference dataset for alignment in stage
1.

EFFICIENCY ANALYSIS

We run all of our experiments on a single NVIDIA A6000. Table 14.2 show the detailed model size, per
epoch training time (in seconds), and total training time (in hours) for difterent network configurations.
Note that we train the models for 100 epochs.

Table 14.2: Trainable parameters and training time for each LLM backbone.
RoBERTa-Base RoBERTa-Large Flan-T5-Base CLIP-Base

Num Params 149M 387M 176M 132M
Per Epoch (s) 3200 7600 3500 3000
Total (hrs) 88 211 97 83

We reported additional metrics such as FLOPs and the time required for predicting a single step for a
PDE instance in Table 14.3, assuming the input data is 2D with 4 channels and resolution 128. We mainly
compared with unified models that have similar model sizes. Compared to these existing work, UPS has
lower FLOPs and shorter inference time. This shows that our model is ideal for deployment in practical
environments where both computational efficiency and speed are critical.
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Table 14.3: Efficiency comparison for unified neural operators.

UPS-B MPP-B DPOT-M

Num Params 145M  11eM 122M
Per Forward Pass FLOPs (G) 72.66 102.12 75.44
Single Step Inference Time (ms) ~ 1.77 2.34 1.88

14.0.3 DETAILED EXPERIMENT RESULTS
2D-OnLy UPS

Table 14.4: Training UPS with all of the 2D datasets in PDEBench and compare with MPP and DPOT. Note
that beyond these PDEBench datasets, MPP is also pretrained on PDEArena [Gupta and Brandstet-
ter, 2022] and DPOT is pretrained on PDEArena [Gupta and Brandstetter, 2022] as well as CFD-
Bench [Yining et al.,, 2023]. Baseline results taken from Hao et al. [2024b]. - means that the result is
not available.

# Params PDEBench 2D Navier Stokes-(7, ) 2D Diff-React 2D Shallow-Water
(sorted within groups) 1,0.1 1,0.01 M1 0.,0.1 0.1,0.01 MO.1

FNO 0.5M 0.098 0.096 0.097  0.360 0.170 0.265 0.12 0.0044

Small- FFNO 1.3M 0.0212  0.052 0.0366 0.162  0.0452 0.104 0.0571 0.0116
Sized GNOT 1.8M 0.0325 0.0420 0.0373 0.0228 0.0341 0.0285 0.0311 0.00678
Oformer 1.9M 0.0417 0.0625 0.0521 0.0254 0.0205 0.0229 0.0192 0.00717

MPP-Ti 7M - - 0.0442 - - 0.0312 0.0168 0.0066
DPOT-Ti 7M 0.0173  0.0397 0.0285 0.0132 0.0220 0.0176 0.0321 0.00560

Medium- MPP-S 30M - - 0.0319 - - 0.0213 0.0112 0.0024
Sized DPOT-S 30M 0.0153  0.0337 0.0245 0.0119 0.0187  0.0153 0.0379 0.00657
DPOT-M 122M 0.0116 0.0238 0.0177 0.00866 0.0129 0.0108 0.0292 0.0029

UPS-B (Ours) 149M 0.0112 0.0605 0.0277 0.0085 0.0124 0.0211 0.0243 0.0018
UPS-L (Ours) 387M 0.0102 0.0596 0.024 0.0083 0.0102 0.0209 0.0236 0.0015
Large- MPP-L 400M - - 0.0208 - - 0.0147 0.0098 0.00220
Sized DPOT-L S00M 0.0100 0.0216 0.0158 0.00872 0.0115  0.0101 0.0232 0.00233
DPOT-H 1.03B  0.00961 0.0180 0.0138 0.00847 0.0105 0.00948 0.0191 0.00199

FEw-SHOT ADAPTATION

Compared to full fine-tuning of stage 2, we lower the learning rate when performing few-shot adaptation
to prevent catastrophic forgetting.

* Batch size: 32

* Gradient accumulation: 1
* Gradient clipping: -1

* Dropout: 0

* Optimizer: Adam
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* Learning rate: 1E-S
* Weight decay: 1E-5
* Epoch: 100

The following table reports the time required for few-shot experiments. Note that for Burgers equation,
we train the model using v = 0.001, but the results here are for v = 1.0.

Table 14.5: Time for few-shot experiments. Our model outperforms most existing baselines on these tasks by using
fewer than 500 samples and much shorter adaptation time.

Num Samples 1D Diffusion-Reaction 2D Diftusion-Reaction Burgersv = 1.0
Per Epoch (s) Total (hrs) Per Epoch (s) Total (hrs) TPer Epoch (s) Total (hrs)
10 2 0.05 12 0.33 3 0.08
50 10 0.28 48 1.33 10 0.28
100 23 0.64 112 3.11 40 1.11
500 112 3.11 512 14.22 96 2.67

ABLATION ON LONGER SEQUENCE LENGTH

We studied the effect of embedding sequence length in Section 7.5.3 paragraph S5 of the main paper. The
results show that among | = {8, 20, 32}, larger [ indeed leads to better performance. However, since
LLM:s can support sequence lengths much longer than | = 32, we consider expanding the feature length
(the number of “tokens”) used to represent PDE data. See results below.

Advection Burgers Diffusion-Sorption Navier-Stokes Shallow-Water Navier-Stokes Incomp Navier-Stokes

1D 1D 1D 1D 2D 2D 2D
[ =32 0.0027 0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
[ =64 0.0034 0.038 0.0009 0.0054 0.0015 0.0162 0.0988

While | = 64 performs slightly better on some tasks, increasing the sequence length means that (i) the
embedding network is going to be larger (since [ also corresponds to the width of the FNO layers), and
(ii) the training time will increase as each sequence is longer. Both increase the training cost. Hence, we
want to select the [ that achieves a balance between efficiency and effectiveness. That’s why we use [ = 32
for our main experiments.

LoNG-HoRrR1ZON PREDICTION

As stated in Section 7.3, our method mainly focuses on predicting the next step from the current step,
ie, g5 1(x) = Gp(g;(x)). However, we are also interested in the prediction capacity of our method
over a longer period of time. Thus, we study an additional setting that predicts g, ;,(x). We show non-
autogressive evaluation results since otherwise we will only have very few time steps for each test PDE
trajectory. The table below shows that UPS is still effective for long-horizon prediction compared to
baselines like FNO. Even though the prediction interval is longer, the error rates only slightly increase
possible because we use non-autoregressive evaluation, so the errors do not accumulate.
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Advection Burgers Diffusion-Sorption Navier-Stokes Shallow-Water Navier-Stokes Incomp Navier-Stokes

1D 1D 1D 1D 2D 2D 2D
At=1 0.0027 0.0399 0.0009 0.0056 0.0016 0.0153 0.0931
At =10 0.0034 0.04  0.0011 0.0074 0.0026 0.0189 0.134

14.0.4 VISUALIZATION
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1D NAVIER STOKES

We show V;, density, and pressure.
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2D NAVIER STOKES

We show V,;, V,, density, and pressure.
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In the prediction for 2D compressible Navier-Stokes we see a few artifacts in our generation. Further-
more, for quantities like pressure, our network often seems to generate an overly smoothened output.
This could be because the 2D Navier-Stokes is the only PDE in our dataset that requires us to model pres-
sure, and therefore the network is biased towards predicting a uniform value, which in our case is 0. We
believe this can be avoided by adding more families of PDEs that model pressure, and is a fertile ground
for future work.
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15.1 DEFERRED PROOFS

15.1.1 PROOF OF PROPOSITION 6

Proof. Lete; ~ T (0,I7)beT iid. random Gaussian vectors. Assuming Gaussian initialization for the
adjacency matrix A, it can be expressed as:

S YE;
Ali,:] = Tell+ exp(— 00" (15.1)

We first show that || A|| < 7 < 1. From the concentration of the norm of a Gaussian random vector,
with high probability ||€;]| > /T for all tokens 4. Since exp(—W;) > 0, ||| + exp(=¥;) > VT.
Consider any unit vector u, then

\/_ Te

T
vel'u
Aull =
4wl = 2 e+ exp( VT

with probability greater than 1 — ®(= L), were €;, € ~ N (0 1) Finally, since the operator norm of || A|
is less than one, we apply Banach’s Lemma to get,

=ve < 1, (15.2)

1
I —A) < ——, (15.3)
1—|A]
which implies that the inverse exists. O
15.1.2 PrROOF OF PROPOSITION 9
Proof.
1
Var(CTh;) = > AyVar(Cl'hy) + In(A;)Var(C] Byvy) |, (15.4)
[p()| =
1 T 2
= - Z AijVar(Cj hj> + E IH(AZJ> s (155)

jep(i)
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where we have used the fact that Var(C h;) = Var(C[ h;), and that the variance of X2 distribution
with d degrees of freedom is 2d. Let d > 4, then

1
Var(Clh;) < > Ay + Ay | <= D 1<, (15.6)
Ip( = p(@)| o
where we have used the fact that A;; € [0, 1]. O

15.1.3 Proor oF ProrosIiTION 10

Proof. In the structured masked attention (SMA) framework Dao and Gu [2024c], the computational
complexity is the cost of the matrix-vector multiplication by the mask matrix L = (I — A)~". In the
case of DAGs, A is (up to conjugation by a permutation) a lower-triangular matrix with | €| (number of
edges) non-zero entries. It suffices to analyze the cost of computing the multiplicationy = (I — A) " 'x
Rewriting as (I — A)y = @, y can be computed through Gaussian elimination on the matrix I — A,
which takes time proportional to the number of non-zero entries or [V| + |£].

In graph terminology, this operation can be viewed as a dynamic programming algorithm to propagate
features through the SSM update, where the ordering of edges to perform the update rule is given by the
Gaussian elimination ordering. L]
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15.2 ADDITONAL EXPERIMENTS

15.2.1 MLM: CHIMERA ON UNDIRECTED LINE GRAPHS

For an undirected line graph (Figure 8.4, left), the adjacency matrix A takes the following form:

0 a0 o 0]
921 0 as3 0

A= 0 ase 0 0 .

0--0 0---0 0 ar1zy 0]

As discussed in Section 8.3.3, to ensure the existence of (I — A)~!, we introduced a row-wise sum nor-
malization strategy, wherein we normalized each row of the adjacency matrix with ) i A;; + V,. How-
ever, since this constraint is designed for general graphs, it is not sufficiently expressive. Therefore, we in-
stead use a strictyly more expressive constraint for line graphs which enforces A;; - A;; + ¥; < i on
each simple cycle of the graph.

Proposition 15. Under the above constraint, the inverse (I — A) ™! exists as for any two nodes, the sum of

all paths between them is upper bounded by ", (1/4)" < 1/3.

15.2.2 IMAGENET: PARAMETER SHARING ABLATION

We study the trade-off between sharing parameters for B, C across difterent graphs as a domain-dependent
design choice. We explore four settings: No sharing, Complete sharing, Row-wise sharing, and Diagonal
sharing across the four DAGs. From Table 15.1, we observe that diagonal sharing achieves the best perfor-
mance, indicating it strikes the optimal tradeoft between parameter sharing and other modes of increas-
ing expressivity for modeling image data.

Method (22M) _ LoP1 (%) Top-5 (%)
Acc Accgma  Acc Accgma
None 7710 7613 93.55 93.15
Complete 77.25  76.09 93.75 93.21
Row-wise 77.46 7657 93.76  93.37
Diagonal 77.80 76.69 93.87 93.53

Table 15.1: Ablation: Diagonal parameter sharing works
best.
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15.3 ARCHITECTURAL DETAILS

____________________

- J/

Figure 15.1: Chimera’s Architecture: The output of the Chimera layer is embedded within the gated block in-
troduced in Mamba-2 [Dao and Gu, 2024a]. Here X matrix denotes the input to the block, and
fe, B, fa and fy are data dependent projections defined in Section 8.2. The operator ® denotes
element-wise multiplications between matrices, and @ defines addition. The output from the Chimera
layer is passed through a Gated-MLP, a final projection fy, followed by a residual connection.

15.3.1 MASKED LANGUAGE MODELING

In Table 15.2, we provide the architectural and training details for BERT-B and Chimera on the MLM
task. For both the models, we follow the M2 recipe from Fu et al. [2023], adjusting the number of layers
to 12 for BERT-B and 23 for Chimera to control for the number of parameters. We conducted a small
sweep to fine-tune the learning rate for Chimera, choosing 8¢ — 4 over BERT-B’s 5e — 4.

15.3.2 IMAGENET-1K CLASSIFICATION

For the image classification experiments, we largely follow the ViT-B recipe with the following adjust-
ments as shown in Table 15.4: To control for the number of parameters, we adjust the number of layers
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Table 15.2: Architectural and Training Details for BERT-B and Chimera on MLM

Parameter BERT-B (110M) Chimera (110M)
Model dimension (dy,0qc1) 768 768

Layers 12 23

Max sequence length 128 128

Num Heads 12 12

Head size 64 64
Optimizer Decoupled AdamW Decoupled AdamW
Learning rate oe —4 8e — 4
Optimizer momentum B =0.9,8, =0.98 B =0.9,8, =0.98
Weight decay le—5 le—5

Batch size 4096 4096
Learning rate schedule Linear decay with warmup  Linear decay with warmup
Training steps 70k 70k

MLM Probability 0.3 0.3

from 12 for ViT-B to 22 for Chimera. Additionally, we reduce the Cutmix augmentation from 1.0 to0 0.1,
as Chimera’s stronger inductive bias mitigates the risk of overfitting.

In Table 15.4, we present the reduced setting used for our ablation studies in Tables 15.1 and 8.3, where
we match the number of parameters of ViT-S (22M).

15.3.3 LoNG RANGE GRAPH BENCHMARK

To train Chimera on the Long Range Graph Benchmark we follow a similar training recipe to that pro-
vided in Rampdsek et al. [2022] where we replace the Transformer layers with Chimera layers. Moreover,
in line with the baselines, we make sure that our models have less than 500k parameters. While train-
ing Chimera on graphs we remove the Gated-MLP layer Z defined in Figure 15.1. We did this to keep
our training recipe as close to that provided in Rampdsek et al. [2022] and highlight the effectiveness of
Chimera. The hyperparameters used to train Chimera are provided in Table 15.5.
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Table 15.3: Hyperparameters used for ViT-B and Chimera for ImageNet-1k classification task

Parameter ViT-B (88M) Chimera (88M)
Image size 2242 2242
Optimizer AdamW AdamW

Optimizer momentum

By, B2 = 0.9,0.999

B1, B = 0.9,0.999

Weight init trunc. normal (std=0.02) trunc. normal (std=0.02)
Learning rate le—3 le—3
Weight decay 0.05 0.05
Batch size 1024 1024
Training epochs 310 310
Learning rate schedule cosine decay cosine decay
Warmup epochs 10 10
Warmup schedule linear linear
Patch Size 16 16
Layers 12 22

Num Heads 12 12
Droppath 0.3 0.3
Randaugment (9,0.5,layers=2) (9,0.5,layers=2)
Mixup 0.8 0.8
Cutmix 1.0 0.1
Random erasing 0.25 0.25
Label smoothing 0.1 0.25
Stochastic depth 0.1 0.25

Exp. mov. avg (EMA) 0.99996 0.99996

Table 15.5: Hyperparameters running Chimera on the Long Range Graph Benchmark

Peptides-Func Peptides-Struct PascalVOC-SP COCO-SP

Learning Rate
Optimizer
dropout
#layers
hidden dim.
head depth
batch size
#epochs
norm
MPNN
#Param.

0.001
Adam
0.1
2
256
2
32
250
BatchNorm
GCN
461k

0.001
Adam
0.1
2
256
2
32
250
BatchNorm
GCN
447k

0.001
Adam
0.1
4
128
2
32
200
BatchNorm
GCN
498k

0.001
Adam
0.1
4
128
2
32
200
BatchNorm
GCN
498k
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Table 15.4: Key differences between the original and the ablation setting for Chimera

Parameter Chimera-S (2D)
Model dimension (d04c1) 384
Number of layers 22
Number of Heads 3
Droppath 0.1
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16.1 OMITTED PROOFS FROM SECTION 9.5

In this section we give omitted proofs and lemmas from Section 9.5.

Lemma 48. Fixn € N. Ler G, © be as defined in Theorem 11. Then there is an O(n)-time algorithm that
computes a MAP evaluator for G with potential function class ®.

Proof. Fixany J € ®F. As preliminary notation, for each ¢, ¢y € {0,1} and i, j € /n,let V(i,5) :=
{0} U{(k,j) : 1 <k < i}, andlet E(i, j) be the edge set of the induced subgraph G[V (i, j)]. Let

jji,j (07 co; J) = argmin Z J{a, b} (ﬂ?a, .leb)

ze{0,1}V(&I).
To=Co NZ(; j)=C (a.b)EE(0.])

~

Cijle,co;d) = min E Jiany (Tas Tp).
(0.1} V():
To=Co N T(; j)=C (a,b)EE(4,])

Foreach j € [\/n], let

Tj(co; J) =T ym, ((argmm Cymjles co; J)> » €03 J) '

ce{0,1}

Finally, let Z(co; J) € {0,1}" be the vector which takes value ¢ on vertex 0, and value Z;(co; J); on
vertex (i, ) forall i, j € \/n. Let

z(J) := argmax p;(Z(co; J)).
c0€{0,1}

We claim that Z(J) is a maximizer of p;(z). Indeed, for any fixed ¢y € {0,1}, Z(co; J) is a maxi-
mizer of p s () subject to £y = ¢y, because under this constraint the maximization problem decomposes
into 1/n independent maximization problems, one for each path in G, which by definition are solved by

i‘l(CO; J), ce ,ﬂ/\?\/ﬁ(CO; J)

Moreover, it’s straightforward to see that for any fixed j, C i(co; J) can be computed in O(y/n) time by
dynamic programming. Indeed forany?, j, 6’” (¢, co; J) canbe computedin O(1) time from CA’i,l,j (0, co; J)
and C;_1 (1, co; J) as well as Jyo i5yy and Ji(i_1 5. i)} Once the values C; (¢, ¢o; J) have been com-
puted foralli € [\/n]and ¢ € {0, 1}, the vector Z;(co; J) can be computed in O(4/n) time via a reverse
scan over i = /1, ..., 1. It follows that #(.J) can be computed in O(n) time. [
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Figure 16.1: The graph G for which Theorem 11 exhibits a separation between edge message-passing and node
message-passing. The graph consists of /n paths of length \/n, as well as a single “hub vertex” con-
nected to all other vertices.

Proof of Proposition 12. 'We claim that there is a node message-passing protocol P’ on G with T'+1 rounds
that at each time t € [T + 1] has computed

P/(v;I) = (P—1(&; 1)) eerte (v)-

We argue inductively. Since /) = 0, it’s clear that this can be achieved for ¢ = 1. Fixany ¢ > 1 and
suppose that P/ (u; I) = (Pi—2(e;1))eemq(w) forallw € V and inputs I. For each v € V, we define
a function f/, by

fo((c())wenaw)s (1(€))eemaw))er = fimrer ((c(V)e)eemaw), (c(V)e)eerawn), 1(€”))
for each e* = (v,v*) € M¢(v). Then by definition and the inductive hypothesis, we have

B (i Der = f1, (P (03 1))wenc(w), (1(€))eertgw))er
= fret,e(P_1(vs D)e)eema ), (P (V"3 ) e)eenta o), 1(€7))
= fimt,er ((Pr2(€; 1)) eenrtaw), (Pi—2(€; I)e)eeraws), 1(€7))
= Fi-1(e 1)
forany edge e* = (v,v*) € E, since Mg(e) = Mg(v) U Me(v*). This completes the induction and

shows that Pr.,; (v; 1) = (Pr(e; I))eenmq () for all v, I. Replacing f7.,, , by fro o f,,, completes
the proof. O

16.2 OMITTED PROOFS FROM SECTION 9.7

Proof of Theorem 13. Without loss of generality, we may assume that the functions ( f;"™ ;7] and fovm
are all theidentity function (on the appropriate domains). The reason is that any symmetric edge message-
passing protocol P on T rounds may be simulated by running P and then applying a universal function
(depending only on P) to each node’s output value — see Lemma 49.

We argue by induction that for each ¢ € [T7], thereis a (¢ + 1)-round symmetric node message-passing
protocol that, on any input I, computes the function Q;(u; ) := {P(e; 1) : e € M¢(u)} for every
nodewu € V. Considert = 1. Forany e = (u,v) € E, we have by symmetry and the initial assumption
that

Pi(e;I) = (I1(e),0,{{0:v" € Ng(u)},{0: 4 € Ng(v)} }).
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We define a two-round node message-passing protocol on GG where the first update at node u computes
Pi(u; 1) = §1({u,v}) : v € Na(u)}
and the second update at node u computes

(Py(u; 1), {(Py(v; 1), I ({u,v})) : v € Na(w)}) = £ ({u,v}), 0, [Na(u)|, [P/(v; I)]) : v € Ne(u)}
= {(I{u, 0}), 0, {ING(u)l, [Pi(v; I)[}) : v € Ne(u)}
= {Pi({u,v}; 1) :v € Ng(u)} =: Py(u;I)

since | P (v; I)| = | Ng(v)|. By construction, this protocol is symmetric, which proves the induction for

stept = 1.

Now pick any ¢ > 1. Forany e = {u, v} € E, we have
Pt(e; I) = (I(@), Pt—l(e; I)) {{Qt—l(u; ])7 Qt—l(v; I)}})

By the induction hypothesis, there is a t-round symmetric node message-passing protocol I’ that, at node
v on input /, computes

P/(v;I) = {P_1({v,v'};1): v € Ng(v)} = Qi_1(v; I).

Note that since P,_1(e; I) is an element of the tuple P;(e; ), foreach 1 < s < ¢ — 1 there is a fixed
function 7, such that v5(Q¢—1(v; I)) = Q4(v; 1) for all v, I. Using this fact, we extend P’ to ¢t + 1
rounds, defining the update at round ¢ + 1 and node u as follows:

(P (w; 1), (P (v; 1), I({w, v})) : v € Ne(u)})

= (Q-1(w; 1), {(Qe—1(v; 1), I({u, v})) : v € Na(u)})

= (Que—1(ui 1), {(Qua—1(v; 1), I({u, v})) : v € Na(u)})

= (Que—1(u; 1), {(Qui—1(v; 1), I({u, v})) : v € Na(u)})

= {{I{w,v}), {Que—1(w; 1), Qui—a(v; ) }) : v € Ng(u) }

= LI ({w, v}), P ({w, 0} 1), Qi1 (ws 1), Q—a(v; D }) : v € Ne(w)} =2 Pl (u; 1)
where QQ1..—1(u; I) refers to the tuple (Q1(u; ), ..., Qi—1(u; I)). The first map is well-defined due to

the existence of the functions 71, ..., ;—1, and the final map is well-defined because the definition of
P,_1({u,v}; I) can be iteratively unpacked, and it is ultimately a function of

(I({u,v}), {Qui—1(w; I), Qui—1(v; 1) }).

This shows that P’ computes Q;(v; I) at node u on input . By construction, P’ is symmetric. This
completes the induction. Since Q7 (u; I) is precisely the output of P at node « on input [ (after the
node aggregation step), this shows that P can be simulated by a (7" + 1)-round symmetric node message-
passing protocol on G. [

Lemma49. LetT > 1, andlet P = ((fi.e)te[r],cck (fo)vev) bea symmetric edge message-passing proto-
wlonG = (V, E) withT rounds. Consider the T-round edge message-passing protocol P° = ((f7.)icir),cc > (f5 )vev)
where for all t, e,

fre((el€))eenae, 1(e)) = (I(e), c(e), fc({u,v'}) : v" € No(u)}, fe({u', v}) - u' € Ne(v)}),
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and for everyv € 'V, )
fo((e(€))eeraw) = fcle) - e € Ma(v)}.
Then there is a function h such that f,((Pp(e; D))eerow)) = h(fo((P(e; I))eeriaw))) forall v, 1.

Proof. We prove by induction that for each t € {0,...,7T'} there is a function h; such that P;(e; I) =
he(Pf(e; I)) foralle, I. Fort = 0 this is immediate from the convention that Py = Fy = 0. Fixanyt €
{1,...,T}. Since P is symmetric, there is a function f;”" so thatforall e = (u,v) € E and inputs I,

Fi(e; 1) = f™(I(e), Pa(e; 1), { P ({u, '} 1) - 0" ~ uf f R ({ul vl 1) s o' ~ o)
= ) hua (P (s D), B (P (st 1) £~ e a (P ({0, 013 1)) < o~ o)
which is indeed a well-defined function (independent of e, I) of
Fpes ) = (I(e), Py (e 1), AP ({w, o1 1) - o ~ulp, {2, ({0} 1) sl ~ o).

This completes the induction. Finally, since P is symmetric, there isa function Y™ such that f, ((Pr(e;I))eemaw)) =
f¥™({Pr(e;I): e € Mg(v)}) forallv, I. Hence we can write

Fol(Pr(e; D))eertw) = F"({ Pr(e; 1) : e € Ma(v)})
= [ ({hr(Pr(e; 1)) : e € Mg (v)})
which is a well-defined function (independent of v, I') of { Pp(e; I) : € € Mg (v) }} as needed. O

16.3 A QUANTITATIVELY TIGHT DEPTH/MEMORY SEPARATION

Foreachn € N, let K, := ([n], E,) be the complete graph on [n]. In this section we show that there is
a function that can be computed by an edge message-passing protocol on K, with constant rounds and
constant memory per processor, but for which any node message-passing protocol with 7" rounds and
B bits of memory requires 7B > (n). We remark that this separation is quantitatively tight due to
Proposition 12, although it is possible that a larger (e.g. even super-polynomial in 1) depth separation
may be possible if the node message-passing protocol is restricted to constant memory per processor.

At a technical level, the lower bound proceeds via a reduction from the sez disjointness problem in com-
munication complexity, similar to the lower bounds in Loukas [2019].

Definition 39. Fix m € N. The set disjointness function DISJ,,, = {0,1}™ x {0,1}™ — {0,1} s

defined as
DISJ,, (A, B) :=1Vi € [m] : A;B; = 0].

The following fact is well-known; see e.g. discussion in Hastad and Wigderson [2007].

Lemma 50. [ the two-party deterministic communication model, the deterministic communication com-
plexity of DIS),,, is at least m.

The main result of this section is the following:
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Theorem 16. Fix any cvenn € N. Define g : {0, 1} — {0,1}" by
gDy :=1[Hi,jt € Ep i, <n/2NI{i,5}) =I{n+1—in+1—j}) =1]
forall I € {0,1}F and v € [n]. Then the following properties hold:

* Any node message-passing protocol on K, with T' rounds and B bits of memory that computes g
requires T B > §)(n)

s There is an edge message-passing protocol on K, with O(1) rounds and O(1) bits of memory that

compuctes .

Proof. Letm = (”42) Let P = (fi)t0 be a node message-passing protocol on K, that computes
g with T" rounds and B bits of memory. We design a two-party communication protocol for DISJ,,, as
follows. Suppose that Alice holds input X € {0, 1} and Bob holds input Y € {0, 1}"™. Let us index
theedges {7, j} € E, withi, j < n/2by[m], and similarly index the edges {7, j} € E,, withi,j > n/2
by [m], in such a way that edge {7, j} has the same indexasedge {n+1—i,n+1—j}. Let I € {0, 1}~
be defined by
I({i,7}) = Y, ifi,j >n/2.
0 otherwise

Initially, Alice computes Py(v) := O forallv € {1,...,n/2}, and Bob computes Py(v) := 0 for all
v € {n/2 +1,...,n}. The communication protocol then proceeds in 7" rounds. At round ¢t € [T,
Alice sends (P;—1(v))1<v<n/2 to Bob, and Bob sends (P;—1(v) ) /24+1<v<n to Alice. Alice then computes

fjt(v) = ft,v((pt—l(vl))v/e[nb ([(e))eEMKn(v))

foreach1 < v < n/2, and Bob computes the same for each n/2 < v < n. Note that forany i < n/2
and edge e € My, (i), Alice can compute I(e). Similarly, for any ¢ > n/2 and edge e € My, (i),
Bob can compute [ (e). Thus, this computation is well-defined. After round 7', Alice and Bob output
1 — Pp(1)and 1 — Pr(n) respectively.

This defines a communication protocol. Since .ﬁ’t(v) € {0,1}8 foreach v € [n]and t € [T, the total
number of bits communicated is at most nBT. Moreover, by induction it’s clear that Alice and Bob
output 1 — Pr(1; 1) and 1 — Pr(n; I) respectively. By assumption that PP computes g and the fact that
g(I), = 1=DISJ,,,(X,Y ) forallv € [n],wehavethat1—Pr(1;1) = 1—Pp(n;I) = 0ifDISJ,,(I) =
0,and 1 — Pp(1;1) = 1 — Pp(n;I) = 1if DISJ,,(I) = 1. Thus, this communication protocol
computes DISJ,,,. By Lemma 50, it follows that n BT > m = Q(n?), so BT = Q(n) as claimed.
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Next, we exhibit an edge message-passing protocol on K, that computes g with six rounds and one bit
of memory. For 1 <t < 6and e € E,, define f; . : {0, 1}M6() x {0,1} — {0, 1} as follows:

fl,{i,j}(xa ?/) =Y

fotip (@, y) = Tpnir-ig

fa iy (TY) = Tnt1-5)

Frpp(@,y) =1y = zg5 Aiyj < n/2
[sqigy(m,y) = 1[3k € [n] : 20y = 1]
f6,{i,j}(xay) =13k € [n] : Liik} = 1].

Also define f, : {0,1}Me(®) — {0,1} for each v € [n] by f,(z) := T{z,1}- It can be checked that the
computation of P at timestep ¢ = 6 is
B({i,g}: 1) =13k, € € [n/2] : I({k, £}) = I({n + 1 = k,n+1 = £})] = g(I).

From the definition of f , it follows that P computes g. O

16.4 FURTHER DETAILS ON SYNTHETIC TASK OVER ISING MODELS

16.4.1 BACKGROUND ON BELIEF PROPAGATION

A classical way to calculate the marginals {IE[x;]} of an Ising model, when the associated graph is a tree,
is to iterate the message passing algorithm:

yi(t_fjl) = tanh | h; + Z tanh ! (tanh(,]ik)l/,igi) (16.1)
ked;\j

When the graph is a tree, it is a classical result ([Mezard and Montanari, 2009], Theorem 14.1) that the
above message-passing algorithm converge to values * that yield the correct marginals, namely:

E[z;] = tanh (hi + Z tanhl(tanh(Jik)z/Z%)> :

keo;

The reason the updates converge to the correct values on a tree topology is that they implicitly simulate
a dynamic program. Namely, we can write down a recursive formula for the marginal of node 7 which
depends on sums spanning each of the subtrees of the neighbors of 7 (i.e., for each neighbor j, the sub-
graph containing j that we would get if we removed edge {7, j}).

If we root the tree at an arbitrary node 7, we can see that after completing a round of message passing
from the leaves to the root, and another from the root to the leaves, each subtree of 7 will be (inductively)
calculated correctly.

Moreover, even though the updates Equation 16.1 are written over edges, the dynamic programming view
makes it clear an equivalent message-passing scheme can be written down where states are maintained
over the nodes in the graph. Namely, for each node v, we can maintain two values h% down and hv,up,
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which correspond to the values that will be used when v sends a message upwards (towards the root) or
downwards (away from the root). Then, for appropriately defined functions I, G (depending on the
potentials J and h), one can “simulate” the updates in Equation 16.1:

B F({hggup wevU Children(v)}) (16.2)
(t+1) (t) (t)
hv’down cG (hParent(m,down’ {hw’up}weChildren(v)) (16.3)

Intuitively, &, up captures the effective external field induced by the subtree rooted at v on Parent(v). Af-
ter the upward messages propagate, the root 7" can compute its correct marginal. Once Ap, ren () down
is the correct marginal for Parent(v) at some step, 1, Jwn Will be the correct marginal for v at all subse-

quent SthS.

16.4.2 GCN-BASED ARCHITECTURES TO CALCULATE MARGINALS

The belief-propagation updates Equation 16.1 naturally fit the general edge-message passing paradigm
from Equation 9.2. In fact, they fit even more closely a “directed” version of the paradigm, in which
each edge {7, j } maintains two embeddings h;_,;, hj_;, such that the embedding for direction h;_,; de-
pends on the embeddings {hk_n-}{ k,iyeE- With this modification to the standard edge GCN architecture
Equation 9.4, it is straightforward to implement Equation 16.1 with one layer, using a particular choice
of activation functions and weight matrices W (since, in particular, in our dataset all edge potentials J;
are set to 1). Similarly, with a directed version of the node GCN architecture Equation 9.3, where each
node maintains an “up” embedding as well as a “down” embedding, it is straightforward to implement
the “node-based” dynamic programming solution Equation 16.2-Equation 16.3.

We call the architectures that do not maintain directionality Node-U and Edge-U (depending on whether
they use a node-based or edge-based GCN). We call the “directed” architectures Node-D and Edge-D
respectively. Since there are only initial node features (input as node potentials {h;};c), for the edge
based architectures we initialize the edge features as a concatenation of the node features of the end-
points of the edge. The results we report for each architecture are the best over a sweep of depth €

{5,10, 15, 20, 25, 30} and width € {10, 32, 64}.

16.4.3 EDGE-BASED MODELS IMPROVE OVER NODE-BASED MODELS

In Figure 16.2 we show the results for several tree topologies: a complete binary tree (of size 31), a path
graph (of size 30), and uniformly randomly chosen trees of size 30 (the results in Figure 16.2 are averaged
over 3 samples of tree). The architectures in the legend (Node-U, Edge-U, Node-D, Edge-D) are based
on a standard GCN, and detailed in Section 16.4.2

We can see that for both the undirected and directed versions, adding edge embeddings improves per-
formance. The improved performance of all directed versions compared to their undirected counterpart
is not very surprising: the standard, undirected GCN architecture treats all neighbors symmetrically —
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Comparison of Edge based and Node based GNNs across Graph Types

Edge-D

0.06

0.05 4

0.04 4
L
u
=
0.03 +
0.02 +
0.01 4
0.00 - : :
Binary Tree Line Graphs Prufer Tree
Graph Types

Figure 16.2: Comparison of four architectures for calculating node marginals in an Ising model. The architectures
considered are node-embedding Equation 9.3 and edge-embedding Equation 9.4 versions of a GCN
(correspondingly labeled Node-U and Edge-U), as well as their “directed” counterparts, as described
in Section 16.4.2, correspondingly labeled Node-D and Edge-D. The x-axis groups results according
to the topology of the graph, the y-axis is MSE (lower is better). The mean and variances are reported
over 3 runs for the best choice of depth and width over the sweep described in Section 16.4.2.

hence, the directed versions can more easily simulate something akin to the belief propagation updates
Equation 16.1 as well as the node-based dynamic programming Equation 16.2-Equation 16.3.
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